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Abstract

The aim of this study is to use linear programming problem for approximate fuzzy
data, fuzzy functions, or fuzzy numbers.

Let X be a set of m distinct points x1, xo, ..., 2,,; of R. Here we approximate a
given fuzzy function f defined on X, by fuzzy polynomials of degree at most n, using
two types of methods, such that n < m, first by solving fuzzy linear programming and
then by using some independent non-fuzzy linear programming problems. Properties
of these approximations are considered in this work. The nearest approximation of
a fuzzy number out of a particular subset of all fuzzy numbers is presented. Also
the nearest approximation of any power of a fuzzy number and multiplication of two

fuzzy numbers are computed.
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Originality

In this research we use approximation problem for fuzzy functions from R to a subset
of all fuzzy numbers. In Chapter 1 we represent a method for solving a fuzzy linear
programming with fuzzy variables, defined by Mashinchi, Maleki, Peraei and Tata in
[23, 37]. They used a particular ranking method for fuzzy numbers to solve this fuzzy
linear programming but we use a class of ranking methods to solve it. We use this
scheme in next chapters to find approximation of a fuzzy function.

We define a parametric ranking for triangular fuzzy numbers in Section 2.2.1
and use it for approximation (Section 2.2). We define an approximating polynomial
based on Fortemps and Roubens defuzzification and introduce two approximating
polynomials under the name of Universal and SAF — approximations (Section 2.3).

We define two types of best approximations of a triangular valued fuzzy num-
ber in Chapter 3 and we explain about existence and uniqueness of them (Sec-
tions 3.2.1, 3.2.2, 3.3.1, 3.3.2).

We define a new distance which is a metric on all trapezoidal fuzzy numbers in Sec-
tion 4.3, and based on it, we introduce the nearest approximations of a fuzzy number
out of a particular subset of all fuzzy numbers (Sections 4.4, 4.5, 4.9). We approxi-
mate any power of a trapezoidal fuzzy number and multiplication of two trapezoidal

fuzzy numbers by a trapezoidal one in Sections 4.7 and 4.8.
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Introduction

Most of our traditional tools for formal modeling, reasoning, and computing are crisp,
deterministic, and precise in character. By crisp we mean dichotomous, that is, yes-
or-no type rather than more-or-less type. In conventional dual logic, for instance, a
statement can be true or false and nothing in between. In set theory, an element
can either belong to a set or not; and in optimization, a solution is either feasible or
not. Precision assumes that the parameters of a model represent exactly either our
perception of the phenomenon modeled or the features of the real system that has
been modeled. Generally, precision also implies that the model is unequivocal, that
is, it contains no ambiguities, [41].

The question
How can we approzimate fuzzy quantities with a good performance?

is our goal to answer.

In Chapter 1 some basic definitions and results on fuzzy numbers, definition of
fuzzy linear programming with fuzzy variables and a method for solving it according
to a special class of ranking used to find approximating polynomials in next chapters
as well as definition of the problem of approximation, that is the main interest of the

later chapters, are discussed.



In Chapter 2 the approximation problem on triangular fuzzy numbers leads us
to an approximating polynomial name e4-approximation and on the set of all fuzzy
numbers, the approximation problem gives us the D—approximation and we present a
method to find it, also the universal and SAF approximations which are special cases
of D—approximation are found in this chapter. In Chapter 3 two best approximations
of a triangular valued fuzzy function on a set of points are defined and are computed.
Chapter 4 contains an idea for computing the nearest approximation of a fuzzy number

out of a particular subset of all fuzzy numbers. Finally is brought Appendix.



Chapter 1

Preliminaries

Fuzziness is not a priori an obvious concept and demands some explanation. ”Fuzzi-
ness” is "vagueness”, i.e. to designate the kind of uncertainty which is both due
to fuzziness and ambiguity. Generalizing refers to the application of a symbol to a
multiplicity of objects in the field of reference, ambiguity to the association of a finite
number of alternative meanings having the same phonetic form. But, the fuzziness
of a symbol lies in the lack of well-defined boundaries of the set of objects to which

this symbol applies.

1.1 Introduction

In this chapter the basic definitions of fuzzy sets and algebraic operations are defined
and extension principle are provided, that this is one of the most basic concepts of
fuzzy set theory that can be used to generalize crisp mathematical concepts to fuzzy

sets.



1.2 Fuzzy sets and some basic definitions

Definition 1.2.1. If X is a collection of objects denoted generically by x, then a

fuzzy set A in X is a set of ordered pairs:

A={(z,ps(x)) = z€X},

where p 5 () is called the membership function or grade of membership (also degree of
compatibility or degree of truth) of x in A that maps X to the membership space M
(when M contains only the two points 0 and 1, A is nonfuzzy and p ;(x) is identical

to the characteristic function of nonfuzzy set).

The range of the membership function is a subset of the nonnegative real numbers
whose supremum is finite. Elements with zero degree of membership are normally not
listed. A fuzzy set is obviously a generalization of a classical set and the membership
function a generalization of the characteristic function. Since we are generally refer-
ring to a universal (crisp) set X, some elements of fuzzy set may have zero degree of
membership. Often it is appropriate to consider those elements of the universe that
have a nonzero degree of membership in a fuzzy set.

The membership function is not limited to values between 0 and 1. If sup, pz(x) =
1, the fuzzy set A is called normal. A nonempty fuzzy set A can always be normalized
by dividing u 4(z) by sup, 1 5(x). As a matter of convenience, we will generally assume

that fuzzy sets are normalized and M = [0, 1].

Definition 1.2.2. [41] The support of a fuzzy set A is the ordinary subset of X:

supp(A) ={z € X : pu4i(z)>0}.



Definition 1.2.3. The height of A is the least upper bound of 1 ;(x), i.c.

het(A) = sup ju4(x).

reX
A is normal if and only if 3z € X, ju5(x) = 1; this definition implies hgt(A) = 1.
The empty set () is defined as Vo € X, pg(x) = 0. A more general and even more

useful notion is that of an av—cut set.

Definition 1.2.4. The set of elements that belong to the fuzzy set A at least to the

degree v € (0, 1] is called the a—level set or a—cut:
A" = {z e X : ps(s) > a}.

If nonequality is hold strictly then [A]* is called "strong a—level set”, also for ov = 0

we have

Definition 1.2.5. The m-th power of a fuzzy set A is a fuzzy set with membership
function

frim(2) = [pz(@)]™ , YeeX , VmeR"

Convexity also plays a role in fuzzy set theory. By contrast to classical set theory,
however, convexity conditions are defined with reference to the membership function

rather than the support of a fuzzy set.

Definition 1.2.6. A fuzzy set A is convex if
pi( Az + (1= Nag) > min{pz(x1), pi(xe)} , Vo, ae € X, VA € [0, 1].

Alternatively, a fuzzy set is convex if all of its a—level sets are convex, [41].



Definition 1.2.7. [41] A fuzzy number A is a convex normalized fuzzy set A of the

real line R such that
1. There exists exactly one zy € R with j;(x0) = 1 (g is called mean value of A).

2. pz(x) is upper semicontinuous and compactly supported.

A fuzzy number A is called positive (negative) if its membership function is such
that pz(x) =0, Vo <0 (Vz > 0).
We denote by F(R), the set of all real fuzzy numbers (which are normal, upper

semicontinuous, fuzzy convex and compactly supported).

Dubois and Prade [10] suggest a special type of representation for fuzzy numbers
of the following type: They call L (and R), which map R™ — [0, 1], and are decreas-
ing, shape functions or reference functions if L(0) =1, L(z) < 1 for z > 0; L(z) > 0
for x < 1; L(1) =0 or [L(z) > 0, Vx and L(400) = 0]. The most useful type of fuzzy

numbers is LR type as follows :

Definition 1.2.8. A fuzzy number A is of LR type if there exist reference functions

L (for left) and R (for right), and scalars o > 0, 5 > 0 with

R(*") , z=m,

where m, called the mean value of 4, is a real number, « and 8 are called the left

and right spreads, respectively. Symbolically A is denoted by (m,a, B)LR-



Definition 1.2.9. A fuzzy interval A is of LR type if there exist reference functions
L and R, and four parameters m,m € R* = RU {—oc0, oo} m <m ,a >0, 5 >0

with membership function

L(=%) ,  xz<m,
paz) = 1 , m<z<m,
R(*3") , x>

One of the most useful type of fuzzy numbers is triangular :

Definition 1.2.10. A triangular fuzzy number A is defined by triple (m, o, 7), such

that
-2 (m—o)<z<m,
pir)=q 1+m=  m <z < (m+y)
0 , otherwise,

where 0,7 > 0. Denote by TRF(R), the set of all triangular fuzzy numbers. We will
write: (1) A>0ifm—0>0; (2) A>0ifm—0>0;(3) A<0ifm+~<0;and

(
(4) A<0ifm+4y<0.

Definition 1.2.11. We define a semitriangular fuzzy number, A = (m,o,), with

membership function,

l(z) , (m—o)<z<m,
pa@ =13 @) | m<a< (mi)
0o otherwise,



where ¢ and 7, are non-negative real numbers as the left and right spreads, respec-

tively; m € R and

A triangular or semitriangular fuzzy number A = (m, o,7) is symmetric triangular
if 0 = . We denote by TSF(R), the set of all triangular and semitriangular fuzzy

numbers. The other most useful type of fuzzy numbers is trapezoidal form as follows:

Definition 1.2.12. A trapezoidal fuzzy number A is defined by (m,mm, o,7), such

that

0 , otherwise,

where o,y > 0. We will write: (1) A > 0ifm—0 >0; (2) A>0ifm -0 > 0;

)
(3) A<O0ifm++v<0;and (4) A<O0ifm+~<0.

