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Abstract

One of the major applications by using fuzzy arithmetics is treating polynomials,
which their coefficients are fuzzy numbers. In this thesis, some new approaches for

solving fuzzy polynomials,
Az + Agz® + ...+ A" = A,
dual fuzzy polynomials
Ar+ Aya + .+ Aa"=Alx+ Aya? 4+ .+ A 2" + Ay,

and systems of fuzzy polynomials

f1($1,$2a - axn) = Ay,
fz($1,$2; - axn) = Ay,

fs(xlal‘Qa s 7‘Tn) — AsOa

where
filzr,ma, o an) = A = 320, Cramy + 3001, 35—, Cujmiw+
21 2 jm1 2ok Clignijze + .., 1<1 <5,
and 1, xo, ..., 2, € R (if exists) and all coefficients are fuzzy numbers, based on fuzzy

neural network (FNN) are presented. In this work, an architecture of fuzzy neural

viii



X

networks is also proposed to find a real root of a fuzzy polynomial, dual fuzzy polyno-

mial and a system of fuzzy polynomials (if exists) by introducing a learning algorithm.



Originality

The following chapters are proposed in this work:
Chapter 3: We define fuzzy polynomials and dual fuzzy polynomials and use fuzzy
neural network for finding roots of fuzzy polynomials.
Chapter 4: In this chapter, a new approach for solving the system of fuzzy polynomials

based on fuzzy neural networks is presented.
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Chapter 1

Fuzzy Mathematics

1.1 Introduction

Fuzziness is not a priori an obvious concept and demands some explanations.
"Fuzziness” is what Black calls ”vagueness” when he distinguishes it from ”general-
ity” and from ”ambiguity”. Generalizing refers to the application of a symbol to a
multiplicity of objects in the field of reference, ambiguity to the association of a finite
number of alternative meanings having the same phonetic form. But, the fuzziness
of a symbol lies in the lack of well-defined boundaries of the set of objects to which
this symbol applies.

More specifically, let X be a field of reference, also called a universe of discourse
or universe for short, covering a definite range of objects. Consider a subset A where
transition between membership and nonmembership is gradual rather than abrupt.
This ”fuzzy subset” obviously has no well-defined boundaries. Fuzzy classes of objects
are often encountered in real life. For instance, A may be the set of tall men in a

community X. Usually, there are members of X who are definitely tall, others who



are definitely not tall, but there exist also borderline cases. Traditionally, the grade
of membership 1 is assigned to the objects that completely belong to A-here the men
who are definitely tall, conversely the objects that do not belong to A at all are
assigned a membership value 0. Quite naturally, the grades of membership of the
borderline cases lie between 0 and 1. The more an element or object z belongs to A,
the closer to 1 is its grade of membership u ;(x). The use of a numerical scale such as
the interval [0, 1] allows a convenient representation of the gradation in membership.
Precise membership values do not exist by themselves, they are tendency indices that
are subjectively assigned by an individual or a group. Moreover, they are context-
dependent. The grades of membership reflect an ”ordering” of the objects in the
universe, induced by the predicate associated with A; this” ordering”, when it exists, is
more important than the membership values themselves. The membership assessment
of objects can sometimes be made easier by the use of a similarity measure with
respect to an ideal element. Note that a membership value p ;(x) can be interpreted
as the degree of compatibility of the predicate associated with A and the object z. For
concepts such as ”tallness”, related to a physical measurement scale, the assignment
of membership values will often be less controversial than for more complex and
subjective concepts such as "beauty”.

The above approach, developed by Zadeh (1964), provides a tool for modeling
human-centered systems. As a matter of fact, fuzziness seems to pervade most human

perception and thinking processes. Parikh (1977) has pointed out that no nontrivial



first-order-logic-like observational predicate (i.e., one pertaining to perception) can
be defined on an observationally connected space; the only possible observational
predicates on such a space are not classical predicates but ”vague” ones. Moreover,
according to Zadeh (1973), one of the most important facets of human thinking is the
ability to summarize information ”into labels of fuzzy sets which bear an approximate
relation to the primary data”. Linguistic descriptions, which are usually summary
descriptions of complex situations, are fuzzy in essence.

It must be noticed that fuzziness differs from imprecision. In tolerance analysis
imprecision refers to lack of knowledge about the value of a parameter and is thus
expressed as a crisp tolerance interval. This interval is the set of possible values of
the parameters. Fuzziness occurs when the interval has no sharp boundaries, i.e., is
a fuzzy set A. Then, p;(x) is interpreted as the degree of possibility (Zadeh, 1978)
that x is the value of the parameter fuzzily restricted by A.

The word fuzziness has also been used by Sugeno (1977) in a radically different
context. Consider an arbitrary object x of the universe X; to each nonfuzzy subset
A of X is assigned a value g,(A) € [0,1] expressing the "grade of fuzziness” of the
statement "z belongs to A”. In fact this grade of fuzziness must be understood as
a grade of certainty: according to the mathematical definition of ¢, g,(A) can be
interpreted as the probability, the degree of subjective belief, the possibility, that x
belongs to A.

Generally, g is assumed increasing in the sense of set inclusion, but not necessarily



additive as in the probabilistic case. The situation modeled by Sugeno is more a
matter of guessing whether z € A rather than a problem of vagueness in the sense of
Zadeh. The existence of two different points of view on ”fuzziness” has been pointed
out by MacVicar-Whelan (1977) and Skala. The monotonicity assumption for g seems
to be more consistent with human guessing than does the additivity assumption. For
instance, seeing a piece of Indian pottery in a shop, we may try to guess whether it
is genuine or counterfeit; obviously, genuineness is a fuzzy concept. Hence z is the
Indian pottery; A is the crisp set of genuine Indian artifacts; and g,(A) expresses,
for instance, a subjective belief that the pottery is indeed genuine. The situation is
slightly more complicated when we try to guess whether the pottery is old: actually,

the set A of old Indian pottery is fuzzy because ”old” is a vague predicate.

1.2 Fuzzy Sets

Let X be a classical set of objects, called the universe, whose generic elements are
denoted x. Membership in a classical subset A of X is often viewed as a characteristic

function, g4 from X to {0, 1} such that

(2) 1, x €A,
pa(z) =
! 0, re X — A

If the valuation set, i.e., 0 and 1, is allowed to be the real interval [0,1], A is
called a fuzzy set (Zadeh, 1965), and u4(z) is the grade of membership of z in A.

Sometimes we denotes ji4(x) by A(z). The closer the value of p14(x) is to 1, the more



x belongs to A. Clearly, A is a subset of X that has no sharp boundary. Hence A is

completely characterized by the set of pairs

A= {(z, pa(2))]x € X}.

A more convenient notation was proposed by Zadeh [49]. When X is a finite set

{z1,...,x,} a fuzzy set on X is expressed as

When X is not finite, we write

A:Am@.

Definition 1.2.1. (Equality of fuzzy sets) Two fuzzy sets A and B are said to be

equal (denoted A = B ) iff

VaeX, pa(z) = pp(z).

Definition 1.2.2. (Support) The support of a fuzzy set A is the ordinary subset of
X:

supp A ={x € X, pa(z) > 0}.

Definition 1.2.3. (Core) The core of a fuzzy set A is the set of all points with the

membership degree one in A:

coreA = {x € X| pa(z) = 1}.



Definition 1.2.4. (Height of a fuzzy set) The height of A is hgt(A) = supzex pa(z),

i.e., the least upper bound of ().

Definition 1.2.5. (Normal fuzzy set) A is said to be normal if and only if Jx €

X, pa(z) = 1; this definition implies hgt(A) = 1.

Definition 1.2.6. (Empty fuzzy set) The empty set ¢ is defined as Vz € X, p4(x) =

0; of course, V X, pux(z) = 1.

Definition 1.2.7. (h — Cuts) When we want to exhibit an element z € X that
typically belongs to a fuzzy set A, we may demand its membership value to be greater

than some threshold h € [0,1]. The ordinary set of such elements is the h — cut of A,

A, — {zeX[palz)=n} if h>0

cl(suppA) if h=0
where cl(suppA) denotes the closure of the support of A. One also defines the strong
h-cut as [Al; ={ z € X, pa(z) > h }.
A

h-cut
o— 0
Strong h-cut

Figure 1.1: h — Cut and Strong h — C'ut.
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The membership function of a fuzzy set A can be expressed in terms of the char-

acteristic functions of its h — cuts according to the formula [13]

,UA(x) = sup min(ha :U/Ah(x))a

he€]o,1]
where
(2) 1, x €A,
pia(r) =
0, otherwise.

It is easily checked that the following properties hold:

[AUB], = [Al,U[Bls,  [AN Bl = [A], N [B).

Definition 1.2.8. (Convexity) A fuzzy set A of X is called convex if [A]}, is a convex
subset of X for each h € [0,1]. We now state a useful theorem that provides us with
an alternative formulation of convexity of fuzzy sets. For the sake of simplicity, we

restrict the theorem to fuzzy sets on R, which are of primary interest in this text.

Theorem 1.2.1. A fuzzy set A on R is convez if and only if

A(Azy + (1 — AN)zg) > min{A(z), A(xq) } (1.1)

for all x1,x9 € R and all X € [0, 1], where min denotes the minimum operator.

Proof. Assume that A is convex and let h = A(z;) < A(zy). Hence 1,z € [A],
and, moreover, A\x; + (1 — A\)zy € [A], for any A € [0,1] by the convexity of A.

Consequently,

A(Axy 4+ (1 = Nxg) > h = A(xy) = min{A(z,), A(z2)}.

