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Abstract

Solving fuzzy linear equations by direct method and fuzzy nonlinear equations by nu-
merical methods as Newton’s method and Homotopy method are considered in this
research. In this dissertation first, we state elementary definitions and results in fuzzy
logic. In chapter two we solve fuzzy system of linear equation by direct method. In
chapter three solving fuzzy nonlinear equations and a fuzzy system of nonlinear equa-
tions are considered by numerical methods and corresponding algorithms for these
methods are given. Chapter four is considered for fuzzy polynomials and determining

a symmetric solution.
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Originality

The following sections and chapter are proposed for the first time:

Chapter 2: In this chapter solving fuzzy system of linear equation is considered by direct

method.

Chapter 3: In this chapter we apply numerical methods as Newton’s method and Ho-
motopy method for solving fuzzy nonlinear equations by using parametric form

of fuzzy numbers.

Chapter 4: In this chapter fuzzy polynomials is considered. Extremal solutions and a
symmetric solution of fuzzy polynomials is given by using parametric form of

fuzzy numbers.
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Introduction

The first publications in fuzzy set theory by Zadeh [1965] and Goguen [1967,1969]
show the intention of the authors to generalize the classical notion of a set and a
proposition (statement) to accommodate in the sense described in section 1.1.

Zadeh [1965, p.339] writes, " The notion of a fuzzy set provides a convenient point
of departure for the construction of a conceptual frame-work which parallels in many
respects the framework used in the case of ordinary sets, but is more general than
the latter and, potentially, may prove to have a much wider scope of applicability,
particularly in the fields of pattern classification and information processing. Essen-
tially, such a framework provides a natural way of dealing with problems in which the
source of imprecision is the absence of sharply defined criteria of class membership
rather than the presence of random variables.”

Fuzzy set theory provides a strict mathematical framework in which vague con-
ceptual phenomena can be precisely and rigorously studied. It can also be considered
as a modeling language well suited for situation in which fuzzy relations, criteria, and
phenomena exist,.

Solving fuzzy equations and system of fuzzy linear equations has long been a



problem in fuzzy set theory and many works have been done on these [17, 19, 20, 21,
22, 23, 25, 26, 28, 29, 31, 37, 40, 41, 42, 44]. In [23], using classical methods based
on the extension principle, the authors investigated solutions to linear and quadratic
equations when the coefficients were real or complex fuzzy numbers and concluded
that too often these equations do not have a solution. This result prompted the
authors of [23] to investigate other solutions to fuzzy equations. In [22] they gave new
solution concept and showed that the fuzzy quadratic equation, where the coefficients
are all real fuzzy numbers, always has a solution as a real or complex fuzzy number.
These results were generalized to systems of non-linear equations in [16]. In [21],
the authors have considered solving the matrix equations Ax = b where A is a fuzzy
matrix and x and b are fuzzy vectors. In this paper, the authors concluded that using
a-cuts and interval arithmetic in this equations will have no solutions for the given
A and b.

A general model for solving an n x n system of fuzzy linear equation as Ax = b
whose coefficients matrix, A, is crisp and the right hand side column, b, is an arbitrary
fuzzy number vector were first proposed by Friedman et al. [29] and they studied
duality fuzzy linear systems in [28]. By notice to [29] we solve this system by direct
method in chapter 2.

In [44], Wang et al. presented an iterative algorithm for dual linear system of the
form x = Ax+u, where A is real n x n matrix, the unknown vector x and the constant

u are all vectors of fuzzy numbers. Numerical methods as Jacobi, Gauss Sidel and



successive over relaxation for solving system of fuzzy linear equations are considered
in [40, 41, 42] where coefficients matrix is crisp and the right hand side column is an
arbitrary fuzzy number vector. Recently, in [37], the authors have applied Newton’s
method for solving fuzzy equations. In chapter 3, we continue solving fuzzy nonlinear

equations and a system of fuzzy nonlinear equations by numerical methods.



Chapter 1

Introduction

1.1 An introduction to fuzzy logic

Definition 1.1.1 Let X be a nonempty set. A fuzzy set A in X 1is characterized by

its membership function

pa X —[0,1]

and pa(x) is interpreted as the degree of membership of element x in fuzzy set A for

each x € X.
It is clear that A is completely determined by the set of tuples
A ={(z,pa(z))|r € X}.

Frequently we will write simply A(z) instead of p4(x). The family of all fuzzy
(sub)sets in X is denoted by T'(X). Fuzzy subsets of the real line are called fuzzy

quantities.
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If X = {x1,25,...x,} is a finite set and A is a fuzzy set in X then we often use

the notation
A=w/zy+- -+ /o,

where the term pu/x;, i = 1,2, ...n signifies that p; is the grade of membership of z;

in A and the plus sign represents the union.

Definition 1.1.2 (support) Let A be a fuzzy subset of X. The support of A, denoted
supp(A), is the crisp subset of X whose elements all have nonzero membership grades
in A

supp(A) = {z € X|A(x) > 0}.

Definition 1.1.3 (normal fuzzy set) A fuzzy subset A of a classical set X is called

normal if there exists an x € X such that A(z) = 1. Otherwise A is subnormal.

Definition 1.1.4 (o — cut) An o —level set of a fuzzy set A of X is a non-fuzzy set

denoted by [A]* and is defined by

e {t € X|A(t) > 0} if a>0,
cl(suppA) if a=0,

where cl(suppA) denotes the clouser of support of A.

Definition 1.1.5 (convex fuzzy set) A fuzzy set A of X is called convex if [A]* is a

convex subset of X for all « € [0, 1].

Definition 1.1.6 Let A and B are fuzzy subsets of a classical set X. We say that A

is a subset of B if A(x) < B(x), forallz € X.
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Definition 1.1.7 (equality of fuzzy sets) Let A and B are fuzzy subsets of a classical
set X. A and B are said to be equal, denoted A= B, if AC B and B C A. We note

A = B if and only if A(x) = B(z) forxz € X.

Definition 1.1.8 (empty fuzzy set) The empty fuzzy subset of X is defined as the

fuzzy subset O of X such that O(x) =0 for each v € X

It is easy to see that () C A holds for any fuzzy subset A of X.

In many situations people are only able to characterize numeric information impre-
cisely. For example, people use terms such as, about 5000, near zero, or essentially
bigger than 5000. These are examples of what are called fuzzy numbers. Using the
theory of fuzzy subsets we can represent these fuzzy numbers as fuzzy subsets of the

set, of real numbers. More exactly,

Definition 1.1.9 (fuzzy number) A fuzzy number x is a fuzzy set of the real line with
a normal, (fuzzy) conver and continuous membership function of bounded support.

The family of fuzzy numbers will be denoted by E*.

Definition 1.1.10 (quasi fuzzy number) A quasi fuzzy number x is a fuzzy set of the
real line with a normal, (fuzzy) convexr and continuous membership function satisfying

the limit conditions

lim z(t) =0 lim z(t) = 0.

t—00 t——o0

«

Let x be a fuzzy number. Then [z]® is a closed convex (compact) subset of R for all
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« € [0,1]. Let us introduce the notations

ai(a) = minf[z]®,  as(a) = max[z]®.

In other words, a;(«) denotes the left-hand side and as(«) denotes the right-hand

side of the o — cut. It is easy to see that for z €E*

if a <fB then [z]* D [x]°.

Furthermore, the left-hand side function

a; :[0,1] = R

is monotone increasing and lower semicontinuous, and the right-hand side function

az:[0,1] - R

is monotone decreasing and upper semicontinuous. We shall use the notation

[2]% = [a1(a), az(a)].

Definition 1.1.11 (triangular fuzzy number) A fuzzy set x is called triangular fuzzy
number with peak (or center) a, left width o > 0 and right width 8 > 0 if its mem-

bership function has the following form

(

—1
l—a if a—a<t<a,
o
t) = t—
#(t) 1-"% ra<t<a+p,
B
\0 otherwise,
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and we use notation x = (a,«, §). It can easily be verified that

] =la— (1 =")a,a+ (1 —=7)F], foral v € [0,1].

If in triangular fuzzy number x = (a,«, 8), « = [ then x is called symmetric trian-

gular fuzzy number and we use notation x = (a, av).

Definition 1.1.12 (trapezoidal fuzzy number) A fuzzy set  is called trapezoidal fuzzy
number with tolerance interval [a,b], left width o and right width ( if its membership

function has the following form

(

a—t .