We define a semitrapezoidal fuzzy number, same as semitriangular fuzzy number
defined in Definition 1.2.11. We denote by 7 ZF(R), the set of all trapezoidal and
semitrapezoidal fuzzy numbers, and denote by 7 F(R), the union set of 7 ZF(R) and
TSF(R).

One of the most basic concepts of fuzzy set theory that can be used to generalize
crisp mathematical concepts to fuzzy sets is the extension principle. In its elementary

form, it was already implied in Zadeh’s first contribution (1965).



Definition 1.2.13. Let X be a cartesian product of universals X = X;x XoXx...x X},
and Ay, Ay, ... Ay be k fuzzy sets in Xy, Xo,..., X, respectively. Suppose f is a
mapping from X to a universe Y, y = f(x1,...,x%). Then the extension principle

allows us to define a fuzzy set B in Y by

B:{(y,ué(y)) oy =flrr,..xk), (.., ak) € X}

where

SUD(z1,....z1)ef~1(y) min{:u,il (x1)7 s A, (xk)} ) fﬁl(y) 7é ®7
np(y) =
0 , otherwise.

A fuzzy function is a generalization of the concept of a classical function. A
classical function f is a mapping (correspondence) from the domain D of definition
of the function into a space S; f(D) C S is called the range of f. Different features of
the classical concepts of a function can be considered to be fuzzy rather than crisp.
Therefore different ”degrees” of fuzzification of the classical notion of a function are

conceivable :

1. There can be a crisp mapping from a fuzzy set that carries along the fuzziness
of the domain and therefore generates a fuzzy set. The image of a crisp argument

would again be crisp.

2. The mapping itself can be fuzzy, thus blurring the image of a crisp argument.
This we shall call a fuzzy function. These are called ”fuzzifying function” by Dubois

and Prade.

3. Ordinary functions can have fuzzy properties or be constrained by fuzzy con-

strains, [41].



Definition 1.2.14. A classical function f : X — Y maps a fuzzy domain A in X

into a fuzzy range B in Y if and only if

Ve e X, pp(f(@) = pa().

Given a classical function f : X — Y and a fuzzy domain A in X, the extension

principle yields the fuzzy range B with the membership function

pp(y) = sup pi(z),
zef~1(y)

hence f is a function according to the above definition, [41].

For the purpose of ordering fuzzy numbers we use a function E : F(R) — R,
named ranking function. In this case we say @ <g b if and only if F(a) < E(b).

Let E be an ordering method, S the set of fuzzy quantities for which the method
E can be applied and A an arbitrary finite subset of S. In (33, 34], Wang and Kerre
put worth the following seven axioms as the reasonable properties of ordering fuzzy

quantities for E:

A;. For Ae A, A<z Aon A.

A,. For (A,B) € A%; A<y B and B <z A on A, we should have A =5 B on A.
As. For (A,B,C) e A*; A <p B and B <p C on A, we should have A <z C on A.

Ay. For (A, B) € A? supsupp(B) < infsupp(A), we should have B <y A on A.

One stronger version of this axiom is as follows:

Al,. For (A, B) € A% supsupp(B) < inf supp(A), we should have B <z A on A.

10



Asg.

. Let S and S’ be two arbitrary finite sets of fuzzy quantities in which E can be

applied and A and B are in SN S’. We obtain B <z A on S’ if and only if
B<pAonS.

Let A,B,A+ C and B + C be elements of S. If B <z A on {A, B}, then
B+C <p A+Con {A+C,B+C}. Concerning <p a similar axiom is as

follows:

. Let A,B,A+ C and B + C be elements of S. If B <z A on {A, B}, then

B+C<pA+Con{A+C,B+C} when C #0.

. Let A, B, AC' and BC be elements of S. If B < A and C >5 0 on {4, B}, then

BC <u AC on {AC, BCY.

Definition 1.2.15. Let F be an arbitrary ranking function on F(R), and let S be a

subset of F(R). We say S is bounded from below if and only if there exist a & € F(R),

such that @ <g 5 for all § € S.

Definition 1.2.16. A continuous function s : [0,1] — [0,1] with the following

properties is a regular reducing function|[32]:

3. s(r) is increasing.

4. fol s(r)dr = 1.

2
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Definition 1.2.17. The parametric form of a fuzzy number is shown by @ = (u(r), u(r)),

where the functions u(r) and @(r); 0 < r < 1 satisfy the following requirements:
1. u(r) is monotonically increasing left continuous function.
2. u(r) is monotonically decreasing left continuous function.

3. u(r)

IN
g

(r) , 0<r<L.
4. u(r) =wu(r) =0for r <0orr > 1.
If a is a crisp number then @(r) = u(r) = a, for all r € [0, 1].
Definition 1.2.18. The Value of a fuzzy number @ is defined as follows, [32],
1
Val(u) = / s(r)[a(r) + u(r)]dr,
0
where s(r) is a regular reducing function.

The quantity Val, is a ranking function for fuzzy numbers.

Definition 1.2.19. The Ambiguity of a fuzzy number @ is defined as follows, [32],

Amb(ii) — /O S [A(r) — u(r)]dr,

where s(r) is a regular reducing function.

Definition 1.2.20. The fuzzy distance function on F(R), 6 : F(R) x F(R) — F(R),
is defined by

6(f2,0)(z) = sup min(f(x), 0(y)).

|z—y|=2

12



1.3 Hausdorff metric

Denote by ™ the set of all nonempty compact subsets of R" and by [ the subset of

k" consisting of nonempty convex compact sets.

In this section we define a metric space by Hausdorff separation. Recall that
A) = mi —
plz, A) = min ||z — al

is the distance of a point € R” from A € k" and that the Hausdorff separation

p(A,B) of A, B € k" is defined as
p(A, B) = max pla, B).

acA

Note that the notation is consistent, since p(a, B) = p({a}, B). Now, p is not a
metric. In fact, p(A, B) =0 if and only if A C B.

An open e-neighborhood of A € k" is the set
N(A,e) ={z € R" : p(z,A) <e} =A +€B",
where B" is the open unit ball in R™, [8].

Definition 1.3.1. A mapping F : R" — k" is upper semicontinuous (usc) at xg if

for all € > 0 there exists 0 = d(e, o) such that
F(x) C N(F(x¢),€) = F(xo) + eB",

for all z € N(xo,9).

Definition 1.3.2. The Hausdorff metric dg on k" is defined by

dy(A, B) = max{p(A, B),p(B,A)}.

13



The space (K", dy) is a complete metric space. Let D™ denote the set of usc normal
fuzzy sets on R" with compact support. That is, @ € D", then @ : R™ — [0, 1] is usc,
supp(u) is compact and there exists at least one € € supp(@) for which u(¢) = 1. The

B-level set of 1, 0 < 3 < 1 is
@’ = {w € R" : pala) = B},

Clearly, for a < 3,[a]® D [a]®. The level sets are nonempty from normality and

compact by usc and compact support. The metric d, is defined on D" as
doo (@, 0) = sup{dp([a]*,[0]*) : 0<a <1}, w0veD"
and (D", d) is a complete metric space. F"(R) is the subset of fuzzy convex elements

of D". The metric space (F"(R),dw) is also complete, [9].

If f:R"xR"™ — R"is a continuous function, then, according to Zadeh extension

principle, we can extend f to F"(R) x F*(R) — F™*(R) by the equation

flu,v)(2) = sup min{pu,(2), o (y)}-
z=f(z,y)

It is well known that
f (u, 0)]* = f([u]®, [v]%)
for all u,v € F"(R),a € [0,1] and f continuous. Especially for addition and scalar

multiplication, we define algebraic operations with a—level sets.

Definition 1.3.3. Let @, € F(R) and k scalar, then for a € [0, 1],

L. [a+ 0] = [ug(a) + v (@), uz(a) + ve()],

2. [a—0]* = [u1(a) — vo(a), ug(a) — vy ()],

14



3. [@.0]* = [min{u; (a).v1 (@), ur (). ve (@), us(a).v1 (o), us(a).va()},

max{u; («).v1(@), ur(@).va (@), us(a).vy (), us(a).va(a) }H,
4. [ku]* = k[a)®,

where [4]® = [u (@), uz(a)] and [0]* = [v1 (), va(a)], [30].

1.4 Interpolation and Approximation of Fuzzy Func-
tions

Approximation of fuzzy functions on a finite set of distinct points, has been studied by
several authors. In [1, 4, 17, 20, 19], the problem of fuzzy interpolation is considered.
Also In [14], a method to construct an approximating fuzzy valued polynomial of a
fuzzy function, on a set of distinct points, is given.

We will introduce two type of fuzzy valued polynomials of degree at most n in
next chapter and we will use them for approximation of a fuzzy functions.

Interpolation problem is the following: Given n + 1 different points in R with the
corresponding fuzzy values in R, find a fuzzy polynomial of degree at most n which
coincides on these points, with the given fuzzy values. In other words, let the values
of a fuzzy function f on the set X = {z1,29,..., 2, } are given, i.e. the points (z;, ﬁ)
for © = 1,2,...,m are given. In interpolation problem we find a polynomial 15(33) of

degree at most n = m — 1 where m is the number of points such that

P(xz>:fz y i:1,2,...,m.

But, when we have lots of points (m is very large) it is not good or even possible

to find such polynomials. In this case, we will find a polynomial from arbitrary degree

15



which is an approximation to original function. In this case, we have m points but we

want to find a polynomial with degree at most n < m but not n = m — 1 necessarily.