7



Conversely assume that A satisfies (1.1). We need to prove that for any h € [0, 1],
[A]}, is convex. Now for any z1,z9 € [A]n(i.e., A(x1) > h, A(x2) > h), and for any

A €[0,1], by (1.1)

A(Axy 4+ (1 — Nxg) > min{A(z1), A(z2)} > min(h, h) = h,

i.e., Ay + (1 — A)xzg € [A],. Therefore, [A]}, is convex for any h € [0,1]. Hence, A is
convex. []

Among the various types of fuzzy sets, of special significance are fuzzy sets that
are defined on the set R of real numbers. Membership functions of these sets, which
have the form

A:R —[0,1],

clearly have a quantitative meaning and may, under certain conditions, be viewed as

fuzzy number that can be defined as follows.

Definition 1.2.9. (Fuzzy number) A fuzzy number is a map A : R — I = [0, 1]
which satisfies:

(i) A is upper semi-continuous, i.e.,

{z|A(x) <t} is open for all t € R

(ii) A(z) = 0 outside some interval [c,d] C R,
(iii) There exist real numbers a, b such that ¢ < a < b < d where

1. A(x) is monotonic increasing on [c, a],



2. A(x) is monotonic decreasing on [b, d],

3. A(z) =1, a <z <b.
In this work, we show the set of fuzzy numbers by E.

Definition 1.2.10. (Quasi fuzzy number) A quasi fuzzy number A is a fuzzy set
of the real line with a normal, fuzzy convex and continuous membership function

satisfying the limit conditions

lim A(t) =0, lim A(t) =0.

t—+o00 t——00

Remark 1.2.1. Let A be a fuzzy number. Then [A], is a closed convex (compact)

subset of R for all h € [0, 1].

Definition 1.2.11. (Triangular fuzzy number) A fuzzy number A is called triangular
fuzzy number with center a, left width o > 0 and right width 5 > 0 if its membership

function has the following form:

1 b if a—a<t<a

Ay =9 1-L2  if  a<t<a+8

0 otherwise

and we use for it the notation A = (a,a, #). It can easily be verified that

Al = [a— (1 — Ba,a+ (1 - h)B], Yh € [0,1].

The support of A is (a — a,a+ 8). If &« = § A is called symmetrical triangular fuzzy
number. Let A be a symmetrical triangular fuzzy number, then we use for it the

9



notation A = (a, a).

Figure 1.2 represents triangular fuzzy number A = (6,1, 2)

0.8 1
0.6
0.4

0.2

Figure 1.2: Triangular fuzzy number.

Definition 1.2.12. (Trapezoidal fuzzy number) A fuzzy number A is called trape-
zoidal fuzzy number with tolerance interval [a, b], left width o > 0 and right width

B > 0 if its membership function has the following form:

1—%1’]‘ a—a<t<a
1 if  a<t<b
1-EY G p<t<b+p

0 otherwise

and we use for it the notation A = (a,b, o, ). It can easily be shown that

[A], = [a — (1 — B)a, b+ (1 — h)B],Vh € [0,1].

10



The support of A is (a — «a,b+ f).

Figure 1.3 represent trapezoidal fuzzy number A = (3,5,1,2).

0.8 1
0.6
044 ¢

024 /

Figure 1.3: Trapezoidal fuzzy number.

Definition 1.2.13. We represent an arbitrary fuzzy number by an ordered pair of

functions (u(r),u(r)), 0 <r < 1, which satisfy the following requirements [15]:

1. u(r) is a bounded left continuous non-decreasing function over [0, 1],

2. u(r) is a bounded left continuous non-increasing function over [0, 1],

3. u(r) <u(r),0 <r<1.

A crisp number A is simply represented by u(r) = u(r) = A,0 < r < 1. By appropriate

definitions the fuzzy number space {u(r),u(r)} becomes a convex cone, E'.

Lemma 1.2.2. Let v and w be fuzzy numbers and s be a real number.

11
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u = if and only if u(r) = v(r) and u(r) =v(r),

sv = s(v(r),v(r)). See [43].
Definition 1.2.14. Any fuzzy number A € E can be described as

;

L(<h) if  tela—a,d]
1 if  t€la,b]

R(%) if  telbb+p)

0 otherwise
\

where [a, b] is the core of A,

L:[0,1 - [0,1], R:[0,1] = [0,1]

are continuous and non-increasing shape functions with L(0) = R(0) =1 and R(1) =

L(1) = 0. We call this fuzzy interval of LR-type and refer to it by

A = (aa ba «, B)LR-

The support of A is (a — «, b+ ).

12



Definition 1.2.15. (Fuzzy point) Let A be a fuzzy number. If supp(A)= {z¢} then
A is called a fuzzy point and we use the notation A = 7.

Figure 1.4 represents fuzzy point A = 5.

0.8
0.6
0.4

0.2

Figure 1.4: Fuzzy point A = 5.

Definition 1.2.16. The space E" is all of fuzzy subsets U of R” which satisfy the
following conditions:

1. U is normal,

2. U is fuzzy convex,

3. U is upper semi-continuous,

4. [Ulp is a bounded subset of R,

when n = 1, elements of E' are Fuzzy numbers.

13



1.3 The extension principle

In order to use fuzzy numbers and relations in any intelligent system we must be
able to perform arithmetic operations with these fuzzy quantities. In particular, we
must be able to add, subtract, multiply and divide with fuzzy quantities. The process
of doing these operations is called fuzzy arithmetic.

We shall first introduce an important concept from fuzzy set theory called the
extension principle. We then use it to provide for these arithmetical operations on
fuzzy numbers.

In general the extension principle plays a fundamental role in enabling us to extend
any point operations to operations involving fuzzy sets. In the sequel, we define this

principle.

Definition 1.3.1. [16](extension principle) Assume X and Y are crisp sets and let
f be a mapping from X to Y,

f: X =Y,

such that for each z € X, f(x) =y € Y. Assume A is a fuzzy subset of X, using

extension principle, we can define f(A) as a fuzzy subset of Y such that

SUD,e p-1() Al if f=Y(y) #£0,
fa = e .

0 otherwise,
where f~(y) = {z € X|f(z) = y}.
Definition 1.3.2. (sup-min extension n-place functions) Let X1, Xs,...,X,, and Y be
a family of sets. Assume f is a mapping from the Cartesian product X; x Xy x---x X,

14



into Y. Let Ay, As,...,A, be fuzzy subsets of X, Xs,...,X,, respectively, then we use
the extension principle for the evaluation of f(Aj, As, ..., A,). f(A1, As, ..., Ay) is a

fuzzy set such that

.

sup{min{ A (z1), Aa(22), ..., An(zn)} | 7 € 7 (1)}

J(AL Agy o A () = ¢ it f(y) #0,

0 otherwise,

where x = (21,9, ..., Ty).
Example 1.3.1. Let f: X x X — X be defined as
f(x1, ) = Mxy + Ao, Ay, Ao € R
Suppose Ay and Ay are fuzzy subsets of X. Then using the extension principle we get

f(AL Ao)(y) = sup  min{A;(z1), Aa(z2)}

Arz1+A2z2=Yy
and we use the notation f(A;y, As) = \MA; + Ao As.
Definition 1.3.3. Let X # () and Y # ) be crisp sets and let f be a function from
F'(X) to E'(Y). Then f is called a fuzzy function ( or mapping) and we use the

notation

f:EY(X) = EY(Y).

Let A = (a1, as, a1, az)pr and B = (by, by, f1, f2) g be fuzzy numbers of LR—type.
Using the (sup-min) extension principle, we can verify the following rules for addition

and subtraction of fuzzy numbers of LR — type:

A+ B = (a; +by,a2 + by, 01 + S1, 0 + Bo)Lr

15



A—B=(ay —bi,ay — by, a1 + P2, 00 + B1)Lr
furthermore, if A € R is a real number then AA can be represented as

()\al, )\ag, )\Oél, )\CYQ)LR if A 2 0,
A =

()\02,)\04, | A | O[Q,| A | al)LR if A<0O.

In particular, if A = (a1, a9, a1,a3) and B = (by, by, 1, f2) are fuzzy numbers of
trapezoidal form, then
A+ B = (a1 +bi,as + by, 04 + f1, 00 + 33)
A—B = (a1 —bi,a — by, 01 + B2, 0 + ).
If A= (a,a1,a3) and B = (b, 1, f2) are fuzzy numbers of triangular form, then
A+ B=(a+b,as+ 1,0 + o)
A= B=(a—ba+ fy,as+ f),
and if A = (a,a) and B = (b, ) are fuzzy numbers of symmetrical triangular form,
then
A+ B=(a+ba+p)
A—B=(a—b,a+ ),
A = (Mg, | A | ).
The above results can be generalized to linear combination of fuzzy numbers.
Let A and B be fuzzy numbers with [A], = [a1(h), az(h)] and [B], = [b1(h), ba(h)],
0 < h < 1. Then it can easily be shown that
A+ Bl = [aa(h) + b (1), () + bo(1),

16



[=Alw = [—aa(h), —ai (h)],

[A = Blp = [ai(h) — ba(h), ag(h) — bi(h)],

[AA]n = [Aai(h), Aaz(R)] if A >0,

AL, = Pas(h), Aar (B)] if A <0,

for all h € [0,1], i.e. any h-level set of the extended sum of two fuzzy numbers is
equal to the sum of their h-level sets. The following two theorems show that this

property is valid for any continuous function.

Theorem 1.3.2. [37] Let f : X — X be a continuous function and let A be a fuzzy

number. Then,
[f(A)]n = f([A]n),

where f(A) is defined by the extension principle and

F([Aln) = {f (=) [ & € [A]n}.

If [A], = [a1(h),a2(h)] and f is continuous and monotone increasing then from

the above theorem we get

[f(A)]n = f([Aln) = f([a1(h), a2(h)]) = [f(a1(h)), f(az(h))].