1-— if a—a<t<a,
o

1 if a<t<hb,

x(t) =

t—b

1—— if a<t<b+p,
B

0 otherwise,

and we use notation x = (a,b, o, B). It can easily be verified that

[z]" =[a— (1 =7)a,b+ (1 =7)5],

for all v € [0,1]. If in trapezoidal fuzzy number x = (a,b, o, B), a = [3 then x is called

symmetric trapezoidal fuzzy number and we use notation x = (a, b, «).

Definition 1.1.13 (LR-representation of fuzzy numbers) Any fuzzy number x € E'
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can be described as

where [a,b] is the peak or core of x,

L:[0,1] — [0, 1],

if a—a<t<a,

if a<t<b,

if a<t<b+5,

otherwise,

R:[0,1] — [0,1]

are continuous and non-increasing shape functions with L(0) = R(0) =1 and L(1) =

R(1) = 0. We call this fuzzy interval of LR-type and refer to it by x = (a,b, a, B) r.

Definition 1.1.14 (quasi fuzzy number of type LR) Any quasi fuzzy number x € E*

can be described as

( a—t

L(a

t—>b
B

07
\

where [a,b] is the peak or core of x,

L :[0,00) — [0,1],

)

R(——)

if a—a<t<a,

if a<t<hb,

if a<t<b+5,

otherwise,

R:[0,00) — [0,1]

are continuous and non-increasing shape functions with L(0) = R(0) =1 and

lim L(t) = 0

t—o00

lim R(t) = 0.

t——o00
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For example, if L(t) = R(t) = 1 —t then instead of x = (a, b, o, §) g We simply write
z = (a,b,a, B).
Definition 1.1.15 (fuzzy point) Let X be a fuzzy number. If supp(x) =ty then x is

called a fuzzy point.

Let x be a fuzzy point. it is easy to see that [z|* = [to, o] = o, for all @ € [0, 1].

1.2 The extension principle

In order to use fuzzy numbers and relations in any intelligent system we must be able
to perform arithmetic operations with these fuzzy quantities. In particular, we must
be able to add, subtract, multiply and divide with fuzzy quantities. The process of
doing these operations is called fuzzy arithmetic.

We shall first introduce an important concept from fuzzy set theory called the
extension principle. We then use it to provide for these arithmetic operations on

fuzzy numbers.

In general the extension principle plays a fundamental role in enabling us to ex-
tend any point operations to operations involving fuzzy sets. In following we define

this principle.

Definition 1.2.1 (extension principle) Assume X and Y are crisp sets and let f be
a mapping from X toY,

f: X—>Y
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such that for each x € X, f(x) =y € Y. Assume A is a fuzzy subset of X, using

extension principle, we can define f(A) as a fuzzy subset of Y such that

SUP e -1 () Al if fi(y) #0,
a = { e .

0 otherwise,

where f~'(y) = {z € X|f(z) = y}.

Definition 1.2.2 (sup-min extension n-place functions) Let X1, Xs,...,X,, and Y be
a family of sets. Assume f is a mapping from the Cartesian product X1 x Xox---x X,
intoY. Let Ay, As,..., A, be fuzzy subsets of X1, Xs,...,X,, respectively; then we use
the extension principle for the evaluation of f(Ay, As, ..., An). f(A1, Ag, ..., Ay) is a

fuzzy set such that

,

sup{min{A;(z1), As(x2),..., Ax(zn)} | x € f1(y)}

f(ALL Ao,y An)(y) = if  fNy) #0,

0 otherwise,

where © = (x1, Ta, ...op).

Example 1.2.1 Let f: X x X — X be defined as

f(x1, 22) = M@y + Aas.

Suppose Ay and As are fuzzy subsets of X. Then using the extension principle we get

f(AL, Ao)(y) = sup  min{A;(z1), Aa(z2)}

Arz1+A2z2=y

and we use the notation f(Ar, As) = \MA; + Ao As.
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Definition 1.2.3 Let X # () and Y # () be crisp sets and let f be a function from
EYX) to ENY). Then f is called a fuzzy function ( or mapping) and we use the

notation

f:ENX) = BY(Y).

Let A = (ay,a, a1, a2)g and B = (by, by, B1, B2) g be fuzzy numbers of LR-type.
Using the (sup-min) extension principle we can verify the following rules for addition

and subtraction of fuzzy numbers of LR-type:
A+ B = (a1 + by, a3 + by, a1 + Bi, 0 + Ba2) LR

A—B=(a; —by,as — by, s + 1,00+ B2) LR

furthermore, if A € R is a real number then AA can be represented as

\A — { (Aay, Aag, Ao, Aa) ok if A>0,
(Aag, Aar, | A | ao, [ A ar)rr if A<O.

In particular if A = (a1,a9,a1,03) and B = (by, by, 1, B2) are fuzzy numbers of

trapezoidal form, then
A+ B = (a1 +bi,as + by, 00 + f1, 0 + (o)

A—B = (a1 —bi,a3 — by, 00 + B1, 02 + ).

If A= (a,a1,a3) and B = (b, 1, f2) are fuzzy numbers of triangular form, then
A+ B=(a+b,a+ Bi,as + )

A—B=(a—b,a;+ P, a0+ p1),
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and if A = (a,a) and B = (b, 8) are fuzzy numbers of symmetrical triangular form,
then

A+ B=(a+ba+p)
A—B=(a—-ba+ ),
A = (Mg, | A | ).

The above results can be generalized to linear combination of fuzzy numbers.
Let A and B be fuzzy numbers with [A]* = [a1(«), as()] and [B]* = [bi (@), ba(a)].

Then it can easily be shown that

[A+ B]* = [a1(a) + by (@), az () + by ()],

(A" = [-ax(a), —ai (a)],

[A = B]* = [a1(a) — ba(a), az(a) — by ()],

AA]Y = [Aai(a), Aag(@)] if A >0,

[AA]* = [Aaz(@), Aai(@)] if A <O,

for all @ € [0,1], i.e. any a-level set of the extended sum of two fuzzy numbers is
equal to the sum of their a-level sets. The following two theorems show that this

property is valid for any continuous function.

Theorem 1.2.1 [7] Let f : X — X be a continuous function and let A be fuzzy

number. Then

[F(A)" = fA]Y)
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where f(A) is defined by the extension principle and

FIAI) = {f(=) | = € [A]"}.

If [A]* = [a1(«@), az(a)] and f is continuous and monotone increasing then from the

above theorem we get

F(A))* = (A7) = flar(@), a2(a)]) = [f(ar(a)), f(as(e))]-

Theorem 1.2.2 [7] Let f : X x X — X be a continuous function and let A and B

be fuzzy numbers. Then
[f(A, B)]* = f([A]*,[B]")
where

FUA]Y [B]Y) = {f(z1,22) | 21 € [A]*, 22 € [B]*}.

Let f(xz,y) = zy and let [A]* = [a1(«), ax()], [B]* = [b1(«@),be(a)] be two fuzzy
numbers. Applying above theorem we get

[F(A, B)]* = f([A]%, [B]*) = [A]*[B]*

The equation
[AB]* = [A]*[B]* = [a1(a)bi (a), az(a)by()]
holds if and only if A and B are both nonnegative, i.e. A(z) = B(z) =0 for z < 0.

If B is nonnegative then we have

[A]*[B]* = [min{a, (a)bi (@), a1 (a)by(a) }, max{as ()b (@), az(a)ba(e) }]-
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In general case we obtain a very complicated expression for the a-level sets of the

product AB
[A]*[B]* = [min{a(a)bi (), a1 (a)ba(e), az(a)by (), az(a)ba ()},

max{ai ()b (a), ai(a)bs(), az(a)by (@), az(a)be () }].

1.3 Metrics for fuzzy numbers

Let A and B are fuzzy numbers with [A]* = [a1(«), az(@)] and [B]* = [bi(a), ba(a)].

In this section we metricize the set of fuzzy numbers by following metric.

Definition 1.3.1 (Hausdorff distance) The Hausdorff distance between two (nonempty)

sets X, Y C R is given as
dp(X,Y) = max{(X,Y), 5(Y, X)},
where (X,Y) =sup,cx p(z,Y) and p(z,Y) =infyey | —y |. The generalization
dy(A,B) = sup du([A]*,[B]*) V A,B€ E",

defines a distance measure. It is clear that

dy(A, B) = sup max{| a;(a) — b (@) |,| az() — ba(@) |},

a€0,1]

i.e. dg(A, B) is the mazimal distance between a-level sets of A and B.



Chapter 2

Direct method for solving system
of fuzzy linear equations

In this chapter LU Decomposition method, for solving system of fuzzy linear equations
is considered. We consider the method in special case when the coefficient matrix
is symmetric positive definite. The method in detail is discussed and followed by

convergence theorem and illustrated by solving some numerical examples.