Definition 1.4.1. For each a € [0, 1], the lower and upper spreads of a fuzzy function
f:R— F(R), on its a-cut, are [f]ﬁ and [f]ﬁ"r, respectively [19], such that, for all
r € R,
flo(z) = inf{t e R | t € [f(2)]*},
[Jj] (z) { | [fN( )J7} (141)
[f1¢(z) =sup{t e R | t € [f(x)]"}.

Lodwick and Santos [19], represented two properties for interpolating polynomials
P(z) as follows:
Property 1 : Polynomials with larger a-cut values are contained within polyno-

mials with lower a-cut values. That is, for a; < s and for all x,

(P17 () < [P]22(x) < [P)$(2) < [P]$ ().

Property 2 : All generated polynomials [P]* and []5]1, posses the underlying
smoothness and continuity conditions associated with the interpolation method (in
this work approximation method) being used.

We call these properties, Lodwick and Santos properties.

1.5 Fuzzy Linear Programming with Fuzzy Vari-

ables

In this section, we represent a method for solving a fuzzy linear programming with

fuzzy variables by using a class of ranking methods.
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1.5.1 Fuzzy Linear Programming with Fuzzy Variables

Let A,y be a matrix with real number arrays, X € F™(R) and C e F™(R) be two
fuzzy vectors and b € R" be a real vector. A fuzzy linear programming with fuzzy

variables can be put in the following form:

min B =X,
(FLP) <] s.t. (1.5.1)
AX ZE C~’7
where, F is a ranking function on fuzzy numbers which for three fuzzy numbers a,b

and ¢ has the following properties:

3. E(ca) = aF(a) , forall a€R,

4. a<pb+¢ <+ a—c<gbh.

1.5.2 Solving a Fuzzy Linear Programming

A method for solving a linear programming with fuzzy variables such as (FLP) is
introduced in [23, 37]. According to this method we use the following auxiliary linear

programming problem:

;

max w = C’TY,
2.
(AFLP){ ° (1.5.2)
ATY =1,
Y >0.
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The relations between problem (FLP) and problem (AFLP) are as follows:

Lemma 1.5.1. If X is any feasible solution for (FLP) andY is any feasible solution
for (AFLP), then CTY <p b'X.

Lemma 1.5.2. If X, is a feasible solution for (FLP) and Yy is a feasible solution
for (AFLP), such that CTYy = b" Xy, then X, is an optimal solution of (FLP) and
Yy is an optimal solution of (AFLP).

Theorem 1.5.3. If the auziliary problem (AFLP) has an optimal solution, then

problem (F'LP) has a fuzzy optimal solution.

To solve (AF'LP), we must solve the following (LP):

[ max w= ory,
1.
(LP){ ° (1.5.3)
ATY = b,
\ Y >0,

where CT = (¢1,¢a,...,¢p) and ¢; = E(¢;) , j=1,2,...,m.

By solving (LP), we get an optimal solution with basis B from matrix A”. Vari-
ables and objective coefficients are named according to basis, Y and Cp, respectively.
Thus Yz = B~'b and optimal value of (LP) is w* = CLY};. Therefore the optimal
solution of (AFLP) is Y} too, but the optimal value of (AFLP) is w* = CLY}. Tt is
a fuzzy number because components of Cg are fuzzy numbers. Consequently optimal

solution of (FLP) is X*" = CLB~', and optimal value of (FLP), is * = CLB™'b.
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Chapter 2

Approximation of Fuzzy Functions

Approximation of fuzzy functions on a finite set of distinct points, has been studied
by several authors. In [20], the problem of fuzzy interpolation is found. Kaleva [17],
presented some properties of fuzzy Lagrange and fuzzy spline interpolating functions,

and properties of natural and complete splines of odd degree, are introduced in [1, 4].

2.1 Introduction

Let X be a set of m distinct points xq, s, ..., z,,; of R. In Section 2.2 we introduce
a fuzzy valued polynomial on 7SF(R), the set of all triangular and semitriangular
fuzzy numbers, and we consider the approximation of a given fuzzy function f : R —
TSF(R), on a discrete point set X = {x1, 2, ...,z }, by a fuzzy valued polynomial
P, of degree at most n, where the integers m and n, are given. (Throughout this
chapter we consider n < m.)

In this section, we introduce a ranking method and an approximation of a fuzzy
function, called ey-approximation on X'. We show the existence of this approximation

and some examples are given.
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Also, in Section 2.3 we approximate a given fuzzy function f : R — F (R)
defined on X" in this chapter. We introduce a fuzzy valued polynomial on F(R) and
we consider the problem of approximating a given fuzzy function f, on X, by a fuzzy
valued polynomial P, of degree at most n.

In this section, we use the ranking method of Fortemps and Roubens on the set
of all fuzzy numbers, also D-approximation of a fuzzy function on X. We explain
existence and uniqueness of this approximation and we present two special types of
this approximation, also some examples are given.

Throughout this chapter we use standard difference for fuzzy numbers.

2.2 ey~-Approximation of Fuzzy Functions

We introduce eg-approximation of a fuzzy function on a finite set of distinct points
X and as we demonstrate in this section, an approach to the problem of finding an
eg-approximation of a given fuzzy function f on X, is to express the problem as a

fuzzy linear programming problem.

2.2.1 Polynomials and Ranking

For two arbitrary fuzzy numbers @ = (a,0,7),b = (b,0’,7") € TSF(R), and a
real number k, some results of applying fuzzy arithmetic on fuzzy numbers @ and b,

are as follows,
e if £ > 0, then ka = (ak, ok, vk),

20



o if £ <0, then ka = (ak, —vk, —0k),

° d+5:(a+b,a+a’,’y+’y’),

IS )

—b=(a—bo++,v+0).

Denote by [],,, the set of all real valued polynomials of degree at most n, and by
H:, the set of all nonnegative real valued piecewise polynomials of degree at most n.
We employ a class of fuzzy valued polynomials on 7SF(R), and we approximate

a fuzzy function f : R — TSF(R), by such fuzzy valued polynomials.

Definition 2.2.1. A triangular fuzzy valued polynomial of degree at most n on

TSF(R), is a function P : R — TSF(R), such that, for all z € R,

P(z) = (P(x), P(z), P(x)) € TSF(R),

where, P € [],, and P, Pe H: We denote the set of all fuzzy valued polynomials by
]:[n. Such fuzzy valued polynomials have already been used for interpolation problem

before [1, 4, 17, 14, 19].
Definition 2.2.2. Let @,b € TSF(R), and

ep : TSF(R) — R, (2.2.1)
6(;5(0,7 g, 7) =a-— ¢0' + (bf%

where ¢ € [0,1]. We define & <. b, iff e4(@) < e4(b). Also, we use @ > 0(> 0), iff

es(@) > 0(>0), and @ < 0(< 0), iff eg(a) < 0(< 0).

For ¢ = 1, this ranking method is the same as Yager’s ranking method [35] and

Fortemps-Roubens’ defuzzification [15, 29] and Miguel-Campos-Munoz’s method [25]
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with unite probability measure and 0.5 as optimism-pessimism indicator for trian-
gular fuzzy numbers. Also, Val(a) = e 1 (a). Indeed, all symmetric triangular fuzzy
numbers of equal modes have same ranking. This ranking will be used to construct
an approximating fuzzy valued polynomial, in this section. The relation between e,

and nonnegativity of a fuzzy number is explained in the next lemma.

Lemma 2.2.1. If a is a nonnegative fuzzy number, then a > 0, and if it is a

nonpositive fuzzy number, then a < 0.

Proof. Since ¢ € [0, 1], we have ¢y < ~, and hence a + ¢y — po < a + 7, therefore if
a is nonpositive fuzzy number, then a < 0. In a same way, we can show that, if a is

a nonnegative fuzzy number, then a > 0. O]

Lemma 2.2.2. Ifa,b,¢ € TSF(R) then,
1. ey(—a) = —ey(a),

2. e5(b+¢) = es(b) + e4(C) ,

3. ep(aa) = aey(a) , forall aeR,

Proof. Let a = (a,0,7), = (b,0’,7') and ¢ = (¢, 0”,7").

L. eg(—a) = ey(—a,v,0) = —a— ¢y + ¢o = —(a — ¢po + ¢y) = —e4(a).
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2 cola+) = eolateo+0"7+7) = () =60+ ")+ 6y +7") =

(a—¢0 +¢y) + (c— ¢o" + ¢7") = ey(a) + ey(€).

3. If @ > 0,then ey(aa) = ey(aa, ao, ay) = aa — pao + pay = ala — o + ¢y) =
aeg(a), and if o < 0, then eg(aa) = ey(aa, —ay, —ao) = aa + pay — pao =

ala — ¢o + ¢y) = aey(a).

4. ey(@) < ep(b+8) = a—go+¢y < (b+0)—¢(0'+0")+d(Y+7") = (a—
)= d(a+7")+d(y+0") < b—ga'+¢7 = ey(a—¢) < ey(b) <= a—¢<.b.
5. a <, B < €¢(&) < 6(25(5) < 6¢<d) + €¢(6) < €¢(6) + €¢(é) <

eola+8) <esb+¢) <= a+ée< bte

Definition 2.2.3. If a1, as,...,a, € TSF(R), then

0= max @ <= eu(f)= max ey(d).

i=1,2,....m i=1,2,....m

Taking into consideration, the Definition 2.2.2, for all a € TSF(R); either a = 0

is true, or a < 0.

Definition 2.2.4. The weak fuzzy absolute value of a fuzzy number a € 7TSF(R),
is,

a , a=o,

|| p = (2.2.2)

—a , otherwise(a < 0),

according to Definition 2.2.2.