Theorem 1.3.3. [37] Let f : X x X — X be a continuous function and let A and B

be fuzzy numbers. Then
[f(A, B)]n = f([Aln, [Bls)

17



where,

f([Aln, [Bln) = {f (w1, 22) | 21 € [Aln, 22 € [B]n}-

Let f(x,y) = zy and let [A], = [a1(h), az(h)], [B]n = [b1(h), ba(h)] be the h—level

sets of two fuzzy numbers A and B. Applying above theorem we get
[f (A, B)]n = f([Aln, [Bln) = [A]n[Bln

The equation

[AB]), = [Aln[Bln = [a1(h)bi(h), az(h)ba(h)]

holds if and only if A and B are both nonnegative, i.e. A(x) = B(z) =0 for z < 0.

If B is nonnegative then we have
[Aln[Bln = [minf{ay (h)b1(h), a1 (h)ba(h)}, max{az(h)bi (h), az(h)ba(h)}].

In general case, we obtain a very complicated expression for the a-level sets of the

product AB
[Aln[Bln = [min{a (h)bi (h), a1(h)bs(h), az(h)bi(h), az(h)bs(h)},

max{a; (h)by (h), a1 (R)ba(h), as(R)by (), az(h)bs(R)}].

1.4 Hausdorff distance for fuzzy numbers

Let A and B be fuzzy numbers with [A], = [a1(h),az(h)] and [B], = [b1(h), ba(h)].

18



Definition 1.4.1. (Hausdorff distance) The Hausdorff distance between two (nonempty)

sets X, Y C R is given as
dH(Xa Y) = maX{B(Xa Y)aB(K X)}a
where (X,Y) =sup,cx p(z,Y) and p(z,Y) =inf,ey | # —y |. The generalization

dH(A, B) = hsel(lopl] dH([A]h, [B]h) VABE El,

defines a distance measure [20]. It is clear that

du(A, B) = S max{| ai(h) = bi(h) |, | az(h) = ba(h) [},

i.e. dy(A, B) is the maximal distance between h-level sets of A and B [36].

1.5 Operation on fuzzy numbers

Some previous works related to operations on fuzzy numbers are those of Jain [25],

Nahmias [35], Mizumoto and Tanaka [34],[33] Baas and Kwakernaak [9].

1.5.1 Addition and Multiplication

Addition: Addition is an increasing operation. Hence, the extended addition (@) of
fuzzy numbers gives a fuzzy number. Note that —(M & N) = (=M) & (=N). (®)
is commutative and associative but has no group structure. The identity of (&) is
the nonfuzzy number 0. But M has no symmetrical element in the sense of a group
structure. In particular, M @ (—-M) #0, VM € E—R.
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Multiplication: Multiplication is an increasing operation on R™ and a decreasing
operation on R™. Hence, the product of fuzzy numbers (®) that are all either positive
or negative gives a positive fuzzy number. Note that —(M) ® N = —(M ® N), so
that the factors can have different signs. (®) is commutative and associative. The
set of positive fuzzy numbers is not a group for (®): although VM, M ®1 = M, the
product M ® M ' # 1 as soon as M is not a real number. M has no inverse in the

sense of group structure.

1.5.2 Subtraction

Subtraction is neither increasing nor decreasing. However, it is easy to check that
M&N=M®&(—N), Y(M,N) € E? so that M & N is a fuzzy number whenever M

and N are.

1.5.3 Division

Division is neither increasing nor decreasing. But, since MON = MO(N 1), V(M,N) €
E%, M @N is a fuzzy number when M and N are positive or negative fuzzy numbers.
The division of ordinary fuzzy numbers can be performed similar to multiplication,

by decomposition.

Definition 1.5.1. Let X # () and Y # () be crisp sets and let f be a function from

F(X) to F(Y). Then f is said to be a fuzzy function (or mapping) and we use the
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notation

fF(X)—= F(Y).

It should be noted, however, that a fuzzy function is not necessarily defined by
Zadeh’s extension principle. It can be any function which maps a fuzzy set A € F (X)

into a fuzzy set B := f(A4) € F(Y).

Definition 1.5.2. Let X # () and Y # ) be crisp sets . A fuzzy mapping f : F (X) —
[ (Y) is said to be monotonic increasing if from A, A" € F(X) and A C A’ it follow

that f(A) C f(A").

Theorem 1.5.1. Let X # () and Y # 0 be crisp sets. Then every fuzzy mapping

f:F(X) = F(Y) defined by the extension principle is monotonic increasing.

Proof. Let A, A" € F (X) such that A C A’. Then using the definition of sup-min

extension principle we get

f(A)(y) = sup A(x) < sup A'(z) = f(A)(y)

zef~y) zef~(y)

forallye Y. O

Example 1.5.2. Let f(x,y) = zy and let [A]l, = [ain, asp] and [Bl, = [bin, ban] be

two fuzzy numbers. Applying above theorem we get

[AB], = [A]n[ Bl = [a1nb1n, aznban],
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hold if and only if A and B are both nonnegative, i.e. A(x) = B(x) =0 for x <0.

In general form we obtain a very complicated expression for the « level sets of the

product AB
[ABJ = [mn, My],
where
my, = min{ai,b1p, a1pbon, aonbin, asnbon },
My, = max{aipbin, a1nbon, a2nbin, asnbon},
for hel.
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Chapter 2

Neural network

2.1 Introduction

[16] The study of brain-style computation has its roots over 60 years ago in the
work of McCulloch and Pitts (1943) and slightly later Hebb’s famous Organization
of Behavior (1949). The early work in artificial intelligence was torn between those
who believed that intelligent systems could best be built on computer models after
brains, and those like Minsky and Papert (1969) who believed that intelligence was
fundamentally symbol processing of the kind readily modeled on the Von Neumann
computer. For a variety of reasons, the symbol-processing approach become the
dominant theme in Artificial Intelligence in the 1970s. However, the 1980s showed a
rebirth in interest in neural computing:

Hopfield provided the mathematical foundation for understanding the dynamics of
an important class of networks, in 1982.
Kohonen developed unsupervised learning networks for feature mapping into regular

arrays of neurons, in 1984.
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Rumelhart and McClelland introduced the back propagation learning algorithm for
complex, multilayer network, in 1986.

Beginning in 1986-1987, many neural networks research programs were initiated.
The list of applications that can be solved by neural networks has expanded from
small test-size examples to large practical tasks. Very-large-scale integrated neural
network chips have been fabricated. In the long term, we could expect that artificial
neural systems will be used in applications involving vision, speech, decision making,
and reasoning, but also as signal processors such as filters, detectors, and quality

control systems.

2.2 The perceptron learning rule

Definition 2.2.1. [54] Artificial neural systems, or neural networks, are physical

cellular systems which can acquire store, and utilize experimental knowledge.

The knowledge is in the form of stable states or mappings embedded in networks

that can be recalled in response to the presentation of cues.
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Output units

Hidden units Hidden units

Input units

Figure 2.1: A multi-layer feedforward neural network.

The basic processing elements of neural networks are called artificial neurons, or
simply neurons or nodes.

Each processing unit is characterized by an activity level (representing the state of
polarization of a neuron), an output value (representing the firing rate of the neuron),
a set of input connections,(representing synapses on the cell and its dendrite), a
bias value (representing an internal resting level of the neuron), and a set of output
connections (representing a neuron’s axonal projection). FEach of these aspects of
the unit are represented mathematically by real numbers. Thus, each connection has
an associated weight(synaptic strength)which determines the effect of the incoming
input on the activation level of the unit. The weights may be positive (excitatory) or

negative (inhibitory).

Definition 2.2.2. Let w = (w1, ..., w,)" and x = (z1,...,7,)" be two vectors from

T

R™. The scalar (or inner) product of w and z, denoted by < w,z > or w' z, is defined
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n
< W, xr >=ur + ...+ Wy = E W;x;
j=1

other definition of scalar product in two dimensional case is
<w,z >=[|w[|[| || cos(w, z)

where || . || denotes the Eucledean norm in the real plane, i.e.

[ w (= \/wi+wi, || = [|= /2% + 23

The signal flow form of neuron input, z;, is considered to be unidirectional as
indicated by arrow, as is a neuron’s output signal flow. The neuron output signal is

given by the following relationship
0= f(<wz>)=f(w'z)=f(Z}_wjz))

where w = (wy,...,w,)T € R" is the weight vectors.The function f(w”z) is often
referred to as an activation (or transfer) function. Its domain is the set of activation
value, net, of the neuron model, we thus often use this function as f(net). The

variable net is defined as a scalar product of the weight and input vectors

net =< w,r >= wles = WL + Wakog + ...+ WpTy

and in the simplest case output value O is computed as

1 if wlz>b
O = f(net) =

0 otherwise,
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where b is called threshold-level and this type of node is called a linear threshold unit.

The problem of learning in neural network is simply the problem of finding a set
of connection strengths (weights) which allow the network to carry out the desired
computation. The network is provided with a set of example input/output pairs (a
training set) and is to modify its connections in order to approximate the function
from which the input/output pairs have been drawn. The networks are then tested
for ability to generalize.

The error correction learning procedure is simple enough in conception. The pro-
cedure is as follow: During training an input is put into the network and flows through
the network generating a set of values on the output units. Then, the actual output
is compared with the desired target, and a match is computed. If the output and
target match, no change is made to the net. However, if the output differs from the
target a change must be made to some of the connections.

The perceptron learning rule, introduced by Rosenblatt, is a typical error correction
learning algorithm of single-layer feedforward networks with linear threshold activa-
tion function.