2.1 Introduction

System of linear equations play major role in science such as mathematics, physics,
statistics, engineering and so on. Usually in many applications at least some of the
system’s parameters are represented by fuzzy rather than crisp numbers, and hence
it is important to develop mathematical models and numerical procedures that would
appropriately treat general fuzzy linear systems and solve them. A general model for
solving an n x n SFLE (system of fuzzy linear equation) whose coefficients matrix is

crisp and the right hand side column is an arbitrary fuzzy number vector were first

16
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proposed by Friedman et al.[29] and they studied duality fuzzy linear systems in [28].
In this chapter, by according to [29], we solve SFLE with direct method. We start
by briefly of results of fuzzy numbers and definitions.

We represent an arbitrary fuzzy number by an ordered pair of functions (u(r),a(r)),

0 < r <1, which satisfy the following requirements, [43],

1. u(r) is a bounded left continuous non-decreasing function over [0, 1],

2. u(r) is a bounded left continuous non-increasing function over [0, 1],

3. u(r) <wm(r),0 <r<1.

A crisp number « is simply represented by u(r) =u(r) = o, 0 < r < 1. Using the
extension principle, [4], the addition and the scalar multiplication of fuzzy numbers
are defined by

(utv)(@) = sup minfu(s), v(t)},

(ku)(z) = u(zk); k #0,
for u,v € E', k € R. Equivalently, for arbitrary u = (u,u), v = (v,7) and k € R, we

may define the addition and the scaler multiplication as
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Definition 2.1.1 The n X n linear system of equations

a11T1 + a2 + ... + a1 Ty = Y1,

a21T1 + 922022 + ...+ AonTn = Y2,
(2.1)

Ap1T1 + Gp2X2 + - .o + Ty = Yn,

where the coefficients matriz A = (a;;),1 < i,j < n is a crisp n X n matriz and

y; € B, 1 <i < n is called a system of fuzzy linear equations(SFLE).

Definition 2.1.2 A fuzzy number vector (x1,xa, ..., x,)" given by x; = (z:(r),Zi(r)), 1 <

i <n,0<r<1,is called a solution of (2.1) if
n n
> ayr = a; =y, (2.2)
= =1

w  n
> T =) ;T =T (2.3)
j=1 i=1

From (2.2) and (2.3) we have a 2n x 2n crisp linear system as follows:

SX

29G)-(5)

where X = (z1,...2,,71,...7,)" and Y = (y,,...y ,7;,...7,)" and s;; are deter-

Y, (2.4)

or

mined as:

aij 20 = Sij = Sitnjtn = Gij,

aij <0 = Sitnj = Sijin = Qij,
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and any s;; which is not determined is zero such that:
A=S5+5;.

Theorem 2.1.1 The matriz S is nonsingular if and only if the matriv A = S + S,

and Sy — Sy are both nonsingular, [29].

Definition 2.1.3 Let X = {(x;(r),Ti(r)),1 < i < n} denotes the unique solution
of SX =Y, if y.(r),7;(r) are linear functions of r, then the fuzzy number vector
U= {(@i(’f‘),ﬂi(’f‘)), 1<:< Tl} deﬁned by

u;(r) = min{z;(r), T;(r), z;(1)},

u;(r) = maz{z;(r), Ti(r), z;(1)},
is called the fuzzy solution of SX =Y. If (z;(r),Ti(r)),1 < i < n, are all fuzzy

numbers then u;(r) = z;(r),u;(r) = T;(r), and then U is called a strong fuzzy solution.

Otherwise, U is a weak fuzzy solution.

Theorem 2.1.2 Let S be nonsingular, the unique solution of (2.4) is always a fuzzy

number vector for arbitrary vector Y, if and only if S™' is nonnegative, [29].

2.2 LU decomposition method for solving fuzzy

system of linear equations

Theorem 2.2.1 An arbitrary matriz is positive definite if and only if all its eigen-

values are positive, [2].
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Theorem 2.2.2 If S| + Sy and S; — Sy are symmetric positive definite then S s
symmetric positive definite.

Proof. Obuviously S is symmetric. Let \ be the eigenvalue of

S1 Sy
S = ,
Sy Sy

and X is the corresponding eigenvector. Hence

Sl SQ X1 Xl

SQ Sl X2 X2

and then

S1Xq 4+ S Xy = 2\ Xy,
SoXi 4+ 51Xy = A Xo.
By addition and subtraction of upper relations we have
(S1 4+ 52) (X1 + Xo) = AMXy + Xy),
(S1 — S2) (X7 — Xo) = M Xy — X»).
The above relations show that X\ is the eigenvalue of Si + Sy and Sy — Ss, which

concludes the proof.

Theorem 2.2.3 If A = S, + S5 is a tridiagonal symmetric positive definite matrix

then S1 — Sy is symmetric positive definite.
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Proof. Let
g fa
2 g2 [3
S1+ Sy = )
fn—l gn—1 fn
fo gn
where g1, go, . .., gn are positive. Now we have

det(A — AT) = (gn — A Pu_1(A) — 2P, 5(A\) = det(S; — Sy — AI),

where Py(\) is the characteristic polynomial of k X k submatriz of A, which concludes

the proof.

Theorem 2.2.4 Let A be an n X n matriz with all nonzero leading principal minors.

Then A has a unique factorization:
A=LU,
where L is unit lower triangular and U is upper triangular, [2].

In order to decomposition of S, we must find matrices L and U such that S = LU,

L 0 Un U
I — ( 11 ) LU= ( 11 12 ) ‘
Loy Lo 0 Usz

Ly, and Lo is lower triangular matrix, Uy and U,y is upper triangular matrix.

which

Now we suppose that A = S; + S5 has LU decomposition. We have

S—(Sl SZ)_(LH 0 ) (Un U12>
Sy 51 Loy Loy 0 Uy ,
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then

Sy = LUy, (2.5)
Sy =L1yUyp = Uy = L' S,
Sy = Ly U = Ly = SoUy',
S1 = La1Uiz + LoaUss.

Now we can write

51 — SQSI_ISQ = LQQUQQ. (26)

From (2.5) and (2.6) if S; and S; — S5S7 'S, both have LU decomposition, then S

has LU decomposition.

Theorem 2.2.5 Let A be an n X n symmetric positive definite matriz then there

erists a unique lower triangular matric L with positive diagonal entries such that

A=LL", [6].

So if S be a symmetric positive definite matrix we have
Sy S Ly Loy 0 Ly

Sl — LIIL?p (27)

then

Sy=LyLY, = LT =175,

SQ = L21L’{1 = L21 = SQ(L'{I)_I,
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S = Lo1Uyg + Loy Usg,
and hence
Sy — SyS7'Sy = Loy LY. (2.8)

For using this method the matrices S; and S; — SQSl_ISQ should be symmetric positive

definite.

2.3 Numerical Examples

Example 2.3.1 Consider the 2 X 2 fuzzy system
Ty — 29 = (=74 2r,—3 = 2r),

x1 + 3xe = (19 + 4r, 27 — 4r).

The extended 4 x 4 matrix is

1 0 0 —1
1 3 0 0
S = ,
0O -1 1 0
0O 0 1 3
and
10 10 10
SIZ - )
(1 3) (1 1) (0 3)
. 1 0.3333 10 1 0.3333
S1— 5257 5o = = ;
1 3 11 0 2.6666
and
1 0 0 -1 1 0 00 1 00 -1
g 1 3 0 0 B 1 1 00 0 30 1
0 -1 1 0 0 —-0.3333 1 0 0 0 1 0.3333
0O 0 1 3 0 0 11 0 0 0 2.6666
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Now the exact solution is

71 = (2,(r), T(r) = (L+ 7,3 —7),
Ty = (zo(r), T2(r)) = (6 + 7,8 — 7).

The exact and obtained solutions with LU decomposition are plotted and compared

in Fig. 2.1.

Example 2.3.2 Consider the 3 X 3 fuzzy system
21‘1 + 29 + 31‘3 = (11 + 8’/“, 27 — 87“),
4y + x9 — 23 = (=23 4+ 107, =5 — 8r),

—x1 + 3z9 + 3 = (10 + 51,27 — 12r).