Lemma 2.2.3. If a,b € TSF(R) then,

1. eg(lalr) = leg(a@)|r-
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Proof. Let a,b € TSF(R),

1. If @ > 0, then |a|r = @, hence ey(|a|r) = ey(a) and since e4(a) > 0, we observe

that |es(a)| = eg(@). Now let a < 0, therefore |a|p = —a, and ey(|a|rp) =

es(—a) = —ey(a). In this case eg(a) < 0 thus |ey(a)] = —ey(a).
2. eg(lalr) = leg(a)l 20 = lalp = 0.
3. e4(a) < leg(a)| = egllalr) = a<clalr.
4. eqlalp) = lega)] < e

(~
6¢(d)§6¢(l~)) < —B

2.2.2 e¢4-Approximation of a Fuzzy Function

In this section, we introduce a method to approximate a fuzzy function on a finite

set of distinct points using e, ranking, and we call it eg-approximation.
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Let P,(z) = > g x’a; be a fuzzy valued polynomial, where a; € 7SF(R). This
is a particular case of fuzzy valued polynomials, defined in Definition 2.2.1, because
here P, P and P, belong to [],..

Let X = {x1,22,...,2,} be a set of m distinct points of R, and ;. be the value
of a fuzzy function f: R — TSF(R), at the point x;, i =1,2,...m

For every fuzzy valued polynomial P, € ]:[n, let Bpn = (n,0,7) = 0, be a fuzzy
number, such that:

Bp, = max |By(z;) = filr, (2.2.3)

based on Definition 2.2.3.

Definition 2.2.5. The fuzzy valued polynomial ]55 € ﬂn, is an eg-approximation to

fon X = {x1, 20, ..., 2}, if for every P, € ﬂn, we have Bpe <c 515”, ie.

Bp. = min ﬁp (2.2.4)
Paell,

Applying Lemma 2.2.2 and Definition 2.2.3, the relation ( 2.2.3) can be written

as
—Bp e Pu(z) — fi<e Bp, . i=12,...,m. (2.2.5)
Our problem then is to minimize the linear fuzzy function of ag, ay, ..., an, Bﬁn;
Bp

subject to the 2m linear constraints,

ﬁPn+Z] 0 7, ZE.}Z; 9 7::172,...,m7
ﬁPn Z?ox@a]Ze_fi , 1=1,2,...,m.
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Let’s write § = Bﬁn' The problem of finding e4-approximation out of ﬂn on X, is

equivalent to the following fuzzy linear programming problem:

¢

min (3
s.t.
3 : F (2.2.6)
ﬁ—l_z;l:()xgajzcafi , 1=1,2,...,m,
\B_Zg;oxgéjze_fi , 1=1,2,...,m.
Defining
1 1 Tm a:’nll
4= : (2.2.7)
1 -1 -z ... —:L”f
1 -1 -z, ... —a,
2mx (n+2)
and taking

XT = (B,a9,a1,...,an),
CT = (fiiforoi s fn=Frs=For o =) (2.2.8)
v" = (1,0,0,...,0),
our problem changes to the following form:
min  Z=b7X,
(FLP){ s.t. (2.2.9)
AX >, C.

Using the scheme defined in Section 1.5, we find the optimal solution. Define
linear programming problems (AFLP) and (LP) the same as ( 1.5.2) and ( 1.5.3),
with respect to ranking function ey.

Let CT = (¢4, ¢a, ..., Cam) wWhere, ¢; = €4(¢;) , 7 =1,2,...,2m. Solving (LP), we
obtain an optimal solution with basis B. Call the variables and objective coefficients

corresponding to this basis, Y7 and Cp, respectively. Y = B~'b and optimal value of
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(LP)is w* = CLY}. The optimal solution of (AFLP) is Y}, and the optimal value of
(DFLP) is &* = CLY};. Consequently, optimal solution of (FLP) is X*' = CLB!,
and optimal value is §* = 3* = C*nglb.

Since the points are distinct, if m > n, then rank(A) = n+ 2, and B will be a
(n 4+ 2) by (n+ 2) matrix. Therefore all coefficients of fuzzy valued polynomial are

computable, because we have n + 2 unknown coefficients. Thus, we consider m > n.

2.2.3 Existence of e,~-Approximation

Theorem 2.2.4. eg-approzimation of a fuzzy function exists.

Proof. We want to show that es-approximation of a fuzzy function exists and for this
purpose, we show that the problem (FLP), has a solution. Let f:R— TSF(R)
be an arbitrary fuzzy function whose values on the points of X = {x1, xs,...,2,,} are

{f1, fas- -, fm}, respectively. Defining XT = (£, 0,0,...,0), where

bo=> fi=> Fu

fix0 fi=0
we have,
1 fi
I f: N
AXo = o > | * [=¢
1 fin

Therefore, XOT = (BO,O,O, ...,0) is a feasible solution for (FLP). It is clear that

Z+ 0, and for the feasible point X,, we have
S S o
fix0 fi=0
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Thus,

0=xmin 2<. > fi—=> fi

fix0 fi=<0

It follows that, the set of all feasible points, is bounded from below with respect to

e4, and (F'LP) has a solution. O

Theorem 2.2.4 shows the existence of the es-approximation of a fuzzy function on
a set of distinct points, however by an example we show that the e4-approximation of
a fuzzy function, is not unique. Let X = {1,2,3} and the values of a fuzzy function
f on X, are

{(1,1,1),(2,1,1),(3,1,1)},

respectively. An es-approximating fuzzy valued polynomial of degree 2, to fon X,
depending on C% = ((1,1,1),(3,1,1),(=2,1,1),(=3,1,1)), is Py(z) = 22(0,3,3) +
2(1,13,13) 4 (0,12,12) and § = (0,1,1). But, it can be shown that Q.(z) =
72(0,2,2) + x(1,8,8) + (0,7,7) is also an eg-approximation to f on X, depending
on CF = ((3,1,1),(-1,1,1),(=2,1,1),(=3,1,1)), and 3 = (0, 1, 1).

It is easy to show that for all es-approximating fuzzy valued polynomials of degree
at most n, to a fuzzy function f, on a set of m distinct points; the fuzzy quantity 3,

is equal, because of this fact we can say all of them are acceptable.

Definition 2.2.6. A fuzzy valued polynomial P, € ]:[n, with symmetric triangular

coefficients, is a STC polynomial, i.e.

where o; = «;, for j =0,1,...,n.
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Theorem 2.2.5. Let X = {x1,x9,...,2,} and fe ﬂn, be a STC polynomial, then

the ey-approzimation to fon X, is a STC polynomial f’,f, such that, for all x € R,

(B (2) = [£]' ().

Proof. Taking
f(x) = ij(ajvgja Uj),
=0

we have,

n n n
(i, fi) = (w5, O adag, Y ladloy, Y alloy)) o i=1,2,...,m.
=0 =0 j=0

We consider two cases:
Case 1: Suppose 0; =0, j = 0,1,...,n, then f = P, € [],is a crisp polyno-
mial and our problem is a crisp best approximation problem and it is proved that

P¢ = P,, where P¢ is the eg-approximation to P,[6, 24, 28]. On the other hand,

(24, i) = (s, 327y 20a;,0,0)), i = 1,2,...,m; therefore e4(f;) = > o Tiaj, and it

7=0 "1
is a common crisp problem. Let B be an optimal basis (the corresponding basis to

"= (5B ",0,0),

an optimal solution), thus solution of this problem is (CLB~)
where (C’gBil)j = ((C’gB*l)j,0,0) is a crisp number, for j = 0,1,...,n. It follows
that f’fj = f . (In crisp form the e, approximation is the best uniform approxima-
tion. [28])

Case 2: Let o; be a nonnegative number for j = 0,1,...,n. Then (xz,fz) =
(i, (O =0 zla;, 0;,0;)), where 0; = > =0 |2]|o;. Therefore es(f;) = > =0 zla; and
the problem is similar to the first case and (C’gB_l)j = ((CEB™1);, A5, Ay), for j =
0,1,...,n. That is
)T

(CEB™) = ((CEB™)' AN,
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Ant1). It follows that,

J

where, AT = (Ao, A1, ...,

and the proof is completed.

Lemma 2.2.6. The ey-approximating polynomial satisfies both properties 1 and 2 of

Lodwick and Santos properties.

Proof. An egy-approximating polynomial obtained from the first method, is as follows

m) = ij(aj7 O'jaf}/j) = (P(.Z'), T(l’), S($))
§=0
where P(z) = 377 a a7,
S ol x>0,
T(I) _ 7=0"J
ZE ]0 09,17 Zgz]o Yoyt <0,

)
> im0 x>0,
S(z)y =477
Z] 07; Z] 002 g < 0.
T'(xz) and S(x), are nonnegative polynomials, therefore, for all x € R, P(z) — T'(z) <
(x). Tt yields property 1. For all z € R and « € [0, 1]

P(x) and P(x) 4+ S(z) > P(x
observe that, P, [P,]* and [P,] ¢, are polynomials of degree at most n, and

and

(P2 (z) < P(z) < [P]S ().
It yields property 2, for es-approximating polynomial
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2.2.4 Numerical Examples of e ,-approximation

Example 2.2.1. m =6 and n =5,

x -2 -1 0 1 2 3

flz) | (-33,1,2) (-2,2,1) (-1,1,2) (0,1,1) (31,2,1) (242,2,1)

Pi(z) = 2°(1, &, £)+24(0, 2, 2)+2°(0, £, 1) +22(0, 3, 8)+2(0, 2, ¥)+(~1,2,2),

3=(0,1,1).