Usually, w;; denotes the weight from the j-th input unit to the i-th output unit and

w; denotes the weight vector of the :—th output node.
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We are given a training set of input/output pairs

No. mput values desired output values
1 al = (1‘%7 vl‘vlz) yl = (y%a vyrln)
T al = (:CT, ,.TTY;) yT = (yfa ayz,;)

Our problem is to find weight vectors w; such that

oi(xk) = sign(< w;, xF >) = yr

e =1...,m,

for all training patterns k.
The activation function of the output nodes is linear threshold function of the

form

+1 Zf < w;,xr >>0,
0i(x) = sign(< w;,x >) =

-1 if <w,z><0,

and the weight adjustments in the perceptron learning method are performed by

w; = w; +n(yF — sign(< w;, 2F >))2k, i=1,...,m,

wyj = wij + n(yF — sign(< w;, x* >))xf, j=1,...,n,
where 1 > 0 is the learning rate.
From this equation it follows that if the desired output is equal to the computed
output, y¥ = sign(< w; 2% >), then the weight vector of the i-th output node
remains unchanged, i.e. w; is adjusted if and only if the computed output, o;(z¥) is
incorrect. The learning stops when all the weight vectors remain unchanged during
a complete training cycle.
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Consider now a single-layer network with one output node. Then the input com-

ponents of the training patterns can be classified into two disjunct classes
Cy = {z*lyF =1}, = {a*y* = -1},

i.e. x belongs to class C; if there exists an input/output pair (z,1), and  belongs to
class Cs if there exists an input/output pair (z, —1).
Taking into consideration the definition of the activation function it is easy to see

that we are searching for a weight vector w such that
<w,x>>0 for each x € Cy, and <w,xr><0 for each x € Cs.

If such vector exists then the problem is called linearly separable.

2.3 Fuzzy neural network

In theory, neural networks, and fuzzy systems are equivalent in that they are
convertible, yet in practice each has its own advantages and disadvantages. For
neural networks, the knowledge is automatically acquired by the backpropagation
algorithm, but the learning process is relatively slow and analysis of the trained
network is difficult (black box). Neither is it possible to extract structural knowledge
(rule) from the trained neural, nor can we integrate special information about the
problem into the neural network in order to simplify the learning procedure.

Artificial neural systems can be considered as simplified mathematical models
of brain like systems and they function as parallel distributed computing networks.
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However, in contrast to conventional computers, which are programmed to perform
specific task, most neural networks must be taught, or trained. They can learn new
associations, new functional dependencies and new patterns. Although computers
out perform both biological and artificial neural systems for tasks based on precise
and fast arithmetic operations, artificial neural systems represent the promising new
generation of information processing networks.

The computational process envisioned for fuzzy neural systems is as follows. It
starts with the development of a ”fuzzy neuron” based on the understanding of bi-
ological neuronal morphologies, followed by learning mechanisms. This leads to the

following three steps in a fuzzy neural computational process:

e development of fuzzy neural models motivated by biological neurons,

e models of synaptic connections which incorporates fuzziness into neural net-

work,

e development of learning algorithms (that is the method of adjusting the synaptic

weights)

Two possible models of fuzzy neural systems are

e In response to linguistic statements, the fuzzy interface block provides an input
vector to a multi-layer neural network. The neural network can be adapted

(trained) to yield desired command outputs or decisions.
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Decisions
—

Fuzzy inference| Neural network

Perception s
neural inputs

A

Linguistic statments

Learning algorithm

Figure 2.2: The first model of fuzzy neural system.

e A multi-layered neural network drives the fuzzy inference mechanism.

Knowledge-hase
|
\
Neural inputs Decisions
————»{Neural network Fuzzy inference >
Neural outputs
A
Learning algorithm [«

Figure 2.3: The second model of fuzzy neural system.

Neural networks are used to tune membership functions of fuzzy systems that are
employed as decision-making systems for controlling equipment. Although fuzzy logic
can encode expert knowledge directly using ruled with linguistic labels, it usually takes
a lot of time to design and tune the membership functions which quantitatively define
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these linguistic labels. Neural network learning techniques can automate this process
and substantially reduce development time and cost while improving performance.

Consider a simple neural net in Figure 2.4. The two input neurons do not change the
input signals so their output is the same as their input. The signal z; interacts with

the weight w; to produce the product
p; = w;x;, t=1,2.
The input information p; is aggregated, by addition, to produce the input
net = p; + pa = W1 T1 + Waks
to the neuron. The neuron uses its transfer function f, to compute the output
y = f(net) = f(wiz) + wyxs).

This simple neural net, which employs multiplication, addition and transfer function

f, will be called as regular (or standard) neural net.
1

— > W

: y = f(wey £ wg2y)
1
Wy

Figure 2.4: Simple neural net.

The direct fuzzification of conventional neural networks is to extend connection weights
and/ or inputs and/ or fuzzy desired outputs (or targets) to fuzzy numbers. This ex-
tension is summarized in Table 2.1.
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Fuzzy neural net | Weights | Inputs | Targets
Type 1 crisp fuzzy crisp
Type 2 crisp fuzzy | fuzzy
Type 3 fuzzy fuzzy | fuzzy
Type 4 fuzzy crisp fuzzy
Type 5 crisp crisp fuzzy
Type 6 fuzzy crisp crisp
Type 7 fuzzy fuzzy crisp

Table 2.1: Direct fuzzification of neural networks.

Fuzzy neural networks (FNN) of Type 1 are used in classification problem of a
fuzzy input vector to a crisp class [24, 28]. The networks of Type 2,3 and 4 are used
to implement fuzzy IF-THEN rules [23, 21].

However, the last three types in Table 2.1 are unrealistic.

e In Type 5, outputs are always real numbers because both inputs and weights

are real numbers.

e In Types 6 and 7, the fuzzification of weights is not necessary because targets

are real numbers.
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Chapter 3

Numerical solution of fuzzy
polynomials by fuzzy neural
network

3.1 Introduction

Polynomials play a major role in various areas such as mathematics, engineering
and social sciences. In this chapter, we are interested in finding the solution of
polynomials like A,z + As2? + ... + A,2" = Ay and A’lx + A;xz 4+ ...+ A,nx” =
Alz + Ajx® 4+ ...+ A a" + Ag for © € R (if exists) where Ag, Ay,..., A, A}, ..., A
are fuzzy numbers by a learning algorithm of fuzzy neural networks. The applications
of fuzzy polynomials are considered by [3].

Ishibuchi et al. [21] proposed a learning algorithm of fuzzy neural networks with
triangular fuzzy weights and Hayashi et al. [18] also fuzzified the delta rule. Linear
and nonlinear fuzzy equations are solved by [1, 2, 5, 8, 11]. Buckley and Eslami [10]

are concerned with neural net solutions to fuzzy problems.
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In this chapter, first we propose an architecture of fuzzy neural networks with crisp
weights for fuzzy input vector and fuzzy target. The input-output relation of each
unit is defined by the extension principle of Zadeh [48]. Output from the fuzzy neural
network, which is also fuzzy number, is numerically calculated by interval arithmetic
[6] for crisp weights and level sets(i.e., a-cuts) of fuzzy inputs. Next, we define a cost
function for the level sets of fuzzy output and fuzzy target. Then, a crisp learning
algorithm is derived from the cost function for finding the real root (if exists) of the
polynomials. The proposed algorithm illustrated by solving some examples in last

section.

3.2 Fuzzy neural network architecture

3.2.1 Operations of fuzzy numbers on the neural network

We briefly mention fuzzy number operations defined by the extension principle
[48]. Since input vector of feedforward neural network is fuzzified in this section,
the following addition, multiplication and nonlinear mapping of fuzzy numbers are

necessary for defining our fuzzy neural network:

pats(2) = max{pa(z) A ps(y)|z =2 +y}, (3.1)
pap(z) = maz{pa(x) A pp(y)lz = zy}, (3.2)
fp(Nery (2) = maz{pye ()2 = f(2)}, (3.3)
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where A, B, Net are fuzzy numbers, ., (.) denotes the membership function of each
fuzzy number, A is the minimum operator, and f(z) = x is the activation function of
output unit of our fuzzy neural network. These operations are illustrated in Figure

3.1.

Y

—
>
+
w

Y

- T
>
©

Y

Figure 3.1: Fuzzy number operations: addition and multiplication.

The above operations of fuzzy numbers are numerically performed on level sets

(i.e., h-cuts). The h-level set of a fuzzy number X is defined as
(X ={z|ux(z) > h,z € R} for 0<h<1, (3.4)

and [X]o = Ujc(,[XTn- Since level sets of fuzzy numbers become closed intervals,
we denote [X], as
(X = [[XTx, (XT3, (3:5)
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where [X]Z and [X]V are the lower limit and the upper limit of the h-level set [X]y,
respectively.
From interval arithmetic [6], the above operations of fuzzy numbers are written for

h-level sets as follows:
[Aln + [Bln = [[Al}; + [BI5, [AlL + [BI}], (3.6)

f([Net]n) = f([[Netly, [Net]]]) = [f([Net]p), f([Net];)], (3.7)

w.[Alp = [w.[A)E, w.[AlY], if w>0,
(3.8)

w.[A] = [w.[A]], w.[A]E], if w<O.
3.2.2 Input-output relation of each unit

Let us fuzzify a two layer feedforward neural network with n input units and one
output unit. Input vector, target vector are fuzzified and weights are crisp. In order to
derive a crisp learning rule, we restrict fuzzy inputs and fuzzy target within triangular
fuzzy numbers. The input-output relation of each unit of the fuzzified neural network
can be written as follows:

Input units:

O; = A;, i=1,2,...,n (3.9)
Output unit:
Y = f(Net), (3.10)
Net = iwj.Oj, (3.11)
j=1



where A; is a fuzzy input and w; is a crisp weight.
The input-output relation in Eqgs.(3.9)-(3.11) are defined by the extension principle

[48] as in Hayashi et al. [18] and Ishibuchi et al.[22].