The extended 6 x 6 matrix is

2 1 3 0O 0 0
4 1 0 0 0 —1
0O 3 1 -1 0 0
S = ,
0 0 0 2 1 3
0O 0 -1 4 1 0
-1 0 O 0 3 1
and
2 1 3 1 0 0 2 1 3
Si=14 10 =12 1 0 0 -1 -6 )
0 3 1 0 -3 1 0O 0 -—17

2.0000  1.0000  3.0000
Sp — 5,818, = 4.0000 1.0000 —-0.3592 |,
—0.3592 3.0000 1.0000

1.0000 0 0 2.0000  1.0000 3.0000
= 0.5000  1.0000 0 0 —0.5000 —1.6529 |,
—0.1764 —6.3592 1.0000 0 0 —10.2422
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and hence S = LU that

1.0000 0 0 0 0 0
2.0000  1.0000 0 0 0 0
I 0 —3.0000  1.0000 0 0 0 |
0 0 0 1.0000 0 0
0 0 —0.3529 0.5000  1.0000 0
0 0 0 —0.1764 —6.3529 1.0000
2.0000  1.0000 3.0000 0 0 0
0 —1.0000 —6.0000 0 0 0
U 0 0 —17.0000 6 0 0
0 0 0 2.0000  1.0000 3.0000
0 0 0 0 —0.5000 —1.8529
0 0 0 0 0 —10.2422

Now the exact solution is

z1 = (2:(r), T1(r)) = (=44 2r, -1 = 1),
Ty = (29(r), T2(r)) = (L + 71,5 — 3r),
ry = (23(r),ZT3(r)) = (6 + 7,8 — 7).

The exact and obtained solutions with LU decomposition are plotted and compared

in Fig. 2.2.

Example 2.3.3 Consider the 3 X 3 fuzzy system

dxy + 229 — 13 = (=274 7r, =7 — 13r),
2xy + Txe + 623 = (1 + 151,40 — 24r),

—x1 + 629 + 1023 = (26 + 187,47 — 33r).
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The extended 6 x 6 matrix is

4 2 0 0 0 -1
2 7 6 0 0 O
g 0O 6 10 -1 0 O |
0 0 -1 4 2 0
0 0 0 2 7 6
-1 0 0 0 6 10
and
4 2 0 2.0000 0 0 2.0000 1.0000 0
Si=|2 7 6 = 1.0000 2.4495 0 0 2.4495 2.4495 |,
0 6 10 0 2.4495 2.0000 0 0 2.0000

3.7500 2.0000 —0.1250
Sp — 5,818, = 2.0000  7.0000  6.0000
—0.1250 6.0000 9.6458

1.9365 0 0 1.9365 1.0328 —0.0645
= 1.0328  2.4358 0 0 2.4358 2.4906 |,
—0.0645 2.4906 1.8544 0 0 1.8544

and hence S = LLT that

2.0000 0 0 0 0 0
1.0000  2.4495 0 0 0 0
I 0 2.4495  2.0000 0 0 0
0 0 —0.5000 1.9365 0 0
0 0 0 1.0328  2.4358 0
—0.5000 0.2041 —-0.2500 —0.0645 2.4956 1.8544

Now the exact solution is
z1 = (z:(r), Z1(r) = (=5 +r,—2 = 2r),
Ty = (29(r), Ta(r)) = (=1 4+ 1,2 — 2r),
zy = (x23(r),Z3(r)) = (3+7r,5—71).
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The exact and obtained solutions with LLT decomposition are plotted and compared

1 T
091 & 4
0.8F ¥ 4
0.7r v‘ 4
0.6 » B
051 b
041 v —
0.3F v =
0.2 « R
0.1 ~ 4

od I \u I I I

4 5 6 7 8

Figure 2.1. The Hausdrff distance of solutions is 1.7764e-015.

1
0.9} o)
0.8} &
07+ &
0.6 @
0.5} &
0.4 @
0.3 &
0.2} @
0.1 &

od ‘ : ! ! :

-2 0 2 4 6

-4

in Fig. 2.3.

Figure 2.2. The Hausdrff distance of solutions is 3.5527e-015.
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09

0.8

0.6

0.5+

0.4

0.3

0.2

0.1

Figure 2.3. The Hausdrff distance of solutions is 2.6645e-015.

Because of limited storage capacity a real number may or may not be represented
exactly on a computer. Thus when using computer to find solutions we have to deal
with approximations of the real numbers, so we have Floating-Point Errors in our

computations.



Chapter 3

Iterative methods for solving fuzzy
nonlinear equations

In this chapter,our main aim is developing numerical methods to solving a system of
fuzzy nonlinear equations and fuzzy nonlinear equations. For this purpose we consider
Homotopy and Newton’s method. The fuzzy quantities are presented in parametric

form. Some numerical illustrations are given to show the efficiency of algorithms.

3.1 Introduction

In the second chapter we solved system of fuzzy linear equation by direct method. In
this chapter we are interested in finding numerical solutions to fuzzy nonlinear equa-
tions by Homotopy and Newton’s methods and a system of fuzzy nonlinear equations
by Newton’s method. One of the major applications of fuzzy number arithmetic is
nonlinear systems whose parameters are all or partially represented by fuzzy numbers
[45, 11, 24].

Standard analytical techniques like Buckley and Qu method, [20, 21, 22, 23], can

29



Iterative method for solving fuzzy nonlinear equations 30

not suitable for solving the systems such as

/

a2’ + bt 4+ axy® + boyt + ca® +dr — e = f,

z —cos(y) = g,

\

and equations such as
(i) az’ +bat +cx® +dr—e=f, (i7) = —sin(z) =g,

where x,y, aq, by, as, by, ¢, d, e, f and g are fuzzy numbers. According to this fact that
systems of simultaneous nonlinear system play a major role in various areas such as
mathematics, statistics, engineering and social sciences, therefore we need to develop
the numerical methods to find the roots of such equations. I remind that the authors

in [37] are applied Newton’s method for solving fuzzy nonlinear equation first time.

3.2 Newton’s method for solving a system of fuzzy

nonlinear equations

Now our aim is to obtain a solution for fuzzy nonlinear system

F =
(fL', y) Ca (31)
G(z,y) = d,
where x,y, c and d are fuzzy numbers. The parametric form is as follows:
' Fl(gafagagar) = Q(T)’
F2(£7 Ta ga ya ’I“) = E(T)7
vr € [0,1] (3.2)
Gl (ia Ta I y) ’I") = E(’I"),
L G2 (l; Ta ga ga T) = E(T)
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Definition 3.2.1 The solution of (3.2)¥r € [0, 1], is called analytical solution of (3.1).

Suppose that © = (o, @)and (8, B) are the solutions to above the system, i.e
( Fl(gaaaéaga T) = Q(T)7
FQ(Q,@,Q,B, 7") = E(7/.)’
Vr € [0,1]
Gl (Q, aa ga Ba T) = C—i(r)7
L GQ(Q,@, ﬁa BJ 7") = E(?")
Therefore, if zy = (z9,%o) and yo = (y,,¥o) are approximation solutions for this
system, then Vr € [0, 1], there are h;(r), k;(r) i = 1,2, such that
[ a(r) = zo(r) + M (),
a(r) =mo(r) + ki(r),
B(r) = y,(r) + ha(r),
| B(r) =To(r) + ka(r).

Now if we use the Taylor series of F, I, G1, G2 about (zy, To, Y,,, ) , then Vr € [0, 1],

Fi(a,@,B,B,r) = Fi(A) + hi Fi, (A) + kP (A)+
hQFlg(A) + ko1 (A) + O(T) = ¢(r),

where A = (£07T07g0?y0? T), I' = h% h + hlkl + thQ + hle + h2k1 + k2 + k2 and

if 29, Ty, y, and P, are near to o, @, § and B, respectively, then h;(r) and k;(r);
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1 = 1,2 are small. We assume, of course, that all needed partial derivatives exist and

bounded. Therefore for enough small h;(r) and k;(r) ;i = 1,2, we have Vr € [0, 1],

(

\

FI(A) —+ thIE(A) + leIE(A) —+ h’2F1£(A) + kQFl (A) Q(?"),
FQ(A) + thgm (A) + leQE(A) + h2F2 (A) + kQFQ ( ) E(T),
Gl A + h1G1 A) + kIGIE A) + hQGl A) + kgGly (A) >~ (7"),

d
A d

12

—~

(4) ( o
GQ( ) + hlGQ (A) + leQE A) + h2G2 (A) + kQGQ (A) 2(’/“),

and hence h;(r) and k;(r); i = 1,2 are unknown quantities which can be obtained by

solving the following equations, Vr € [0,1],

J(A)

where

J(A) =

() c(r) — Fy(4)
k() | _ | er) - Fa(A)
ha(r) d(r) — Gy(A) |
ka(r) | | d(r) — Ga(A) |

R, F. F, R,
By, F. F, F
Gi, Gi. Gi, Gy
Gy, Gao Ga, Ga

v 7% Ja)

Hence, the next approximations for z(r) , Z(r) , y(r) and 7(r) are as follows

4

for all r € [0, 1].