Example 2.2.2. m =6 and n =1,

x 1 1.1 1.2 3 3.5 4

fx)| (1,2,1) (1.1,1,2) (1.2,0.1,1) (3,1,1) (3.5,0.5,0.5) (4,1.2,0.5)

Py(z) = x(1,0.7333,.8333) + (0,2.375,2.27) , [ =(0,1.9867,0.9917).

Example 2.2.3. m =6 and n = 2,

T -1 -0.9 -0.8 0.8 0.9 1

flx) | (16,1,1) (12.96,1,1) (10.24,1,1) (10.24,1,1) (12.96,1,1) (16,1,1)

Py(z) = 2*(16,2,2) + 2(0,1,1) +(0,2,2) , B=(0,1,1).

979

The e4-approximating function in the last example is compared with linear spline

and Lagrange interpolating functions, on the given points. See Figures 2.1-2.3.
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Figure 2.1 : eg-approximating function
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Figure 2.2 : Linear spline interpolation Figure 2.3 : Lagrange interpolation

The maximum error of eg-approximating function is er, (1) = (0,7.2778,7.7778).
Also, maximum errors of linear spline interpolating function and Lagrange interpo-
lating function, are erg(0) = (10.24,2,2) and ery(0) = (0,41.6285,41.6285), respec-
tively, where, ere,(z), ers(z) and erp(x) are error functions of eg-approximation,

spline interpolation and Lagrange interpolation, respectively.
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2.3 Approximation of Fuzzy Functions by Distance

Method

We introduce D-approximation of a fuzzy function on a finite set of distinct points
X and as we demonstrate in this section, an approach to the problem of finding a D-
approximation of a given fuzzy function f on X, is to express the problem as a fuzzy
linear programming problem. Also, we introduce universal and SAF' approximations

in this section.

2.3.1 Polynomials, Fuzziness and Ambiguity

Let v = (v(r),o(r)),a = (u(r),u(r)) € F(R) in parametric form. Some results of

applying fuzzy arithmetic on fuzzy numbers v and @ are as follows:
o z>0: 20 = (xv(r),zv(r));

e 1< 0: 20 = (20(r), zov(r));

=gl
Il

+

o4t

(u(r) +u(r), o(r) +u(r));

N

o v —u=(u(r) —u(r),v(r) — u(r))
Parametric form of a triangular fuzzy number v = (v, vy, v,) is

0= (v(r—1)+vs,v.(1—71)+0vs).

A fuzzy polynomial of degree at most n is a function P, from R to F(R) such that

P,(z) = > i ¥’a;. Denote by 1:[: the set of all fuzzy polynomials P, (z) = > o va;
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of degree at most n on F(R). A fuzzy polynomial of degree at most n on F(R) can

be put in the following parametric form:

Po(x) = (v,(r),v.(r)) (2.3.1)
where
0, (r) = 3 alaylr) + Y ),
7(r) = 3 alailr) + Y way(r),
for 0 <r <1. .

Definition 2.3.1. For an arbitrary fuzzy number v = (v(r),o(r)), the quantity
1 M 1
D(v) = 5{/ o(r)dr +/ v(r)dr}, (2.3.2)
0 0
defines a defuzzification [15, 29].

It means that o <p @ if and only if D(?) < D(@), and we use v = 0 if and only
if D(9) > 0, in this case, we say 0 is nonnegative. It should be mentioned that >p

compares two fuzzy numbers and > compares a fuzzy number with singleton zero.

Lemma 2.3.1. For a trapezoidal fuzzy number v, Definition 2.5.1 implies that
1
D(0) = 7{v(0) +(0) + (1) + (1)} (2.3.3)

Lemma 2.3.2. Ifo,a,w € F(R), then
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Proof. Let © = (v,0), & = (u,u) and W = (w, W):

1.

2.

D(=9) = D(~(v,7)) = D(=7,—v) = =3{J; [0 (r)ldr} = —D(®).
D(ﬂ+111) =D((v+u,v+7) = 2{f0 Ndr + [ [u(r) + u(r)ldr} =
5o nldr} + 5y [@(r) + u(r)ldr} = D(@) + D(@).

If @« > 0 then D(av) = D((av, av)) = 2{f0 av(r) + av(r)]dr} = aD(v), and if

a < 0 then D(ad) = D((av, aw)) = 2{f0 av(r) + av(r)ldr} = aD(0).

i <pa+w <= D) <Da+uw) = [T v(r)]dr} <
L () +a(r) + w(r) + u(r)dry <= [} [o(r) - w(r >+y< ) —w(r)|dr} <
L ) +u(r)dry <= i-w<pi

-----

e e A
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Definition 2.3.2. If for a fuzzy number a, there exists a monotonically decreasing
left continuous function §(r) on [0, 1] and three real numbers oy, @y > 0 and b where

a = (—a10(r) + b,a20(r) + b), we call (1), a source function.

For all triangular or trapezoidal fuzzy numbers we have, §(r) = (1 — ).
Two fuzzy numbers @ and b have the same type if source functions of both fuzzy

numbers are the same.

Definition 2.3.3. The weak absolute value of a fuzzy number v, is

5, =0,
o] = (2.3.4)
—v, ©v=<0
Lemma 2.3.3. Ifo,u € F(R), then
1. 0 and |0] have the same type,
2. D(Jo]) = |D(0)],
3. v SD ’6|a

5. 00/ >pa(a=0) <= 0<p—i or ¥>pi.

Proof. By Definition 2.3.3 and Lemma 2.3.2, it is clear that, if v = (v,7),0 = (u,u) €
F(R), then:

1. it is trivial.

2. If o = 0, then |0| = o, hence D(|0|) = D(0) and since D(v) > 0, we observe
that |D(0)| = D(9). Now let © < 0, therefore |0| = —0, and D(|0|) = D(—0) =
—D(?). In this case D(v) < 0, thus |D(0)| = —D(9).
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3. D(o]) = |D(0)] 20 = [0[=0; and
D(v) < [D(@)] = D(Jo]) = ©<p 0]

Remark 2.3.2. 1t is important to know that the definition of the absolute value
of a fuzzy number based on extension principle does not satisfy all properties of

Lemma 2.3.3, for example it does not satisfy property 2.

Remark 2.3.3. If 4,0 € F(R) and o € R, then
1. Amb(u + v) = Amb(a) + Amb(v),
2. Amb(a — v) = Amb(u) + Amb(?),
3. Amb(av) = |a| Amb(D).

Definition 2.3.4. We define Ambiguity of a fuzzy function f(z) with respect to a
set of points X = {x1,x9,...,2,} by

Ax(f) = max Amb(f).

1<i<m
By Definition 2.3.4 and Remark 2.3.3, it can be shown that if f(z) = > ra;

be a fuzzy polynomial of degree at most n then

n

Ax(f) = max y |a]|Amb(a;). (2.3.5)
S L
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Definition 2.3.5. We define Fuzziness of a fuzzy polynomial P,(z) = > o a;

with respect to a set of points X = {x1,xs,..., 2} by

FX(P,L) = max Fuzz(ﬁn(:ci)),

1<i<m

where, Fuzz(a) = a(0) — a(0).

Remark 2.3.4. 1f 4,b € F(R) and o € R, then

1. Fuzz(a+b) = Fuzz(a) + Fuzz(b),

2. Fuzz(a —b) = Fuzz(a) + Fuzz(b),

3. Fuzz(aa) = |a|Fuzz(a).

By Definition 2.3.5 and Remark 2.3.4, it can be shown that

Fx(P,) = max Z 2! | Fuzz(a;). (2.3.6)

2.3.2 D-—Approximation of a Fuzzy Function

Let X = {x1,22,...,2,} be a set of m distinct points of R, and the values of a

fuzzy function f: R — F(R) are f1, fa, ..., fm at these points.

Definition 2.3.6. For every polynomial P,(z) € ]:[:, let B(P,) = (B(r), B(r)) be a
nonnegative fuzzy number which has the same type as fi’s and

B(P,) = max |P,(x:) — fil. (2.3.7)

=1,2,....,m

Definition 2.3.7. The polynomial PP(z) € f[: is a D—approximation of f at
X = {21,29,..., 2}, if for every P,(z) € ]:[: we have G(PP) <p B(P,), i.e.
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B(PY) = min_B(P,). (2.3.8)

PneH
It is obvious that PP (z) exists when
max |PP(x;) = fil = min { max |[B(z;) — fil}. (2.3.9)
i=1,2,m Pacll” =12

Let’s write 3 = 3(P,). Hence, one must minimize 3.
By a simple computation, it can be shown that we should solve the following fuzzy

linear programming problem

/ ~
min 3
s.t.
- (2.3.10)
5+Z] 0 Z >Dfi7 i:1727"'7m7
| A=Y wla; >p—fi, i=1,2,....m

Defining A, X, C and b the same as relations ( 2.2.7) and ( 2.2.8), our problem

changes to the following form:
min % = b7 X,
(FLP){ s.t. (2.3.11)
AX >p C.

Using the scheme defined in Section 1.5 we find the optimal solution. Define
linear programming problems (AFLP) and (LP) the same as ( 1.5.2) and ( 1.5.3),
with respect to ranking function D.

Let CT = (¢, ¢9, ..., Com) Where ¢; = D(¢;) , j=1,2,...,2m.

Solving (LP), we obtain an optimal solution with basis B from matrix AZ. Call
the variables and objective coefficients corresponding to this basis, Y and Cp, respec-
tively. Y = B7'b and optimal value of (LP) is w* = CLY}. The optimal solution
of (AFLP) is Y3, and the optimal value of (DFLP) is w* = CLY5. Consequently

optimal solution of (FLP) is X*' = CEB~", and optimal value is 3* = 2* = CLB~'b.