3.2.3 Calculation of fuzzy output

The fuzzy output from each unit in Eqs.(3.9)-(3.11) is numerically calculated for
crisp weights and level sets of fuzzy inputs. The input-output relations of our fuzzy
neural network can be written for the hA-level sets:

Input units:

O = [Aidn,  i=1,2,...,n. (3.12)

Output unit:
Y]n = f([Net]n), (3.13)
[Net], = ]zn;wj.[oj]h. (3.14)

From Egs.(3.12)-(3.14), we can see that the h-level sets of the fuzzy output Y is
calculated from those of the fuzzy inputs and crisp weights. From Eqs.(3.6)-(3.8), the
above relations are written as follows:

Input units:

[Oi]n = [0y, [0] = [[Ail, [Aly),  i=1,2,...,n. (3.15)

Output unit:

V]n = V], [V]R] = [F([Net]), f([Net];)], (3.16)
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[Net], = [[Net], [Net];] =
[Z w;. |05y + ij-[Oj]][{, ij-[()j];({ + ij-[()j]ﬁ], (3.17)

where m = {j |w; >0}, c={j |w; <0} and mUc={1,...,n}.
3.3 Fuzzy polynomials
We are interested in finding real root

Al.'L’ + AQ.’L’2 +...+ An.'L’n = Ao, (318)

for x € R, when A; € F fori =1,...,n. A FNN, (fuzzy neural network with
fuzzy set input signals and real number weights) [21] solution to Eq.(3.17) is given in
Figure 3.2. The input neurons make no change in their inputs, so the input to the

output neuron is

Az + Agz® + ...+ A"

and the output, in the output neuron, equals its input, so
Y = Az + Asz® + ...+ A, 2™

How is the FFNN, going to solve the fuzzy polynomials? The training data is
(Aq,...,A,) for input and target (desired) output is Ag. We propose a learning

algorithm from the cost function for adjusting weights.
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A
L’Q wy =T
Q\ Output
O—Y

A
LQ wy = 1"

Figure 3.2: Fuzzy neural network to solve fuzzy polynomial

3.3.1 Learning of fuzzy neural network

Let the h-level sets of the target output Ag be denoted by
[Aoln = [[Ao]s, [Ao]y],  he0.1], (3.19)

where Af(h) denotes the left-hand side and Af (h) denotes the right-hand side of the
h-level sets of the desired output. A cost function to be minimized is defined for each
h-level sets as follows (see Figure 3.3):

L(AE(R) — VIR,

e (h) = S(A () — YU (h)2 (3.20)

e(h) = e*(h) + " (h),

hence e”(h) denotes the error between the left-hand sides of the h-level sets of the
desired and the computed output, and eV (h) denotes the error between the right-
hand sides of the hA-level sets of the desired and the computed output. Then the error

function for the training pattern is

e=Y _he(h). (3.21)

h
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Output value

Figure 3.3: Fuzzy output Y and fuzzy target Ay.

Theoretically this cost function satisfies the following relation if we use infinite

number of h-level sets in Eq.(3.21)

e—0 if and only if Y — Ag

The weights are updated by the following rules [21, 41]

de(h)

8w1

Awy(t) = —n Z h +a. Aw(t—1), (3.22)

where 7 is a learning constant, « is a momentum constant and ¢ indexes the number
of adjustments. The derivatives in Eq.(3.22) can be written as follows:

Oct(h) _ Det(h)  OVE(h)
8w1 N 8YL 8w1 ’

0c”(h) _ 9eV (k) 0YU(h)

own oyv ow,

de(h)  de"(h) N oeV (h)

ow,  Ow ow, '
de” (h) _ L L deV (h) _ U U
gyr = (Ao (h) —Y7(h),  —m = (4o (k) =Y (h))

If w1 2 0
ovr(h) _ .1 ovU(h) _ .y
awl - (h’)7 awl - Al (h)a
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otherwise

Therefore, if wy > 0

Awi(t) =03, h[(A§(h) = YE(h)Af (h)+ (3.23)
(A5 (h) = YT (h)AY (h)] + . A wn (= 1),
otherwise
Aw,(t) =S, h[(AL(h) — YE(h)) AV (h)+
(3.24)
(AF () = YV () A ()] + . A wn (t = 1),

We can adjust other weights by
w; =wt  for i=2,...,n.

The fuzzy polynomials may have no real root for crisp w;,1 < ¢ < n. In this case

there is no hope in making the error measure close to zero.
Example 3.3.1. Consider the following fuzzy polynomial
(0,1,1)z + (0,1,1)z* = (0,2, 2),

with the exact solution x = 1. The training starts by wi(0) = 0.25 and training is
completed in step 2 with the solution w(2) = 1.00984, where n = 0.1, @ = 0.3 and

e <=0.01.

Example 3.3.2. Consider the following fuzzy polynomial

(0,1, 1)z + (0,2,2)x* + (1,1,1)2* = (—1,4,4),

42



with the exact solution x = —1. The training starts by w1(0) = —1.5 and training is
completed in step 3 with the solution w;(3) = —1.00780, where n = 0.1, o = 0.3 and

e <=0.01.

3.4 Dual fuzzy polynomials

Usually, there is no inverse element for an arbitrary fuzzy number u € E!, i.e.,

there exists no element v € E! such that
u+v=0.
Actually, for all non-crisp fuzzy numbers v € E' we have
u+ (—u) #0.
Therefore, the fuzzy polynomials
A+ Ayx® + .+ Aa" = Alz + Ay 4+ ..+ A 2" + Ay, (3.25)

cannot be equivalently replaced by the fuzzy polynomials (A} — A])x + (A, — A)a? +
..+ (A4, — A7)a™ = Ay which had been investigated. Therefore, we find solution to
Eq.(3.25) by the neural network, with assumption A;, — A}, < Aj, — A}, < A, — Al

for i =1,...,n. Therefore, we have of the Eq.(3.25)
Al.'L’ + AQ.’L’2 +...+ An.'L’n = Ao, (326)

for x € R, when A; € E, for i = 1,...,n that 4; = (A;1, Aip, Ai) = (A, — A}, Ay —
A;,27A;'3 — A;',?)) fori=1,...,n.
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A FNN; (fuzzy neural network with fuzzy set input signals and real number weights)
[21] solution to Eq.(3.26) is given in Figure 3.3. The input neurons make no change

in their inputs, so the input to the output neuron is
Az + Agz® + ...+ A"
and the output, in the output neuron, equals its input, so
Y =Aix+ Apz® + ...+ Ayz™.
How is the FFNN, going to solve the fuzzy polynomials? The training data is

(Aq,...,A,) for input and target (desired) output is Ag. Learning algorithm for

dual fuzzy polynomials was proposed in Section 3.3.

Example 3.4.1. Consider the following fuzzy polynomial

(2,4,6)x + (0,2,4)z* + (3,6,8)z* + (—3,0,2)z* = (1,2,3)z + (0,1,2)2* + (1,2, 3)*
+(=2,0,1)2"* 4+ (2,7,11),

with the exact solution x = 1. The training starts by w1(0) = 0.5 and training is
completed in step 3 with the solution w(3) = 1.00801, where n = 0.1, « = 0.3 and

e <=0.01.
Example 3.4.2. Consider the following fuzzy polynomial
(—=2,0,3)x + (—2,0,2)2% = (—1,0,2)x + (—1,0,1)z* + (12, 14, 19),

which has no real root. The training start by w(0) = 7, n = 0.1, « = 0.3, and
e <= 0.01. In this case there is no hope in making the measure of error close to zero,
see Table 3.1 for more details.
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Example 3.3.1

Example 3.3.2

Example 3.4.1

Example 3.4.2

0.25

0.87982

1.00984

-1.5

-1.06313

-1.04608

-1.00780

0.5

0.8317

0.98421

1.00801

7.0

-0.26250

6.9475

-0.1435

6.97130

-0.1973

6.96053
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Chapter 4

Numerical solution of a system of
fuzzy polynomials by fuzzy neural
network

4.1 Introduction

Systems of polynomials play a major role in various areas such as pure and ap-
plied mathematics, engineering and social sciences. In Chapter 3, we studied ”Nu-
merical solution of fuzzy polynomials by fuzzy neural network”, where tried to find
the numerical solution = € R (if exists) of a fuzzy polynomial equation such as
Avr + Ao + ...+ Aa™ = Ay where Ay, Ay, ..., A, are fuzzy numbers.

Now, consider the following system of fuzzy polynomials like

AHIL'y + A12$2y2 + ...+ Alnxnyn = AIO;
Aglfliy + A22$2y2 + ...+ AQnIL'nyn = Ago,

where z,y € R and Aig, A11,..., A1, Asg, Aoq, ..., Ay, are fuzzy numbers or a more
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general system F', where F' denotes a system of s fuzzy polynomial equations such as:

fl(l‘l,l‘g, . ,l‘n) = AIO;

fz($1,$2; - axn) = Ay,

fs(xlal‘Qa s 7‘Tn) — AsOa

where x1,25,...,2, € R and all coefficients are fuzzy numbers. In this chapter, we
are interested in finding solution of such a system of fuzzy polynomials.

We wish to find the answer to this question: How is the fuzzy neural network

going to solve a system of fuzzy polynomials?
In this chapter, an architecture of fuzzy neural network is proposed to find a real root
of a system of fuzzy polynomials by introducing a learning algorithm. We refer the
reader to [38, 39, 46] for more information on such polynomials. Some applications
of fuzzy polynomials are considered by [3, 29].

In this chapter, we first propose an architecture of fuzzy neural networks with
crisp weights for fuzzy input vector and fuzzy target. The input-output relation of
each unit is defined by the extension principle of Zadeh [48, 52]. The output from
the fuzzy neural network, which is also a fuzzy number, is numerically calculated by
the interval arithmetic [6] for crisp weights and level sets(i.e., a-cuts) of fuzzy inputs.
Next, we define a cost function for the level sets of fuzzy output and fuzzy target.
Then, a crisp learning algorithm is derived from the cost function to find a real root
(if exists)of a system of polynomials. The effectiveness of the proposed algorithm is
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proved by solving some examples in the last section.