We can obtain approximated solution, Vr € [0, 1], by using the recursive scheme

(

2, (r) = 2p 1 (r) + I (r),
Tn(r) =Tt (1) + k1 (r),
Y, (r) =y, () + hap1(r),
U (1) = Tpo1(r) + ko (1),
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where n =1,2,..., hio(r) = h;(r) and k;o(r) = ki(r) ;7 = 1,2. For initial guess, one

can use the fuzzy number

and in parametric form
zo(r) = z(1) + (z(1) —2(0))(r — 1), To(r) =7(1) + (F(0) —z(1))(1 — 1),

Yo(r) = y(1) + (y(1) = y(0))(r = 1), 7o(r) =7(1) + (F(0) = H(1))(1 = 7).

Remark 3.2.1 Sequence {(z,,%,)}20 and {(y, ,7,)}neo convergent to (a, @) and

(8, B), respectively, iff for all r € [0,1]

lim ()=o), Jim 7,() = a(),

lim y (r) = A(r) and lim 7,,(r) = B(r).

n—oo =n

Lemma 3.2.1 Let
F(a,a) = (¢0),

G(éa B) = (d; 8);

o0

and if the sequence of {(z,,,Tn) }nZg and {(y,,¥,) }nro convergent to (o, @) and (B, B),

respectively, according to Newton’s method, then

lim P, =0,
n— o0
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where

P, = sup max{hy (), k1n(r), han(r), kon(r)}.

0<r<1

Proof. It is obviously, because for all r € [0, 1] in convergent case

lim h;,(r) = lim k;,(r) =0;i=1,2.

n— 00 n—o0

The following numerical examples show the efficiency of this algorithm.

Example 3.2.1 Consider system of fuzzy nonlinear equations
2 +y? = (5,5,0.6,2),

2243 +(2,2,1,1) = (11,11, 2.4,6.2).

Without any loss of generality, assume that x and y are positive, then the parametric

form of this system is as follows

2?(r) + y*(r) = (4.4 + 0.67),

72(r) +7°(r) = (7 0.2r),

22(r) + 3 (r) + (1 +7) = (8.6 + 2.4r),

z2(r)+ 52 (r)+ (3 —1r) = (17.2 — 6.2r).

(22(0) + y*(0) = 44, (f(l) + y*(1) = 5,
°(0) + 7*(0) = 7, o (1) + 7*(1) = 5,
22(0) + y’(0) = 76 (1) + (1) =9,

\ z2(0) + 7*(0) = 14.2, \#(1) + (1) = 9.
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Consequently z(0) = 0.9036, 7(0) = 1.2567 , y(0) = 1.893, (0) = 2.32824, z(1) =
Z(1) = 1 and (1) = T(1) = 2. Therefore initial guess is o = (1,1,0.09036,0.2567)
and yo = (2,2,0.107,0.32824). After 2 iterations, we obtain the solutions of x and y
which the mazimum error would be about 1072 and 9 x 1073, respectively. For more
details see Figs. 3.1 and 3.2.

1 7

0.8}

0.6

0.4;

0.2;

1.9 2 2.1 2.2 2.3

Fig. 3.1. The exact (solid line) and approximate solution for x
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0.8/

0.6

0.4;

0.2;

00909 1 1051.11.151.21.25

Fig. 3.2. The exact (solid line) and approximate solution for y

Example 3.2.2 Consider system of fuzzy nonlinear equations
22+ y? = (13,13,1,4.6)

x? — ty? = (1.75,1.75,1.15,1.75)

Without any loss of generality, assume that x and y are positive, then parametric
form of this system is as follows

z*(r) + y*(r) = (12+7r),

72(r) + y(r) = (17.6—4.6r),

2’ (r) — I7(r) = (0.6+1.15r),

X (r) — 1(r) = (3.5—1.75r).

\

By solving the above system for r = 0 and r = 1, we obtain the initial gquess oy =
(2,2,0.10263, 0.3664) and yo = (3,3,0.10172,0.4641). If we apply two iterations from

Newton’s method, the mazimum error would be less than 1072, Figs. 3.3 and 3.4.
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1.9 2 21 2.2 2.3

Fig. 3.3.The exact (solid line) and approximate solution for =

17\

0.8/

0.6/

0.4

0.2

2.9 3 3.1 3.2 3.3 3.4

Fig. 3.4. The exact (solid line) and approximate solution for y

37
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3.3 Newton’s method for solving quadratic fuzzy

polynomials

Since quadratic fuzzy polynomials have many applications in economics and physics,
therefore individuals such as Buckley and Qu, [17, 23], have considered solving these
polynomials and have given analytical techniques. In this section we give Newton’s

method for numerical solution of quadratic fuzzy polynomials as
Ex* + Fr+G =z, (3.3)

for x € E'. I remind that, usually, there is no inverse element for an arbitrary fuzzy
number ¥ € E!, i.e. there exists no element y € E' such that z +y = 0. Actually,
for all non-crisp fuzzy number z € E' we have x + (—z) # 0. Therefore the fuzzy

polynomial (3.3) cannot be equivalently replaced by the fuzzy polynomial
Ex* +(F -1z +G=0.
Before giving this method, we need some definitions and results.
Definition 3.3.1 For each fuzzy number x € E', we define the functions
zr :[0,1] 5 R, zg:[0,1] > R

given by zr(a) = xy and zr(Q) = Tapr, for each a € [0,1]. It is clear that if

(z(a),Z(v)) be parametric form of x € E', then x1(a) = z(a) and xr(a) = T(a).
We consider a partial ordering < in E* for all « € (0, 1], given by

r,y € Ela T S Yy = (xozl S Yal and T S Yar, Va € [07 1])
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Using a fixed point theorem in complete lattices for non-decreasing mapping, the

authors proved in [?] the following existence results for (3.3).

Theorem 3.3.1 ([?], Theorem 12) Let E, F, G be fuzzy numbers such that
E,F,G > x40},
and suppose that exists p > 0 such that
Er(1)p* + Fr(L)p+ Gr(1) < p,
and
Er(0)p* + Fr(0)p + Gr(0) < p.
Then (3.3) has extremal solutions in the interval
Xy, X = {2 € ' | xq0) <2 < Xy }-
Now our aim is to obtain a solution for quadratic fuzzy polynomials (3.3), i.e.
Ex* + Fr+ G =z,

where F, F, G,z are non-negative fuzzy numbers. The parametric form for all o €

[0, 1] is as follows:

(3.4)

The solutions of (3.4) for all « € [0, 1], gives a solution of (3.3). Let 2 = (2,Z) be the
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solution of (3.4), i.e., for all & € [0, 1] we have to solve

E(a)2*(e) + (E(a) — 1)z(a) + G(a) = 0,
(3.5)

E(a)z%(a) + (F(a) — D)z(a) + G(a) = 0.
Obviously, these equations may have no real solutions. Now define the functions H
and H are defined for all « € [0, 1] as follows:

H(z,a) = E(a)z*(a) + (E(a) — 1)z(a),

H(z,a) = E(a)Z?(a) + (F(a) — 1)z(a).

Therefore, if 2o = (zy,Tp) is an approximate solutions for system (3.5)
{ z(a) = zo(@) + (),
Z(ar) = To(a) + ki (a),

where hi(a) and k() give us the error. Now if we use the Taylor series of H, H

about (z,Ty), we have

H(z, o) = H(zo, @) + i (@) gy (9, @) + O(h}(a)) = —C(a),

H(z,a) = H(To, ) + k() 2L (7g, @) + O(k(a)) = —G(a).

'z

If z, and T, are near to z and Z, respectively, then hi(a) and k;(«) are small. We
assume, of course, that all needed partial derivatives exist and are bounded. Therefore

for enough small Ay («) and kq(a) we have

H(an a) + h’l (a)ﬂg(ﬁoa a) = _Q(a)a

H(Zo, ) + ki (o) Hz(To, a) ~ —G(a).
Hence hy(«) and k;(«) are unknown quantities which can be obtained by solving the

following equations:

h
J(zy, To,
(o, To )[k
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where

oH

=(x,,) 0
J(z9, To, ) = [ oz (2o, @) o

0 = (To, @)

To obtain another approximation for z(«) and T(«) we have

for all « € [0, 1].