39



2.3.3 Existence of D—Approximation of a Fuzzy Function

Since we want to compute n + 2 variables (a;’s for j = 0,...,n, and B), rank of

matrix A should be n+2. If n < m, then rank(A) = n+2. Thus, we consider n < m.

Theorem 2.3.4. D—approximation of a fuzzy function exists.

Proof. Let f : R — F(R) be an arbitrary fuzzy function whose values on the points
of X = {x1,29,..., 20} are fi, fo, ..., fm. It is clear that X = (53,,0,0,...,0) is a

feasible solution of (F'LP) such that

bo=> fi=> Fu

fix0 fi=0
because
1 fi
S | f 3
AX = [y >D =C
1 Fin

Now, Z = 0 (by definition of B) and the set of all Z for feasible points, is bounded
from below, therefore (F'LP) has a solution and it means that D—approximation of

a fuzzy function exists. [l

However by an example we show that D—approximation of a fuzzy function,

is not unique. Let & = {1,2,3} and the values of a fuzzy function f, on X are
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{(r,—r+2),(r+1,—r+3),(r+2,—r+4)} respectively. Then

Py(z) = 2*(3r — 3, =3r +3) + x(11r — 10, —11r + 12) + (8 — 8, —8r + 8),

is a D—approximation of f on X, and 3 = (r —1,—r +1). But, it can be shown
that Qa(z) = 2%(2r — 2, =2r +2) + 2(8r — 7, =8¢ + 9) + (Tr — 7, —7r + 7) is also
a D—approximation of f on X, and 3 = (r — 1, —r 4+ 1). However, if we can find
all of the optimal solutions of (2.3.11), after solving equations (2.3.13) or (2.3.15),
which will present in next sections, we can choose a polynomial with small fuzziness

or small ambiguity:.

Definition 2.3.8. a is a symmetric L-R fuzzy number(SLR) if there exists a source

function §(r) and two real numbers « and b where @ = (—ad(r) + b, ad(r) + b).

Definition 2.3.9. A fuzzy polynomial lf’(x) = Z?:o 27 a; with symmetric coefficients

is §C polynomial, if all coefficients @;’s are SLR with the same source function (r).

=~ F
Theorem 2.3.5. Let X = {x1,23,..., 2} and f € [[,, be a SC polynomial with
source function §(r), then the D-approzimation to f on X, is a SC polynomial ]5nD

with the same source function §(r), such that, for all v € R,

Proof. Taking

JF(-’E) Z vla; = Z ! (—a;0(r) + aj,, a;0(r) + aj,).

we have



such that

0 (r) = =3 [ella)or) + (3 ala,),

i(r) = O ladlag)s(r) + (O 2lay,),
=0 =0
where 0 < r < 1. Now we prove this theorem in two steps. For the first step, suppose
aj=0,7=0,1,...,n, then f(x) = P,(z) € [L,is a crisp polynomial and it has been
proved that PP (z) = P,(z). On the other hand

(i, [(2:)) = (2, O #lay,, Y alay)), i=1,2,...,m,
j=0 j=0

and D(ﬁ) = Z?:o zja;,, for i = 1,2,...,m, and it is a common crisp problem.

Suppose B as an optimal basis (The basis corresponding to an optimal solution) for
problem, then solution of this problem is (é’gBil)T = ((CEB™HT (CEBHT), where

for y=0,1,...,n+1,

1 1T T T
(CIT;B 1)j = ((ClI;B 1)3‘7(017;3 1)j)7
is a SLR. Therefore, PP (z) = f(x).

For the second step, suppose a; as a nonnegative number for 7 = 0,1,...,n. Then

(a1, F(@) = (@ (=00(0) + 3wl 0:0() + 3 wla)),

which 0; = Y7 |2!|a;. Thus D(f;) = > j—orja;, and the problem is similar to the

first case and for 7 =0,1,...,n+ 1,

(G5B, = (~And(r) + (CEB™)} Apd(r) + (CEB ).
That is,
)T

(CEB™) = (=Mid(r) + (CEB™)T, Azd(r) + (CEB™HT),
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where, AT = Aok, My -+ s Ant1k), k= 1,2. Also, it can be shown that A; = A,.

Thus,

PP(x) = @ld, =Y 4l (=b;o(r) + aj,, b;6(r) + a;,),
=0 =0

Lemma 2.3.6. The D-approximating polynomial satisfies both properties 1 and 2 of

Lodwick and Santos properties.

Proof. From definition of fuzzy polynomial ( 2.3.1), for a € [0, 1] we have

[BY12(2) = vy(0) = ) alaya) + ) a'aj()

23>0 29 <0

and

[PY)3(x) =To(a) = Y d@ia) + ) alay(a)

23>0 23 <0

therefore [PP]* (x) < [PP]%(x), and it yields property 1. Also property 2 is clearly

n

instates. O

2.3.4 Special Cases of D—Approximation

We can observe that:

D—approximation of a fuzzy function is not unique, but all of these ap-
proximations have the same B—distance, like points on circumference of a

circle which are equidistant from center.

Let gX(f) be the set of all D—approximations of f on the set of points X.
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Since we have used standard difference, fuzziness and ambiguity of our approxi-
mation P,(z) are not less than fuzziness and ambiguity of function f(z) respectively.
Thus we define universal and SAF approximations which are two special cases of

D—approximation.

2.3.5 Universal Approximation of a Fuzzy Function

As we said before ambiguity of our approximation P, () is not less than ambiguity
of function f(z), thus we define universal approximation out of G(f) to minimize

difference between ambiguity of P,(z) and ambiguity of f(z).

Definition 2.3.10. A fuzzy polynomial an is universal approzimation of f, if P,? €

Gx(f) and it satisfies the following equation:

max Amb(f; — PY(z;)) = min  max Amb(f; — P,(z;)). (2.3.12)

1<i<m Pu€Gu(f) 1Si=m

If P,(z) is a D— approximation of f on X = {x1,xs,..., %y}, then

max Amb(f; — P,(x;)) = Amb(f;) + max Amb(P,(z;))

1<i<m
= Amb(f;) + Ax(P,).

Thus pns is a universal approximation of f, if it satisfies the following equation:

Ax(PY)= min Ax(P,). (2.3.13)
Pneg)c'(f)

Corollary 2.3.7. The universal approximating polynomial satisfies both properties 1

and 2 of Lodwick and Santos properties.

Proof. Proof is straightforward, because universal approximation is a special case of

D-approximation. O
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2.3.6 Numerical Examples

Example 2.3.1. Let m =3 and n =1,

T 1 2 3
f(x) (r,2—7) (r+1,3—r) (r+24—r)

Gx(f) = {Pi(x), Q1(x), Ry (), Si(x)}, where

W(z) =2(r,2 —7)+ (3r — 3,3 —3r) C B=(—1,—r+1),
Qi(z) =2(2r —1,3—=2r) 4+ (6r —6,6 —6r) , B=(r—1,—r+1),
R =a(ir+ 3124 Gr88 ) | B=(—1r+1)
Sife) =z(zr+5,3-3n)+Gr=5.5-3r) , B=0-1L-r+l),

A)((pl) = 2, AX(Ql) = 4, A/‘y(Rl) = (0.8 and AX(Sl) =1. ACCOI"diIlg to ( 2313),

Ry (z) is universal approximation of f on X.

Example 2.3.2. Let m =6 and n = 2,

z f(@)

1 (15+1,17-1)
-0.9 | (11.96+r,13.96-r)
0.8 | (9.2441,11.241)
0.8 | (9.24+1,11.24-1)
0.9 | (11.96+4r,13.96-1)

1 (15+1,17-1)
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. L. 25 25 5 5
Py(z) = 2°(16 — 5(1 —7),16+ 5(1 7)) +z(r—1,—-r+1) +(_§<1 —7), 5(1 —r)),

B=(r—-1-r+1).

Hence Ps(x) is universal approximation of fonX.

2.3.7 SAF-—Approximation of a Fuzzy Function

Fuzziness of our D—approximating polynomials P, (z) are not less than fuzziness of
function f(z), thus we define SAF-approximation out of Gy (f) to minimize difference

between fuzziness of P,(z) and fuzziness of f(z).

Definition 2.3.11. A fuzzy polynomial f’f is SAF—approximation of f, if PnS €

Gx(f) and it satisfies the following equation:

max Fuzz(f; — P2(x;)) = min  max Fuzz(f; — P,(x;)). (2.3.14)

1<i<m PneGa (f) 1Sism

If P,(x) is a D— approximation of f on X = {z1,29,..., Ty}, then

max Fuzz(f; — Pu(x;)) = Fuzz(f;) + max Fuzz(P,(z;))

1<i<m 1<i<m

= Fuzz(f;) + Fa(Py).

Thus pns is a SAF-approximation of f, if it satisfies the following equation:

Fr(P%)= min Fx(P,). (2.3.15)

Corollary 2.3.8. The SAF-approzimating polynomial satisfies both properties 1 and

2 of Lodwick and Santos properties.

Proof. Proof is straightforward, because SAF-approximation is a special case of D-

approximation. I
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2.3.8 Numerical Examples

Example 2.3.3. Let m =2 and n =1,

fil(r,2=r) (r+1,3-r)

Pi(x) = x(2r — 1,3 — 2r) + (47 — 4,4 — 4r),

B = (r—1,—-r+1).
Gx(f) = {Pi(z)}, Thus

Py (x) is SAF—approximation of f on X.