4.2 Preliminaries of fuzzy neural network

4.2.1 Input-output relation of each unit for system of fuzzy
polynomials

Let’s fuzzify a three-layer feedforward neural network with n input units and one-
output unit. Input vector and target vector are fuzzified and weights are crisp. The
input-output relation of each unit of the fuzzified neural network can be written as
follows:

Input units:

O;; = Ay, i=1,27=1,2,...,n (4.1)

Hidden units:
O;; = [(Nety), (4.2)
Net;; = w;;.0;j, i=1,2,7=1,2,...,n. (4.3)

Output unit:
Y; = f(Net;), (4.4)
Net, = iw;j.O;j, i=1,2, (4.5)

j=1

where A;; is a fuzzy input and w;;, w;j are crisp weights.
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The input-output relation in Eqs.(4.1)-(4.5) are defined by the extension principle

[48, 52] as in Hayashi et al. [18] and Ishibuchi et al. [22].

4.2.2 Calculation of fuzzy output for system of fuzzy poly-
nomials

The fuzzy output from each unit in Eqs.(4.1)-(4.5) is numerically calculated for
crisp weights and level sets of fuzzy inputs. The input-output relations of our fuzzy
neural network can be written for the hA-level sets as follows:

Input units:

[0ijln = [Aijln, 1=1,2;7=1,2,...,n. (4.6)

Hidden units:
[O;j]h = f([Netjn), (4.7)
[Net;;]n = wi;.[Osln, i=1,2,7=1,2,...,n. (4.8)

Output unit:
Yila = f([Netiln), (4.9)
[Net!], = iw;j.[()gj]h, i=1,2. (4.10)

j=1

From Egs.(4.6)-(4.10), we can see that the h-level sets of the fuzzy output Y; is cal-
culated from those of the fuzzy inputs and crisp weights. From Egs.(4.6)-(4.10), the

above relations are written as follows:
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Input units:

[Oiln = 10411, 1035101 = [Aulh, [Aylh], i=1,27=1,2,...,n, (4.11)
Hidden units:
[0},]n = [[0},]k, (04171 = [f ([Neti;]y), f(INety];)]- (4.12)

If wij Z 0

[Netij]n = [[Neti;]y, [Neti]i ] = [wi[Oi5, wis 05131,

otherwise

[Netijln = [[Netij]y, [Neti i ] = [wii[Og]) , wis[Ol5],

Output unit:
Yiln = [[Yily, Vili] = [F([INetily), F(INeti]})], (4.13)
[Neti]n = [[Net]]y;, [Net]];] =

[Z ng'[ogj]ﬁ + Z wi; (O] Z wi;.[O i(z] + Z w;j'[O;j]ﬁ]a (4.14)

JjEM j€c JjEM j€c

where m = {j | w}; > 0}, c={j | wj; <0} and mUc={1,...,n}.
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4.3 System of fuzzy polynomials

We are interested in finding the solution to the following system:

Ay + Apr®y® + ..+ Appa™y® = Ay,
(4.15)

Apxy + Ap®y® + ...+ Agpa™y" = Ay,
where z,y € R, and A;; € Efori=1,2;j=0,...,n. A FNN, (fuzzy neural network
with fuzzy set input signals and real number weights) [21] solution to Eq.(4.15) is given
in Figure 4.1. The input neurons make no changes in their inputs, so the inputs to

the hidden neurons are A;;z7 for i = 1,2, j = 1,...n, and the hidden neurons make

no changes in their inputs, so the input to the output neuron is
Ay + Apz?y? + ...+ Apa™y", 1=1,2
and the output, in the output neuron, equals its input, so
Y; = Apay + Apx®y? + ..+ A a™y", 1=1,2.

How is the FFN N, going to solve system of the fuzzy polynomials? The training data
is (As1,...,Ay) for input and desired target output is A;p. We propose a learning

algorithm from the cost function to adjust weights.
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Input units ~ Hidden units

Ai
—0

Figure 4.1: Fuzzy neural network to solve system of the fuzzy polynomials

4.3.1 Learning of fuzzy neural network

Denote the h-level sets of the target outputs A;p,7 = 1,2, by
[Aio]n = [[Auli, [Aioly ], h€[0,1], (4.16)

where A% (h) denotes the left-hand side and AY,(h) denotes the right-hand side of the
h-level sets of the desired output. A cost function to be minimized is defined for each

h-level sets as follows (see Figure 4.2):

3 (Al (h) = YiE(R))?,

eV (h) = L(AG(h) — YV ()2, i=1,2, (4.17)
ei(h) = e (h) + ¢/ (),

where eX(h) is the error between the left-hand side of each of the h-level sets of the

desired and the computed output of i-th equation, and e! (h) is the error between the

right-hand side of each of the h-level sets of the desired and the computed output of
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i-th equation. Then the error function for the training pattern is

(4.18)

Figure 4.2: Fuzzy output Y7, Y5 and fuzzy target Ay, Aos.

Theoretically this cost function satisfies the following relation if we use an infinite

number of h-level sets in Eq.(4.18)

e—0 if and only if Y, — Aj, 1=1,2.

The weights are updated by the following rules [21, 41]

!
Wiy

Awl, (t) = —n Z hagi(h) +a. Awj(t—1), (4.19)
h
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where 7 is a learning constant, « is a momentum constant and ¢ indexes the number

of adjustments. The derivatives in Eq.(4.19) can be written as follows:

0ci(h) _ Del(n) _ 0el(h)

i - i 1)
ow}, ow}, owl,

Ock(h) _ dek(h)  avH(h)
owj, OV} Owjy
ae(h) _ del(h)  o¥(h)
owl, — oyyY owly,

)

Oef (h) eV (h)
I —(Af(h) = Y (h)), e —(AY(h) = YV (h)).
If w}; > 0, then
ovit(h) _ ov;"(h) _ w
awgl - Oil (h)7 awgl Oll (h)
otherwise
aYiL(h) g 8}/;U(h) 'L
pay, ~ Onh g =)

Therefore, if w}, > 0, then

Awjy (1) =n 35, h[(Af(h) = V¥ (R))Oj (h)+

(Ajo(h) = Y7 (h)OF (h)] + . & wiy (= 1);

(4.20)

otherwise

Awjy () =132, bl(Aj(h) = V() O (h)+

(Ajo(h) = Y7 (M) O (M)] + o & wyy (£ = 1).

(4.21)
We can adjust other weights ng by
w=w?  for i=1,2 j=2,...,n,

L]

54



and the weights are updated by the following rules [21, 41]

Oeilh) (4.22)

+a. A wll(t — ].),

where 7 is a learning constant, « is a momentum constant and ¢ indexes the number

of adjustments. The derivatives in Eq.(4.22) can be written as follows:

de;(h) _ oel (h)

Owyy

L 0l (n)

Ow;y .

Owyy

Suppose that w}; > 0 and w;; > 0 for ¢ = 1,2. Then

def(h) _ def(h) ~ OVi"(h) _ 00j(h)
Oowy,  OYH(h) T 90%(h) T Owy
def(h)  del(h) _ aY;"(h) _ QOf (h)
dwy — OYU(h) © 00[/(h) T Own
865“’) o L L aer(h) N U U
oY (h) , oY;” (h) )
Ly - Wit aamy - Wit
9051 (h) 90 (h)
0i(h) 00i (h)
Wil - Ozl(h)a Tﬂ - Ozl(h’)

Therefore, the Eq. (4.22) and the above formulas imply the following Eq:

Awir (t) =132, bl(Af (h) = Yi"(h).wiy.Of (h)+

(4.23)

(Afp(h) = YV(h).wi.Of (h)] 4+ a. A wi (t = 1),

and if w};, < 0 and w;; > 0 for i = 1,2, then we obtain

Awir (t) =132, bl(Af (h) = Yi"(h).wiy-Of (h)+

(4.24)

(Aip(h) = YV (h)).wiy Ofi (h)] + e Awin(t = 1).
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We can adjust other weights w;; by

We can also obtain similarly alternative cases (w}; > 0, w;; < 0 and w}, < 0,
wy < 0 fore = ]_,2)
The fuzzy polynomials may have no real root for crisp w;; and w;; fori =1,2;j =

1...n. In this case there is no hope to make the error measure close to zero.

Theorem 1. The complexity of the above algorithm, in updating of w}; in (4.15), is
2{(2n + 1)k + 1}, where k is the number of the h-level sets. And also, the complexity
of computing wj; fori=1,2; j=2,...,nis2(n—1).

Proof. Let w}, > 0. For computing the complexity of our algorithm, we consider only

the multiplication operator. The number of multiplications in computing Y; where
Y, = Ajzy + Apa®y® + .+ Apa™y",
is 2n. Hence the number of multiplications in
[(Ajo(h) = Y (1)) 05 (h) + (Ajp(h) — Y7 () O (h)]

is 2(2n+1). Therefore the number of the multiplications in the computation of w}, (%)

is 2{(2n + 1)k + 1}. Also with respect to

1o 0 - C i
wy; =wy for =125 j=2,...,n,
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the number of the multiplications in the computation of all w;j fori =1,2; 7 =
2,...,nis 2(n —1). If w}; < 0, the proof is similar and it has the same number of

the multiplications.

4.4 General system of fuzzy polynomials

The system (4.15) with fuzzy coefficients and deterministic unknowns is a special

case of a more general system F', where F' denotes a system of s polynomial equations

in B
fl(l‘lal‘?a---al‘n) :A107
fl(xlax%"';xn) = AZO; (425)
fs(xlax%"'axn) :ASUJ

where

i (301, Loy ,xn) = Ay = Z?:l Criz; + Z?:l Z?Zl sz'jxﬂj—l—
(4.26)
D it Dt 2ope Cligpzizjzy + ..., 1 <1 <s,
and x1, s, ..., 2, € R (if exists) and all coefficients are fuzzy numbers.

This full form of mathematical description can be represented by a system of

partial quadratic fuzzy polynomials consisting of only two variables in the form of

fl (IL’Z', l‘j) = Alg = A“IL’Z' + AlgfL’j + Algl‘il’j + Al4l‘? + Al5{L’§. (427)
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Let us build a FNN, equivalent to the quadratic one. A FNN, [21] solution to

Eq.(4.27) is visualized in Figure 4.3.