We can obtain approximated solution by using the recursive scheme

{ En(a) = £nfl(O[) + hl,n—l(o‘/)v
Tn(a) = Tp_1 (@) + ki1 (@),

where hy (o) = hy(a) and k() = ky(a) for n =1,2,.... For initial guess, one can

use Theorem (3.3.1). If

p(p) = Er(0)p? + Fr(0)p + Gr(0)

and the discriminant is positive, there exist two zeros for ¢ and, if Fr(0) < 1, we can

take
(1= FR(O))i\/(FR(O) —1)? — 4ER(0)Gr(0) 0
b= 2E(0) -
Let
(1= Fr(0)) = /(Fr(0) — 1)2 — 4Ex(0)G r(0)
b1 = 2E(0) )
py = (L= FelO) + V(FR(0) — 1) — 4ER(0)Gr(0)

2E5(0)
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It is clear that Vg € [p1, p2], we have ¢(q) < 0. Therefore in Theorem (3.3.1) we can
take p = p;. Now for initial guess we can use the triangular fuzzy number z, such

that 0 < 2y <Tp < py.

Remark 3.3.1 Sequence {(x,,Tn)}22, convergent to (z,Z) if and only if Vo € [0, 1],

limy, 00 2, () = z(@) and lim, o Ty () = Z().

Here we present two examples to illustrate the Newton’s method introduced in

this section for fuzzy quadratic polynomials.

Example 3.3.1 Consider the fuzzy equation

28 .28

0,1,2)2% + (0, .1,.2 0, = =
(77)x+(7 ) )x+(71678

) ==z.
Suppose that x is positive, therefore the parametric form of this equation is as follows

Saz?(a) + (o= 1)z(e) + Ba =0,

(2 - )7 (@) + (2 — la— 1)T(a) + (2 - Za) = 0.

Since p1 = .05, therefore we choose initial guess as follows:
xo = (0,.02,.05).

After 2 iterations, we obtain an approxrimate solution of x with an error less than

10=2 . For more details see Fig. 3.5.
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0 0.0l 002 0.03 004 0.05

Fig. 3.5. The exact (solid line) and approximate solution of Example 3.2.1
Example 3.3.2 Consider quadratic fuzzy equation
9 11
(0,.03,.09)z= + (0, .25, .5)z + (0, 3 1) =z,
with positive solution. The parametric form of this equation is as follows

03az?(a) + (.25 — Dz(a) + ra = 0,

1
8

(.09 — .060)7*(a) + (.5 — .25 — 1)T(a) + (

Since py = .56, therefore we choose initial guess as follows:

2o = (0, .28, .56).

43

If we apply two iterations from Newton’s method, the mazimum error is less than

1072, See Figure 3.6.
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0 01 0.2 03 04 05

Fig. 3.6. The exact (solid line) and approximate solution of Example 3.2.2

3.4 Homotopy or continuation method

Now our aim is to obtain a solution for fuzzy nonlinear equation F'(x) = 0. The

parametric form is as follows:

vr € [0, 1], (3.6)

In homotopy method (3.6) is embedded in a one-parameter family of problems
using a parameter A € [0, 1]. The original problem (3.6) corresponds to A = 1 and a
problem with a known solution corresponds to A\ = 0. For example for xq € E, the

set of problems

GO\ x) = AF(z) + (1 = N[F(z) — F(z)] =0, 0< A< 1,
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or in parametric form Vr € [0, 1]
G\ z,T,r) = F(z,7,7) + (A = 1)E(x, T, 7) = 0,

G\ z,T,r) = F(z,T,7) + (A — 1)F (29, To,7) = 0,

where x¢ = (2, Tp) is an initial approximation of (3.6). It is obvious that

G(0,z) = F(x) — F(x9) =0, G(1,z)=F(z) =0,

the changing process of A from zero to unity is just that of G(A, z) from F(x)— F(zo)
to F(z). In topology, this called deformation, F(x) — F(xy) and F(x) are called
homotopic.

Homotopy or continuation method attempts to determine z* = (z,,7;) (for A = 1)
by solving the sequence of problems according to 0 = Ay < Ay < -++ < A, = 1. The

initial approximation to the solution of

G\, z,T,r)=F(z,Z,r) + (N — 1) E(xy, To, 1) = 0,
(3.8)
G\, z,m,7) = F(z,7,7) + (\; — 1)F (29, %o, 7) = 0,
would be the solution x),_, = (xx,_,,Tx,_;) to the problem
Q()\iflaﬁa Ta T) — E(ﬁa T; 7") + ()\ifl - 1)E($07 TUJ T) = 07
(3.9)

G()\iflaﬁa T, T) = F(ﬁafa 7") + ()\ifl - 1)F($07T07 T) =0.
In this work Vr € [0,1] and a fixed A € [0,1], we use Newton’s method for

solving (3.8) and (3.9). Newton’s method to (3.8) generates a sequence

28 =2 — g a2, (3.10)

7

which converges rapidly to a solution z), if x&(:)(: xy,_,) is sufficiently close to xy,,



Iterative method for solving fuzzy nonlinear equations 46

where

G:p()‘a Ty, Ty, T) QT()H Ty, Ty, T)

J(x)\) = )
6@()\7 ﬂa :L._)\a T) GT()H ﬂa :L._)\a T)
and ||J(z,) || < M for a constant M, [?].
Computing (3.10) is performed in a two step manner. First, a vector y is found
that will satisfy
(@ )y = —G s 2Y),

second, the new approximation is obtained by adding y to xf\lj)

For initial guess, we can use the fuzzy number
Lo = (l(l)a T(l)a l(l) - ﬁ(O), T(O) - T(l))a

and in parametric form

F(z(r),z(r)) = 0.

Here we consider two examples to illustrating the homotopy method for fuzzy non-

linear equations from Buckley and Qu [23].

Example 3.4.1 Consider the fuzzy nonlinear equation

(3,4,5)2% + (1,2,3)z = (1,2, 3).
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Without any loss of generality, assume that x is positive, then the parametric form of

this equation is as follows

B+rz*(r) + (1+r)z(r) = (1+7),
b-rz(r) + B-r)z(r) = (3-—r7).

To obtain initial guess we use above system for r =0 and r = 1, therefore

42%(1) + 2z(1) = 2, 322(0) + z(0) = 1,

472(1) + 2z(1) = 2, 57%(0) + 3z(0) = 3.
Consequently z(0) = 0.4343, 7(0) = 0.5307 and z(1) = T(1) = . Therefore initial
guess is to = (0.4343,0.5,0.5307) and hence xy = (xo,Tg) = (0.435 + 0.065r,0.531 —

0.031r). The Jacobian matriz is

23+ r)zz(r) + (1 +7) 0
0 206 —r)zx(r)+ (3 —r)
By A\i = \i_1+0.25 fori=1,2,3,4, we obtain the solution which the mazximum error

would be less than 1073, Figures 3.7 and 3.8. Now suppose x is negative, we have
B+ (r) + B—=r)z(r) = (1+7),
5-—r)z’(r) + (1+r)zT(r) = 3-r1).

For r =0, we have, z(0) ~ —0.629 and T(0) ~ —0.98, hence x(0) > T(0), therefore

negative root does not erist.
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0.44 0.46 0.48 0.5 0.52

Figure 3.7. Standard Analytical Solution

0.44 0.46 0.48 05 0.52

Figure 3.8. Solution of Homotopy Method

Example 3.4.2 Consider fuzzy nonlinear equation

(1,2,3)2% + (2,3, 4)2% + (3,4,5) = (5, 8,13).

48
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Without any loss of generality, assume that x is positive, then parametric form of this

equation is as follows

(L+r)z(r) + (2+r)2’(r) + B+r) = (5+3r),
B-=rz(r) + A-r70r) + G-r) = (13-5r).
By solving the above system for r = 0 and r = 1, we obtain the initial guess
zo = (0.76,0.91,1.06) and hence xy = (x9,Tp) = (0.76 4+ 0.15r,1.06 — 0.15r). The

Jacobian matriz is

3(1+7r)z\2(r) +2(2 + r)za(r) 0
0 3(3 —r)Zx2(r) +2(4 — r)Tx(r)
By A\; = \i_1+0.25 fort=1,2,3,4, we obtain the solution which the maximum error
would be less than 1073, Figures 3.9 and 3.10.