Example 2.3.4. Let f(x) = 2>(10r — 9, —r+2) —2(r — 1, =5r +5) + (r, —=r + 2) and

T 0 1 2

fi| (r,=r+2) (16r —14,=3r+5) (5lr —46,—7r + 12)

gX(f) = {152(55), QQ(:E),Rz(x)}, where

Py(z) = 2%(43r — 42, —8r 4+ 9) + x(12r — 12, —60r + 60) + (r, —r + 2),

Qs(z) = 22(29r — 28, —20r + 21) + x(37r — 37, —33r + 33) + (r, —1 + 2),

Ry(z) = 22(30r — 29, —21r + 22) + x(38r — 38, —=34r + 34) + (r, —r + 2),

Since Fy(Py) = 276, Fy(Qs) = 266 and Fy(Ry) = 276; Qy(x) is SAF -approzimation
of f on X with 3 = (r—1,—r+1).

47



Example 2.3.5. Let m =4, n=1,

z; 1 2 3 J

fillr,—r+2) (r+1,-2r+4) 2r+1,-r+4) (2r+2,—2r+6)

g;((f) = {ﬁ’l(ac)}, where Pl(x) =z(2r—1, —%T’ + g) + (%7’ — %, —1—237“ + %),
B=(2r—2,-3r+2).

Hence Pi(x) is SAF—approzimation of f on X.

2.4 Conclusion

In this chapter, we proposed a method to find eg-approximation of a fuzzy function
on a finite set of distinct points in 7SF(R). Unfortunately, the e -approximation of
a fuzzy function is not unique but all of the es-approximating polynomials, have the
same [(-distance, like points on circumference of a circle which are equidistant from
its center. Also, it is clear that if all fuzzy numbers are symmetric triangular fuzzy
numbers then the method gives us the same eg-approximating polynomials, however
¢ varies. As it seems, the spreads of an ey-approximating polynomial become large
when x is far from origin, and this is an expected property of fuzzy numbers.

Also, in this chapter we proposed a method to find D—approximation of a fuzzy
function on a set of points in F(R). Unfortunately, the D—approximation of a fuzzy
function is not unique too, and again all of these approximations have the same -
distance, like points on circumference of a circle which are equidistant from center, and
since we use standard difference for fuzzy numbers, fuzziness of our approximations

increases when we are far from origin.
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In this chapter we introduced two approximating fuzzy polynomials as universal
and SAF approximations out of all D—approximations to minimize ambiguity or

amount of fuzziness.

49



Chapter 3

Best Approximation of Fuzzy
Functions

In this chapter, we approximate a triangular valued fuzzy function f on a set of m
distinct real points X by a fuzzy valued polynomial P, of degree at most n defined

in previous chapter by two methods, where the integers m and n, are given.

3.1 Introduction

Let X be a set of m distinct points x1, s, ..., Z,,; of R. In this chapter, we approxi-
mate a given fuzzy function f : R — TSF (R) defined on X.

In Section 3.2 we introduce a metric on 7SF(R). We introduce distance best
approximation of a fuzzy function on the finite set of distinct points X by solving
three linear programming problems. Also, we present some theorems for its existence
and uniqueness. Some examples are given.

In Section 3.3, we introduce the standard best polynomial approximation of a
fuzzy function and a method for computing the standard best approximation of a

fuzzy function by linear programming. But does a standard best approximation of a
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fuzzy function always exist? We will answer this question. Finally, some examples

are given in this section.

3.2 Distance Best Approximation of Fuzzy Func-

tions

In this section, we introduce a metric on 7SF(R). We introduce distance best
approximation of a fuzzy function on a finite set of distinct points X and as we
demonstrate in this section, an approach to the problem of finding the distance best
approximation of a given fuzzy function f on X, is to express the problem as three

linear programming problems.

3.2.1 Distance Best Approximation of a Fuzzy Function

In this chapter, we introduce the distance best approximation of a fuzzy function on

a finite set of distinct points and we present a method to find it.

Definition 3.2.1. For & = (a,0,7) and b = (b,¢’,7'), belonging to TSF(R), we

define a distance by

D(a,b) = la— bl +|o —o'| + |7 —7|. (3.2.1)
Lemma 3.2.1. D is a metric on TSF(R).
Proof. For a,b,¢ € TSF (R), we can prove the following properties easily:

1. D(a,b) >0,
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2. if @ # b, then D(a,b) > 0,

O

We use this new metric to compare two triangular and semitriangular fuzzy num-
bers. We call the distance between an arbitrary fuzzy number a € TSF(R) and
0 = (0,0,0), the norm of &, thus the norm of a fuzzy number @ = (a,0,v) € TSF(R),
is

N(a) = |a| + 0 + 7. (3.2.2)

Let X = {x1,29,..., 2} be a set of m distinct points of R, and fi = (fi,ou,v) €

TSF(R) be the value of a fuzzy function f : R — TSF(R), at the point z;,

i=1,2,...,m.

Definition 3.2.2. A fuzzy valued polynomial Pre ]:[n, is the distance best approx-

imation to f on X = {z1,29, ..., T}, if
“max D(P*(z;), f;) = min { max D(]B(xl),fl)} (3.2.3)
=1,2,...,m 1561;[ i=1,2,....m

Suppose 3 = (n,0,7), is a fuzzy number, where n > 0, and

N(B) = i:ggé?f’mD(P(xi), fi), (3.2.4)
that is
n+o+y= max {IP(z;) = fil + |P(x;) — o3| + | P(z:) — il } - (3.2.5)

Tl
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Taking

N = max;=12..m |P($z) - fz‘7
0 =max;—12..m|P(x;) — 04,

Y = Max;=1.2,..m |ﬁ(371) - %’|>

we have
n Z |P(xz> - fz|a
o 2 ’£($z> O'i‘a
fort=1,2,...,m, and we have three linear programming problems to be solved:
( .
min 7
s.t.
(1) . ; (3.2.6)
77+Zj:0aj$i Zfl ) 2_1727 , M,
. n_Z?:oaaxgz_fz ) 2_1727 , 1,
( .
min o
s.t.
(I11) . (3.2.7)
U+Z?:0ijg > 0 ) 2_1727 , T,
L O-_Z;L:()Q]xz 2 —0; 7/:1727 , M,
¢
min vy
s.t.
(I11) . (3.2.8)
7+Z?:06jx§2% , 1=1,2,...,m,
| 'y—zgzoajxg > =y o, 1=1,2,...,m.

Using (I),(I1) and (I11), we find three crisp best approximations on data (x;, f;)

, (x4,04) and (x;,v;) for i = 1,2, ..

.,m, call them P, P and P, respectively. Thus

the distance best approximation to f out of 1:[” on X, at point =z, is ]5(33) =

(P(x), P(z), P(z)). Also the error of this approximation, is § = (n,0,7). In gen-

eral, we can use the following definition for the distance best approximation to f out

of ﬂn on X', at point x,
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(P(z), max {0, P(x), —P(x)}, max {0, —P(z), P(z)}). (3.2.9)

Solving (I), (II) and (III), we have three independent polynomials P, P and P
of degree at most n. But, applying (3.2.9), right and left spreads of fuzzy valued

polynomial may be piecewise polynomials of degree at most n.

3.2.2 Existence and Uniqueness of Distance Best Approxi-

mation

Theorem 3.2.2. Distance best approxzimation of a fuzzy function exists and is unique.

Proof. Best approximation on data (x;, f;), for ¢ = 1,2,...,m; exists and is unique,
because it is a crisp problem and existence and uniqueness are known [6, 24, 28],
thus (/) has a unique solution. With a similar discussion it can be shown that
(I1) and (I11) have unique solutions on data (z;,0;) and (x;,~;) for i = 1,2,...,m,
respectively. Therefore, distance best approximation of a fuzzy function exists and is

unique. O]

Corollary 3.2.3. Distance best approximation of a crisp function is the usual poly-

nomaial approximation.

Proof. For f(z) = (f(x),0,0), we have P(z) = P(z) = 0, because best approximation
of crisp zero polynomial, is itself, thus P(z) = (P(z),0,0). O
Theorem 3.2.4. Distance best approzimation of a fuzzy valued polynomial P, where

P,P and P € [],,, on the set of distinct points, X = {x1,Ts,...,Tpy1}, is itself.
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Proof. Solving problem (I), we obtain the best approximation to P, since P € [],,
and it is a crisp polynomial, then best approximation to P, is itself. By the same
arguments it can be shown that best approximations to P, P, are themselves. This

argument implies the result. O

Lemma 3.2.5. The best approximating polynomial satisfies only the property 1 of

Lodwick and Santos properties.

Proof. Applying (3.2.9), we instate property 1, for distance best approximation, but
here, there are two piecewise polynomials as the spreads of this fuzzy polynomial, for

all a € [0,1], and it follows that, property 2, does not yield necessarily. O

3.2.3 Numerical Examples of Distance Best Approximation

Example 3.2.1. m =3 and n = 2.

T 0 1 2
flz) | (1,1,1) (1,7,1) (2,1,5)

P(r) = (32® — 3o +1,-62% + 122 + 1,222 — 22 + 1) and § = (0,0,0).

Example 3.2.2. m =5 and n = 2.

x 0 1 2 3 J
flx) | (1.1.1) (2.1,2) (4.2.3) (7.3.1) (9.14)

Pla)= (b + Jo+ 3, ~4et 4 S+ b bt — b + ) and = (33,1,
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Example 3.2.3. m =3 and n = 2.

T 0 2 2
fl@) | (0,1,3) (2,0,5) (5,1,0)

P(z) = (z,2° = S+ 1,—z + 3) and 3 = (0,0,0).

Using the introduced method in this chapter, we obtain P(z) = z, P(z) = 2? —

gx—i- 1, P(x) = —2+ g Hence we must apply (3.2.9) to obtain the best approximating

function P(x). See Figures 3.1-3.2.