Input wnits ~ Hidden units

Figure 4.3: Fuzzy neural network for solving a system of the quadratic general fuzzy

polynomials

In the above figure, the architecture neural network of the fuzzy polynomials,
multi-input single-output (MISO) is shown. All signals are fuzzy numbers, arcs are
real numbers and transfer functions are identity maps.

The unknowns z;,z; in Eq.(4.27) are calculated using fuzzy neural network, so
that the difference between the target output, A;y, and the calculated, Y}, for each
input variable is minimized.

Because the general form Eq.(4.25) is complicated, we consider Eq.(4.27) and

propose a learning algorithm from the cost function to adjust crisp weights.
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4.4.1 Learning of fuzzy neural network for system of general
quadratic fuzzy polynomials

Denote the h-level sets of the target outputs A,y are denoted by
[Awln = [[Awlh, [Awly],  hel0,1], (4.28)

where AL (h) is the left-hand side and A (h) is the right-hand side of the h-level sets
of the desired output. A cost function to be minimized is defined for each h-level set

as follows:

ef (h) = 5(Ap(h) = Y (h))?,
ef (h) = 5(Ajs(h) = Y7 (h))?, (4.29)

ei(h) = e (h) + e (h),

where ef(h) is the error between the left-hand side of the h-level set of the desired
and the computed output i-th equation, and eV (h) is the error between the right-
hand side of the h-level set of the desired and the computed output i-th equation.

Therefore the error function for the training pattern is

e=Y > helh). (4.30)

Theoretically this cost function satisfies the following relation if we use an infinite
number of h-level sets in Eq.(4.30)
e—0 if and only if Y, — Ajp.

The weights are updated by the following rules [21, 41]:

86; (h)

owy,

Awpy(t) =-n_h + o A wijg(t—1), (4.31)
h
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where 7 is a learning constant, « is a momentum constant and ¢ indexes the number
of adjustments. The derivatives in Eq.(4.31) can be written as follows:

dei(h) _ Oef(h) el (h)
owy, Owyy owy,
def(h) _ dek() _ 9YiH(h)
Owis oy;" Owpy
ocl () _ el(n) _ oV (h)
Owyy B oy;” - Owyy

Oe (h)

Y

der (h)

VI —(Ajp(h) = V¥ (1)), oy —(AY(h) = YV (h)).
If w3 > 0,
oYL (h . oY,V (h ,
alw;(S L= o), 3[w2(3 )~ o ny;
otherwise
ovit(h) _ w ov,"(h) _
awz?) - Ol3 (h)7 awzg - Ol3 (h)

Therefore, if w;; > 0

Awiy(t) =032, h(Ag(h) = Y2 (h)Op5 (h)+ (432)
(Alp(h) = Y7 ()O3 ()] + . A wig(t = 1);

otherwise

Awy(t) =n 32, h[(Af(h) = Y* () O (h)+
(4.33)
(Alp(h) = Y7 (h)Ogz (h)] + . A wig(t — 1).
We can adjust weights wy, like wy,.
The weights of the arcs between input and hidden neurons are updated by the

following rules [21, 41]:

de;(h
h
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where 7 is a learning constant, « is a momentum constant and ¢ indexes the number

of adjustments. The derivatives in Eq.(4.34) can be written as follows:

dei(h) el (h) N def (h)
ows  Owis owyg

Now, suppose that w;; > 0 and w;3 > 0

def(h) _ def(h) _ Y (h) _ 20;(h)
dwi  OYE(R) - 9OE(R) " dwy
dej' (h) _ def'(h) _ aY,"(h) _ 90 (h)
dw, OV, (h) 90T (h) " owy
s = (B0~ vEm), S = ) -y )

ovitth) _ . 9Y"(h)

20L(hy — " BoF () ™
Q0E(h) 208 (h)
So = Of(h), e = Of(h).

Therefore, we have

Awy(t) =132, b(Af(h) = Y (h)).wjs.O5(h)+

(4.35)
(Alo(h) = Y7 (1)) wiz- O (h)] + . A wis(t = 1),
and if wj; < 0 and w3 > 0, then we obtain
Awig(t) =032, h(Af(h) = Vi (h))wis O (h)+ (4.36

(Ao (h) = Y7 (h)).wiz-Of(h)] + o A wys(t — 1).
We can also obtain similar alternative cases (wj; > 0, w;z3 < 0 and wj; < 0,

wi < 0). The fuzzy polynomials may have no real root for crisp weights; in this case
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there is no hope to make the error measure close to zero.

Remark 4.4.1. In the general case, to find a solution of the system (4.25) in Section
4.4, similar to (4.15) and (4.27), we put the coefficients of the system of polynomials
as input and the unknowns as weights; then using the learning algorithm proposed,
we can minimize the distance between the target output and the computed output.

It is obvious that weights are the roots of the system of polynomials.

Remark 4.4.2. The problem (4.25) with uncertainty functions f, for [ = 1,...s,

where the coefficients are fuzzy numbers, is a special case of a more general problem

fl(l‘l,l‘g, . ,l‘n) = AIO;

fl(xlax%"';xn) :AZO; (437)

fs(xlal‘Qa s 7‘Tn) — AsOa

where f; is a mapping from E" — F.

Remark 4.4.3. The problem (4.37) is complicated because we presume that the
variables xy, xs, ..., x, are fuzzy numbers. The main topic for future research would
be to develop a learning algorithm for fuzzy neural nets that will have more generality
(i.e. LR fuzzy weights). We now need to assume that the signals/weights are fuzzy
numbers (of any type) or general fuzzy sets. It appears that (fuzzy) genetic algorithms
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might be useful tools to handle the more general fuzzy sets [42].

4.5 Comparison with other methods

This study would not be completed without comparing it with the recent works.

Some comparisons are as follows:

e In Chapter 3, a FNN, equivalent to the fuzzy polynomial equation was built
and a learning algorithm of crisp weights of three layer feedforward fuzzy neural
network was introduced, so that input-output relations were defined by the
extension principle to find the root of a fuzzy polynomial equation. The purpose
of this work was to extend the system of fuzzy polynomials, to a more general

system F' of s fuzzy polynomial equations such as

fl(l‘l,l‘g, . ,l‘n) = AIO;

fl(xlax%"';xn) :AZO; (438)

fs(xlax% s 7xn) - AsUa

where x1,29,...,7, € R and all coefficients are fuzzy numbers. In this work,
an architecture of fuzzy neural networks was proposed to find a real root of a

system of fuzzy polynomials by introducing a learning algorithm.

e In [2] a method for solving fuzzy linear systems was proposed, Az = b where A
is a real matrix, the unknown vector x is a vector consisting of fuzzy numbers
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and the constant b is a vector whose components are fuzzy numbers. Az = b is
a special case of the (4.38); where f;,i =1,...,n are linear functions, however,
we have proposed a new method using fuzzy neural networks for solving systems

of fuzzy polynomials.

In [3] the problem of best approximation is applied to the fuzzy functions,
to obtain a fuzzy polynomial using optimization; but we have obtained the
solution of a system of fuzzy polynomials such as (4.38) by fuzzy neural network.

Moreover the application of fuzzy polynomials was proposed.

In [1] and [5] researchers used the Newton’s method for solving nonlinear equa-
tions and systems of nonlinear equations and from the beginning they assumed
that the solutions are negative or positive, otherwise we could not use it. See

Example 4.6.5 for more details.

4.6 Numerical examples

The general formula of quadratic fuzzy surfaces is:

filzi, xj, ) = A = Anwy + Apr; + Az + Auzizy + Aisvag+

2 2 2
Al(jfL’jLEk + A”l‘i + AlgfL’j + AlgfL’k,

which is the same as a three variables quadratic fuzzy polynomial. One of the applica-

tions of fuzzy polynomial systems is to determine the cross location of three quadratic

surfaces.
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In the following, we study some examples of fuzzy polynomial systems.

Example 4.6.1. Consider the following system of fuzzy polynomials
(2,1, D)zy + (3,2, 1)x%y? = (1, 3,2),

(1,1, D)zy + (1,1, 1) 2%y = (0,2, 2),

with the exact solution v = 1 and y = —1. The training starts with wq;(0) =
0.75, w},(0) = —0.75 and it is completed in step 2 with the solution we (2) = 1.00973

and wh,(2) = —1.00876, where n = 0.1, & = 0.3 and e < 0.01.

Example 4.6.2. Consider the following system of fuzzy polynomaials
(2,1, Day + (3,1, 1)a%y* + (2,1, 1)2%y* = (7,3, 3),

(5,1, Dy + (2,3, D)z%y? + (2,2, 1)23y> = (9,6,3),

with the exact solution x =y = 1. The training starts with wy1(0) = 0.75, w!,(0) =
0.75 and it is completed in step 2 with the solution wy(2) = 1.00943 and w},(2) =

1.00956, where n = 0.1, a = 0.3 and e < 0.01.

Example 4.6.3. Consider the following system of fuzzy polynomials
(1,1, Dy + (=2,1,1)2%y?* = (14,2, 5),

(5,1, Dxy + (2,3, 1)z%y? = (=2,1,1),

which has no real root. The training start with wy,(0) = w};(0) =7, n=0.1, « = 0.3,
and e <= 0.01. In this case there is no hope to make the measure of error close to
zero. See the Table 4.1 for more details.

65



Example 4.6.1 Example 4.6.2 Example 4.6.3

i wn (), wiy () wyy (2), wiy (7) wyy (1), wiy (7)

0 0.75,-0.75 0.75,0.75 7,7
1| 0.87672,-0.89683 | 0.89764,0.89953 | -0.26203,-0.43054
2 | 1.00873,-1.00976 | 1.00943,1.00956 |  6.9475,5.7657

3 -0.1435,-0.2234

Table 4.1. The approximation of real root

Example 4.6.4. Now, we consider an application of approrimate solution of fuzzy
nonlinear systems by fuzzy neural networks in economics. The market price of a good
and the quantity produced are determined by the balance between supply and demand.