1r

0.8}

0.6}

0.4;

0.2}

0.85 0.9 0.9 1 1.05

Figure 3.9. Standard Analytical Solution
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0.8
0. 6|
0.4/

0.2

0.85 0.9  0.95 1

Figure 3.10. Solution of Homotopy Method

1.05
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Chapter 4

Existence of symmetrical extrem
solutions for fuzzy polynomials

In this chapter, we consider the existence of a solution for fuzzy polynomial
™ + Gy 12" a4 ag = 1,

where a; = 0,7 =0,1,2,---n and x > 0 are fuzzy numbers satisfying certain condi-
tions and ” > 7 be the partial ordering. To this purpose, we use fixed point theory,
applying results such as the well-known fixed point theorem of Tarski, presenting

some results regarding the existence of extremal solutions to the above equation.

4.1 Introduction

In the previous chapter we gave iterative methods for solving fuzzy nonlinear equa-
tions and a nonlinear system. Since fuzzy polynomials have many applications on
economic and finance, therefore considering of these equations do in this chapter.
Some work has been done on solving quadratic fuzzy equation [17, 23] and the authors

in these references have given analytical techniques on finding solutions. Recently,

ol
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in [25], the authors studied the existence of extremal solutions for quadratic fuzzy

equation
Ex>+ Fr+G =z,

where F, F, G and z are positive fuzzy numbers satisfying certain conditions, and gave
the interval which contains extremal solutions ([25], Theorem 12). In this chapter,

by notice to results of [25], we consider fuzzy polynomials such as
™ + ap_1 2" a4 ag = 1, (4.1)

where z and a;, ¢ = 0,1,...n, are positive fuzzy numbers. Since standard analyt-
ical techniques like Buckley and Qu method, [20, 21, 22, 23], can not suitable for
solving these equations, therefore we must give numerical methods for solving this
polynomials. For the reason that in some numerical methods for solving these fuzzy
polynomials we need initial guess, therefore give the interval which contains extremal

solutions. We start by briefly fundamental results of [25].

Definition 4.1.1 For a fuzzy number x € E', we denote the a-level set
[z]* ={t € R:z(t) > a}

by the interval [T, Tor], for each a € (0, 1], and

(2]’ = U [2]* = [z, or]-

ae(0,1]

We consider the partial ordering "<” in E* for all o € (0,1], given by

T,y € El, r=y & (yal < xy and xq, < yar)-
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By notice that definition (3.3.1) have many usage in this chapter therefore we give
this definition again.
Definition 4.1.2 For each fuzzy number x € E', we define the functions
zr :[0,1] 5 R, zg:[0,1] = R
given by xp (o) = T4 and xgr(a) = Xy, for each a € [0, 1].

Theorem 4.1.1 ( [25], Theorem 8) Suppose that x and y are fuzzy numbers, then

du(z,y) = mar{||zr — yilleo 5 [[2r — Yrlloo}-

Theorem 4.1.2 (Tarski’s Fized Point Theorem) Let F' be a monotone operator on
the complete lattice L into itself. Then the set of fixed points of F' is a nonempty

complete lattice for the ordering of L.

4.2 Existence results

Lemma 4.2.1 ( [25], Lemma 4) If G, x, y are fuzzy numbers such that G = x{o}

and xq0y 2 x Xy, then xq0y X Gr X Gy.
Theorem 4.2.2 Let a;, + =0,1,2,...n, be fuzzy numbers such that

a; = X{o}>

and suppose that there exist p > 0 satisfying

—p < Zn;min{(ai)L(O), —(ai)r(0)}p" + (a0)2(0), (4.2)
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and
z";max{—(am(o» (@) n ()} + (a0)n(0) < p. (43)

Then (4.1) has a solution in

[X{U}’X[*p,p]] ={r€ E' X{o} 22 = X[*p,p}}-

Proof. We define the mapping

A [Xqop Xipyl) — B,

by Az = au2" +an 12" +- - - ayz+a. We show that A([x(03, X_pall) € X101 X_pal]
Tt is easy to prove that
Ax oy = an(x(0))" + -+ + ar1x{0) + ao = ay.
and, for every a € [0, 1],
[AX[p ] =
[(an) (@), (an) R(@)][=p", "] + [(an-1) (@), (@n-1) r(@)][=p" 7", "]+ -+ +
[(a1)(a), (a1) r(@)][=p. p] + [(a0)(a), (a0) r()]
= [min{(an)z()p", —(an) r(@)p"}, max{—(an)z(a)p", (an)r(a)p" H+
[min{(ap—1)r(@)p" ", —(an1) r(e)p"~'},
max{—(an1)r(@)p" ™", (an-1)r(e)p" "} + -+
[min{(a1)L(a)p, —(a1) r(a)p}, max{—(a1)L(@)p, (a1) r(a)p}]+

[(a0)(a), (a0) r(@)];
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so that, for a € [0, 1],
[AX[pplz(a) =
ming (,)1(@)p", ~(@n) r(@)p"} + min{ (an—1)1.(@)p"", ~(an_1) n(c)p™'}
o+ min{(a1)1 (@), —(a1) (@)p} + (a0) (@),
[AX—ppl]r(@) =
] —(a)1 (2)5" (an) r(@)p"} + max{—(an_1)1(@)p" ", (an_1)r(@)p" 1}
oo max{—(a)(@)p, (a)(a)p} + (a)r(e).
By hypotheses and using the monotonicity properties of a; ,i = 0,1, ..., n, we obtain,
for a € [0, 1],
p< gmin{(amm), —(a5) (0)}p + (a0)2 (0) <
iz";min«am(a), (@) r(@)}p + (a0)2(@) = [Axppli (@)

and

A pala(0) = 3 mas~(a)s @), () (@)} + (an)nfe) <

Y max{—(a;)£(0), (a;)r(0)}p’ + (a¢) r(0) < p.
i=1
This proves that Ax(_,, =< X[—pp- DBesides, A is a nondecreasing operator. Take

X{oy X x =Xy, if n = 2k then
yr(a) < o <0 < ap(e) < ygrla)Va € [0,1],

and

{0} C [2"]* = [z (a), zr(e)]" =
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min{zz (a)2}™ (), 277 (a)zr(a) }, max{a] (o), 2% () }], Vor € [0,1].
Analogously for y. Hence, since yg(«) > 0 and z(«) <0,
yr(a)y () < yr(a)ah (@) < ar(a)rf (o),
yi " (@)yr(a) < yp~ (a)op(e) < 277 (a)zp(e),
and, using that 27 () < y7(a), 2%(a) < yR(a) we obtain

n—1

min{zr(a)z} " (o), 27 (@)zr(e)} > min{yz(a)yp " (o), v~ (@)yr(a)}
and
max{z7 (@), ()} < max{y}(a),yg(a)}, Yo € [0,1],

which proves that

{0} € [2"]* € [y"]*, Ve € [0,1],
and
Xgoy 2" 2",
now if n = 2k + 1, then

{0} C [2"* = [zror, z(e)]" =

[min{z7 (o), 2 ()ay (o)}, max{ay *(e)ar(), 2% () }], Yo € [0, 1].

Analogously for y. Since yr(a) > 0 and z, () < 0, we can write

i
—
|
—
—
Q
N

yr(@)yp (@) <yr(e)ah (o) < zp(e)ay

56
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n—1

i~ (a)zr(a) <y~ (@)zr(e) < yi~ (a)yr(a)

and

therefore we obtain

n—1

min{y}(a), yr(@)yy ' (@)} < min{z}(a), z1(a)af ()}
and
max {2}~ (a)zg(a), r(a)} < max{y} ™ (a)yr(a), yi()}, Ya € [0,1],

which proves that

{0} € [2"]* € [y"]%, VY € [0,1],

and

Xqoy 2" 2y

S7

Using that a; = xqoy fori = 0,1,...n, and Lemma (4.2.1), we obtain the nondecreasing

character of A, Ax < Ay ,for xj0y X z <X y. Tarski’s Fixed Point Theorem gives the

extremal fixed points for

A = g0y X=pwl) — X103 X[=p.01]»

in the complete lattice [x{o}, X[—pp]-

Remark 4.2.1 In the hypotheses of Theorem (4.2.2), conditions (4.2) and (4.3)

can be written, equivalently, as

n

> dulai, x01)p" + du (a0, x103) < p.
i=1
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Since for v € E', x = X{o}, we have

2r(0) < zp(a) <0< zp(a) <zr(0) Vae|0,1]

for all o € [0,1]. Hence

du (2, xq03) = sup du([z]* [x1]*) =
a€[0,1]

sup max{| zz(@) |,| zr(a) [} =
a€l0,1]

max{| 2(0) |,| 2z(0) |} = max{—2(0), zr(0)},

and
—dp (7, xg0y) = min{x;(0), —2zr(0)}.

Now a; = xqoy, conditions (4.2) and (4.3) are equivalent to

n

-p < — ZdH(ai; X{o})pi + (ao)(0),

=1

n

> dr(ai, xq03)p" + (a0)r(0) < p,

i=1
or also
> dr(ai, x(03)p" < p+ (ao)1(0),
i=1
Z dH(aia X{O})pZ <p-— (GJU)R(O)J
i=1
that s,

S dir(as, X0y < min{p+ (a0)1(0). p — (a0)x(0)}

=1

= p+min{(ao).(0), —(ao)r(0} =p — du(ao, x{0})-
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Hence, we have obtained the equivalent condition

> dp(a;, X{o})pi + dy(ag, X0y) < p

i=1
Lemma 4.2.3 Leti € {0,1,2,..n}, j € {1,2,...n} and a; fuzzy numbers such that

a; = X{oy and

1. dy(ao, xq0}) < PR

2. dpu(aj, xq0) < m

Then (4.1) has a solution in
[X{o},X[—m}] ={z e E' X{o} 2= X[—1,1}}-

Proof. Indeed, by hypothesis we have

n n n
d 79 d 9 S — ]_
; (ai, X{oy) + dm(ao, X{0}) g R n+ .

Now according to T'heorem (4.2.2), (4.1) has extremal solutions in [x{o}, x[-1,1])-

Theorem 4.2.4 Let ag and a;, i = 1,...,n, be fuzzy numbers such that
a; = X{0},
and suppose that there exist b, c € E* with ¢ = b > X{o} and
anb™ 4 ap (0" arb 4 ag = b,

anC" 4+ ap 1" 4 arc+ag < ¢,
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Then (4.1) has extremal solutions in the interval
b,c]={r € E" : b2 =<¢c}.
Moreover, if b= ¢, b is a solution to (4.1).
Proof. Define
A:lbc — E',

by Az = apa™ + ap_12" ' + - - -+ a1z + ag. We show that A([b, ¢]) C [b, c]. Indeed, by
hypotheses

Ab = apb” + ap 0"+ -+ arh + ag > b,

Ac = apc + ap_1" 4+ Fajc+ag < c.
Then Ab < Ac. Moreover, A is nondecreasing operator. Indeed, for xj0; <z <Xy, we

have

Ax < Ay.

Therefore, A : [b,c] — E' is nondecreasing and [b, c] is a complete lattice. Tarski’s
Fixed Point Theorem provides the existence of extremal fixed points for A in [b, c],

that is, extremal solutions to (4.1) in the same interval.
Theorem 4.2.5 Let a; = g0y, ¢t = 0,1,,...,n, are symmetric fuzzy numbers.
i) (4.1) has symmetric solution as x > X0} and

xy, = (ap)rh + (an—1)ra’p '+ + (a1)pzr + (a0)r (4.4)

Tp = (an)Rm% + (CLn_l)RIIIT}L{_I + et (al)RxR + (CLO)R,

where [z]* = [z (@), zr()] for all a € ]0,1].
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ii) If exists p > 0 satisfying

(an) R(0)P" + (an-1)R(0)P" ™" + -+ + (a1) r(0)p + (a0) r(0) < p, (4.5)

then (4.1) has extremal solutions in the interval
Doy Xipall = {2 € E' 1 Xq0p 27 2 X(pal}-

Proof. Let x0y = = € E'is symmetric. Therefore zg(a) = —x1(a) for every

€ [0,1]. we must prove that
[ap 2" + ap_ 12" 4 a4 ag]® = [2]* YV a €[0,1].

Suppose

n

Y lai)r, (ai)r)zL, 2r]’ + [(a0) 1, (a0) r] = [M, N]. (4.6)

i=1

Now prove that [M, N] = [z, zg|. By hypotheses, we can write (4.6) as follows

n

[M, N] =>"[(—ai)r, (a:)rl[—2r, 2r] + [~ (ao)r, (a0)r] =

i=1

n

;(ai)Rxﬁg[—l, [=1,1)" + [~(ao)r, (a0)r] =

;(ai)inz[—l, 1[=1,1] + [~(ao) &, (a0)r] =

E(az‘)ﬂig[—l, 1] + [—(ao)r, (ao)r] =

Y [—(ai)r, (a:) Rl + [—(a0) g, (a0)r] =

i=1

n n
Z az Rl‘R Raz az Rl‘R )R] = [mLaxR]'
=1 =1
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For proof (i), we use Theorem (4.2.2) and hypotheses. Indeed, if

n

—p < imin{(ai)L(o), —(ai)r(0)}p" + (ao)£(0) = Y~ (a:)(0)p" + (a0)(0) =

=1

and

Y (a:)r(0)p’ + (a0)r(0) < p

=1

and hence by using Theorem (4.2.2), (4.1) has extremal solutions in the interval

Xt} X—ppl] = {Z € E' 1 X0} =& = X{—ppl}-

Remark 4.2.2 To find an appropriate p > 0 in Theorem (4.2.5) , we can solve

inequality
(an)R(0)p" + (@0-1)R(0)P" " + - + ((a1)r(0) — 1)p + (a0) r(0) < 0.
If (a1)r(0) > 1, there is no such value of p.
Remark 4.2.3 Suppose, in hypotheses of Theorem (4.2.5), we have
0 < (an)r(0) + (an-1)r(0) + -+ (a1)r(0) <1

and

(ao)r(0)
T (@)a(0) — (@ )a(0) — - — (@)a0) =
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Then we can take 0 < p < 1 such that

(a0) r(0)
P2 T (@) n(0) — (an1)r(0) = — (@) ()’

In this case,

(an)r(0)P™ + (an—1)r(0)p" " + -+ + (a2)r(0)p® <
(@n)R(0)p + (an-1)R(0)p + - - - + (a2)r(0)p

and

hence

P((an)r(0) + (an-1)r(0) + - + (a1) r(0)) + (a0) r(0)) < p.

4.3 Numerical applications

In this section we give examples for applications of Theorems (4.2.2) and (4.2.5)

Example 4.3.1 Consider the fuzzy equation

-1 1
— 0. 422
(0,700 +

—1 1 —1 1
,0, =)z + (—,0

— ,—) = .
2 2 6 16

According to Theorem (4.2.5) this equation has extremal solutions in the interval

X{0}s X[-1.171,1.171]] = T X{0} 2T 2D X[-1.171,1.171] S+
[ J={zeE" | <z = }

Symmetric solution of this fuzzy polynomial is drawed in Fig. 4.1.
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0.8}

0.6/

0.4

0.2

0.2 -0.1 0 01 0.2
Figure 4.1. Symmetric solution of Example 1
Example 4.3.2 Consider fuzzy equation
(=3,0,3)2" + (=5,0,5)2° + (=3,0,3)2> + (=1,0,1)z* + (—.1,0,.1)x + (—.1,0,.1) = =.
It is clear that for all p € [0.145,0.29]
3p" +5p° 32 + P+ Ap+ .1 <p.
By using Theorem (4.2.5), this fuzzy polynomial has extremal solutions in the interval

X{0}s X[-0.145,0.145]] = 1T X{0} 2 T 2 X[-0.145,0.145] S -
[ J={reE" | <z = ¥

For symmetric solution of this equation see Fig. 4.2.
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11
0.8
0.6
0.4
0.2 Iy ",

-0.15-0.1-0.05 0 0.05 0.1 0.15

Figure 4.2. Symmetric solution of Example 2
Example 4.3.3 Consider fuzzy equation
(—=1,0,1)2* + (=3,0,2)2® + (—.5,0,.1)z = .
Since for all p € [0,.16] we have
—p < —p’ = 3p® — 5p

and

P’ +3p* + .5p < p,

hence, according to Theorem (4.2.2), this equation has extremal solutions in the in-

terval

[X{O}ﬂX[*p,p]] ={r € E' | X{o} 22 = X[*p,p}}-



Open problems

1. In chapter 2 we applied LU Decomposition method for solving n x n system of
fuzzy linear equation as Ax = b whose coefficients matrix, A, is crisp and the
right hand side column, b, is an arbitrary fuzzy number vector. Solving n X n
system of fuzzy linear equation as Arx = b when the elements in A and b are

fuzzy numbers, by numerical methods, can be a topic for future research.

2. In chapter 3 we found a numerical solution of fuzzy nonlinear equations by

Homotopy method and in chapter 4 we considered fuzzy polynomials such as
ant"” + ap_ 12"+ a4+ ag =z,

where x and «a;, © = 0, 1, ...n, are positive fuzzy numbers and gave interval which
contains extremal solutions. We suspect numerical methods as Homotopy and
Newton be true for finding numerical solutions of these fuzzy polynomials and

will be a topic for future research.
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