Suppose that demand and supply are nonlinear functions of the price:

ga+a="bxp’

gs +c=dxp?
where qs s the quantity supplied, which is required to be equal to qq, the quantity
requested, p is the price and a,b,c and d are coefficients to be estimated, where the
coefficients a,b,c and d are represented by fuzzy triangular numbers and qs,qq and p
are deterministic. By imposing the equality between quantity supplied and requested,

the following fuzzy nonlinear system should be solved:
T+ (—4,1,1) = (=2,1, 1)y,
T+ (1,1,1) = (2,1,1)y%
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The exact solution is (x,y) = (2,1). The training starts with wy1(0) = 1.9, w},(0) =

0.9 and it is completed with e <= 0.01 where n = 0.1 and o = 0.3.

Example 4.6.5. Consider the following system of fuzzy polynomaials

(2,1, 1)22 + (3,2,2)y% = (5,3,3),

(27 3? 1)1‘ + (27 17 2)y = (07 5; 2)7

with the exact solution x =1, y = —1.

Using the Newton’s method in [5], suppose that x and y are positive; then the

parametric form of this system is as follows:

;

\

(r+1)2* + (2r + 1)y* = 3r + 2,
(—r +3)z* + (=2r +5)y*> = =3r + 8,
(B3r—1)x + (r+1)y =5r — 5,

(—r+3)z+ (=2r+4)y=—2r +2.

For r = 0, the above system has no real solution and we can not use the Newton’s

method of [5] to obtain the approxzimate solution.

Using fuzzy neural networks, the training starts with wy;(0) = 0.1, w},(0) = 0.75

and it is completed with wq1(4) = 1.0067, w},(4) = —1.0056, e < 0.01 where n = 0.1

and o = 0.3.
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Example 4.6.6. Consider the following system of fuzzy polynomaials

0,0.5,0.5)2° + (0.5,0.5,0.25)y = (0.25,0.75, 0.625),

(0.5,1,0.5)2* + (1.5,0.5,0.5)zy = (1.25,1.25,0.75),
with the exact solution (z,y) = (1,0.5). Using fuzzy neural networks, the training
starts with wy1(0) = 0.9, w},(0) = 0.75 and it is completed with e <= 0.01 where

n=20.1 and o = 0.3.

4.7 Application of fuzzy neural networks in nu-

merical integration

In this section a numerical method to identify the undetermined coefficients of
Newton-Cotes integration method for fuzzy functions by neural networks is consid-

ered, so that the fuzzy linear system is solved by using neural network methods.

4.7.1 Identify the undetermined coefficients of Newton-Cotes
methods

Let f be a fuzzy function. For any natural number n, the folloowing Newton-Cotes

formula is:

b n
/f(x)dx:ZcimeE, fi:f(a+ik),k:b_a. (4.39)

N n
=0
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Let f(x) =1,1z,12% and a = 0,b = 2k, where 1 is a fuzzy number.
1x2k= OQkidx:iXCU+iXC1+iXCQ,
i><2k2:f02kixxdx:ixkclJrikacQ,

1x %k?’ = OZki x r2dr = 1 x k%¢; + 1 x 4k?c,,

therefore,
1 1 1 Co 1 x 2k
0 I1xk 1x2k ei | =1 1x2k2
0 1xk? 1x4k? Cs 1x &3

and let f(z) = 1,1z,12%,12° and a = 0,b = 3k, where 1 is a fuzzy number.

=

x3k=[Fldr =1xéy+1xé+1xé+1xdé,

=

x 2% = [T x adr =1 x kéy + 1 x 2kéy + 1 x 3kés,

=

x Ok% = [T x a?dw = 1 x k2 + 1 x 4k%6, + 1 x 9k%¢s,
Ix 8t = [7F1 x aPde =1 x k3¢ + 1 x 8k, + 1 x 27k,
therefore,

1 1 1 1 éo 1 x 3k

0 Ixk Ix2k 1Ix3k ¢ 1 x 2k
0 Ixk* 1x4k* 1x9k? by . 1 x9k*
0 1Ixk® 1x8k 1x27k* és 1x &gt

Hence, we wish to solve

Az =10

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

for a given m x m fuzzy matrix A = [a,;] where a;; are triangular fuzzy numbers and

given b' = (by,. ..
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and x' = (x1,...,1y,) is the unknown m x 1 vector of real numbers.

A FNN, solution to Eq. (4.44) is given in Figure 4.4. The input to the net is the
i-th row of A. The input neurons make no change in their inputs, so the input to the
output neuron is

a1y + ...+ aQimTm, (445)

which is the i-th component in the product Az. The output, in the output neuron,

equals its input, so

Y, =apx1+ ...+ GimTom, for 1<i<m. (4.46)

How is the FFN N, going to solve the fuzzy matrix equation? The training data for

input is (a;1, - .., aim), also for target output is b;,1 < i < m.
;1 —0
X1
T .
Qjz —0 vo— Y, 1<1<m
. .
Qi —®

Figure 4.4 : Fuzzy neural net to solve fuzzy equation.
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4.7.2 Learning of fuzzy neural network

Let the h-level sets of the target output b; are denoted by
[biln = [[blis [0l ), he[0,1], (4.47)

where bF(h) denotes the left-hand side and b (h) denotes the right-hand side of the
h-level sets of the desired output and let the h-level sets of the fuzzy inputs a;; are
nonnegative, i.e,

0 < [aylF <[ayl), for all i,j.
A cost function to be minimized is defined for each h-level sets as follows:
(b7 (h) = Yi*(h))?,
(B (h) = (1)), (4.48)

ei(h) = e (h) + f (h),

i.e. eF(h) denotes the error between the left-hand sides of the h-level sets of the
desired and the computed outputs, and e (h) denotes the error between the right-

hand sides of the h-level sets of the desired and the computed outputs.

The cost function is:
€; = Z hez(h),
h

then error function for the training pattern is

m

e= Zei. (4.49)
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Theoretically this cost function satisfies the following relation if we use infinite number

of h-level sets in Eq. (4.49)
e—0 of and only if Y;—b; for i=1,...,m.
From the cost function e(h) the following learning rules can the derived

Axi(t):—nz:hagi@ +a. Axi(t—1) for i=1,...,m.

de(h) _ oel (h) N o€V (h)

det(h) _ e (h)  OYH(h)
9cV () _ 9eV(h) VY (h)

de”(h) L . ovr(h) ,
—~ = — (b Y. L =a >
Spr = O =), SR ey if iz
otherwise
ovr(h) 4
o, = a; (h),
also
oev (h oYV (h _
= —ovm e, B ey i o
otherwise
ovy(h)



for all 7’s.

Thus if z; > 0 then

Ai(t) = n 3 h[(bF (h) — YiE(R)ag(h) + (b (h) — Y (h))aii (h)] + . A wyt — 1),
(4.50)

otherwise

Axi(t) =030 hl(b7 (k) = Y (h))ag; (h) + (b (h) = Y}V (h))agi(h)] + . A st — 1),
(4.51)
for all 7’s.
The fuzzy matrix equation may have no solution for crisp z;,1 < 7 < m. In this

case, there is no hope in making the error measure close to zero.

The solution of system (4.41) is:
k
Co = 5701 = 50—

The training starts by c¢o(0) = k,¢1(0) = k,c2(0) = k and training is completed in
step 2 with the solution ¢(2) = 0.3333k, ¢1(2) = 1.3332k, c2(2) = 0.3332k. See Table

4.2 for more details.

i eofi) ci(i) co(i)

0 k k k

1] 0.567k | 1.215k | 0.562k
21 0.3333k | 1.3332k | 0.3332k

Table 4.2. The obtained values of system (4.41).
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The solution of system (4.43) is:

%,6’1(0) = %162(0) = 7_2kﬂé3(0) = &

The training starts by ¢,(0) = !

and training
is completed in step 3 with the solution éy(3) = 0.3752k, é1(3) = 1.12506k, ¢5(3) =

1.12507k, é3(3) = 0.37501k, with e < 0.01. See Table 4.3 for more details.

1 ¢o(1) ¢ (i) é2(1) ¢3(1)

1] 1.232k | 2.874k 2.876k 1.245k
2| 0.734k | 1.732k 1.735k 0.736k
31 0.3752k | 1.12506k | 1.12507k | 0.37501k

Table 4.3. The obtained values of system (4.43).

Learning algorithm
Step 0: Initialize the weights.
Step 1: Repeat Step 2 for h = hy, ha, ..., hy,.
Step 2: Repeat the following procedures for p =1,2,...,m.
(1) Forward calculation: Calculate the h-level set of the fuzzy output vector and
corresponding to the fuzzy input vector.

(2) Back-propagation: Adjust the weights using the cost function e.

Step 3: If a prespecified stopping condition is not satisfied, go to Step 1.
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Conclusions

In this work, we built a FFNN, equivalent to the fuzzy polynomials, dual fuzzy
polynomials and system of fuzzy polynomials. We introduced a learning algorithm of
crisp weights of two and three-layer feedforward fuzzy neural networks on the basis
of which the input-output relations were defined by the extension principle, to find
the real roots of fuzzy polynomials, dual fuzzy polynomials and a system of fuzzy
polynomials. The unknowns were calculated by using fuzzy neural network through
minimizing the differences between the target output, A;y, and the calculated, Y;.
Also, the complexity of learning algorithm is O(n) and hence this algorithm is effective
with respect to the degree of the polynomial.

The topic for further research is to develop learning algorithms for fuzzy neural
networks that have more generality (i.e. LR fuzzy weights). In this work, we assumed
the signals are fuzzy numbers and weights are crisp. We now need to assume the
signals/weights are fuzzy numbers (of any type) or general fuzzy sets. It appears that
(fuzzy) genetic algorithms might be the tools needed to handle more general fuzzy

sets.
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