Figure 3.1 : P(z), P(z) and P(x) Figure 3.2 : P(z) using (3.2.9).
Example 3.2.4. Let us find the best approximating polynomials of degrees 1-4 and

10, related to the following data [14].

x| 1 2 4 5 6 7T &8 9 10 11 12 18 14 15 16 17 18 19 20

3

fil6 &6 8§ 10 13 19 20 23 25 27 26 25 &5 8 9 10 12 13 20 28
5
8

9 9 S5 & 9 S5 6 T 4 3 5 T 4 6 3 06 7
9 8 7 5 5 7T & 6 6 8 3 & 8 & 9 7T 9

0'123
vi |8 6

21 22 23 24 25 206 27 28 29 30

29 30 35 44 45 43 47 48 50 49
s§ 4 2 5 6 5 38 4 6 5
9 7 8 5 6 4 9 5 4 4
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Graphs of the best approximating polynomials of degree 1 — 4, are shown in
Figure 3.3, and the best approximating polynomial of degree 10, on these data, is

shown in Figure 3.4.

Figure 3.3 : Graphs of fuzzy polynomials of degrees 1,2, 3, 4.

The errors of approximating polynomials of degrees 1 to 4, are §; = (12.8214, 3.5, 3),
By = (11.797,3.2305,3), (3 = (11.1666,2.9982,3) and 3, = (9.1934,2.8918, 2.9558)
respectively, and error of approximating polynomial of degree 10, is
Bro = (6.0562,2.3405, 2.5644).

60
50
40
30
20

10

F— 10 5 20 25 30

Figure 3.4 : Graph of fuzzy polynomial of degree 10.

57



3.3 Standard Best Approximation of a Fuzzy Poly-

nomial

In this section, we introduce the standard best polynomial approximation of a
fuzzy function and we demonstrate in this that an approach to the problem of finding
the standard best approximation of a given fuzzy function f on X, is to express
the problem as three linear programming problems. Also, we show the existence of

standard best approximation of a fuzzy function.

3.3.1 Standard Best Approximation of a Fuzzy Function

Let X = {x,22,...,2,} be a set of m points in R, and the values of a function
f: R — TSF(R) at these points are (z;, i = (fi., fi, fi.)) € TSF(R). That is
(zi, ;) € R x TSF(R) for i = 1,2,...,m are given.

Definition 3.3.1. A polynomial P*(z) of degree at most n is a standard best ap-

proximation of f at X = {&1,Zs,...,&m}, if we have
“max N(P*(z;) — f;) = min { max N(P(z;) — f,)} (3.3.1)
i=1,2,....,m 1561:[” i=1,2,....m

Now suppose that 3 = (8, B1, Br) is a triangular fuzzy number such that 5 > 0,

and

N(B) = max N(P(x;)— f), (3.3.2)

i=1,2,....m

that is

B4+ 6 = max {|P(:) = f,

.....

+ (P(zi) + fi,) + (P(z) + fi)} . (3.3.3)
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Set
f = max;=12,.m |P(9Uz) — fil,
G = max;—19, m{L(z:) + fi.}
By = max;—12, m{ﬁ(l‘z) + fu '}

to express the problem as some linear programming problems. Therefore

B> |P(x:) — fil,
By > P(x;) + fi,,
B> P(x;) + [,

for every © = 1,2,...,m, and we have three problems to solve.
(
min 3
s.t.
(1) < . . ‘ (3.3.4)
B“'Zj:oajxngis , 1=1,2,...,m,
| B=Y el > —fi,  i=12,...,m,

(
min

s.t.
(1) ~ (3.3.5)
ﬁl—E?:ijngfir , 1=1,2,...,m,

\@zZO-

min (3,

s.t.

(I11) | (3.3.6)
Br — Z?:oﬁjxi >fi, , 1=1,2,...,m,

| 6, >0.

Therefore, using (I),(/1) and (/II), we find three crisp approximations on data

(@i, i), (xi, fi,) and (w4, f;,) for ¢ = 1,2,...,m; separately by linear programming
and call them P(z), P(z) and P(z) respectively. Thus, standard best approximation
of f at point z, is P(x) = (P(z), P(x), P(x)). Also, the error of this approximation
on X, is f = (8,01, 5,).
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But, the fuzziness of this function may be negative, for the purpose of nonnegativ-

ity of fuzziness, we can consider the following form as standard best approximation
(P(x), |2(@)], [P(2)]). (3.3.7)

3.3.2 Existence of Standard Best Approximation of a Fuzzy

Function

Theorem 3.3.1. Suppose m > n+1. In solution of problems (II) and (I11) we have
ﬁl = ﬂr =0.

Proof. We will show that in the solution of problem (I7), §; = 0. (The same argument
is confirmed for f3..) For this purpose, we find a feasible point of (/) such that for
this point 3; = 0 and because of the fact 3, > 0, we conclude the desired result.

We find a polynomial P(z) =37, gjxg , such that

Zgjxgg—fir , 1=1,2,...,m. (3.3.8)

We choose n+ 1 points through the whole points {(z;, f;.)|i = 1,...,m} and find the

a;x) on these data. Let

interpolating polynomial P(z) = " 04

h = max (P(x;)+ fi),

if h > 0 then we can change this polynomial to new polynomial P(z) — h. This
new polynomial satisfies ( 3.3.8). Thus, the point X = (0,a,,a,,...,qa,) is a feasible

solution of (/1) where a;’s are coefficients of obtained polynomial. O
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Theorem 3.3.2. Standard best approrimation of a fuzzy function exists.

Proof. Standard best approximation of degree at most n on data (z;, f;,), for i =
1,2,...,m; exists and is unique, because it is a crisp problem and existence and
uniqueness are known [6, 24, 28]. Thus, (/) has a unique solution and according
to Theorem 3.3.1, it is clear that P(x) and P(x) exist. Therefore, standard best

approximation of a fuzzy function exists. O
Lemma 3.3.3. Value of standard best approximation of f at point x; 1s
(P(z;), —P(x;), —P(x)). (3.3.9)

Proof. From Theorem 3.3.1 it is clear that in solution of (3.3.5), P(x;) < —f;, <0,

thus |P(z;)| = —P(x;) and similarly |P(z;)| = —P(x;). O

Lemma 3.3.4. The standard best approximating polynomial satisfies both properties

1 and 2 of Lodwick and Santos properties.

Proof. P,P and P are three independent polynomials and it yields property 2 for

standard best approximation also for « € [0, 1] we have
[Py () = [P — |P[]* () < [P+ [P[]} (2) = [P} (x),

and it proves the property 1. O

3.3.3 Numerical Examples of Standard Best Approximation

Example 3.3.1. m =3 and n = 2.
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T 0 1 2
flz) | (1,1,1) (2,1,1) (5,1,1)

P(x)=2*+1,P(z) = —1,P(z) = -1

P(x)=(2*+1,1,1) , B=1(0,0,0).

Example 3.3.2. m =5 and n = 2.

T 0 0.5 1 1.5 2
f(x) | (1,1,1) (1,2,1) (2.1,2) (3,2,2) (1,1,2)

P(z) = =32 + Pa + 3, P(x) = =2, P(x) = —2

~ 4 10 1 ~ 2
P(LC):(——Q32+—JZ'+—,2,2) ) ﬁ:(§7

0,0).
3 3 3 /0)

3.4 Conclusion

In this chapter, we proposed two methods to find the best approximation of a fuzzy
function, one method gives us the distance best approximation and the other one
gives us the standard best approximation. Also, we showed that distance best ap-
proximation of a fuzzy function on a discrete set of points exists and is unique. Also,
the distance best approximation to a fuzzy valued polynomial of degree at most n
with left and right polynomial spreads, on a set consisting of n + 1 distinct points, is
itself. In this chapter, we showed existence of the standard best approximation of a

fuzzy function on a set of points.
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Chapter 4

The Nearest Approximation of a
LR Fuzzy Number

In some applications of fuzzy logic such as control theory, it may be better to use
the same fuzzy numbers. Obviously, if we use a defuzzification rule which replaces
a fuzzy set by a single number, we generally lose too many important information.
Also, an interval approximation for fuzzy numbers is considered in [16], where a fuzzy
computation problem is converted into interval arithmetic problem. But, in this case,
we lose the fuzzy central concept. Even in some works such as [2, 21, 22|, we solve an
optimization problem to obtain the nearest trapezoidal fuzzy number which is related
to an arbitrary fuzzy number however in these cases it is not guaranteed to have the

same modal value (or interval).

4.1 Introduction

In this chapter, we use value and ambiguity of fuzzy numbers the same as [7, 32]. For
almost all distances we can find two different triangular or trapezoidal fuzzy numbers

u, v which u ~ v but actually u # 0.
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The structure of this chapter is as follows. In Section 4.2, the basic concepts
of our work are introduced. In Section 4.3, we introduce a metric D on 7 F(R),
which is a pseudo-metric on F(R). In Sections 4.4 and 4.5, near and the nearest
trapezoidal fuzzy numbers to an arbitrary generalized left-right fuzzy number are
introduced and simple methods for computing them, are presented. In Section 4.6,
the nearest trapezoidal approximation of a fuzzy number is introduced. In Section 4.7,
any power of a trapezoidal fuzzy number is approximated with a trapezoidal one, and
in Section 4.8, we approximate multiplication of two trapezoidal fuzzy numbers with

a trapezoidal one. Finally, in Section 4.9, some numerical examples are given.

4.2 Basic Concepts

Definition 4.2.1. A fuzzy set u is called a trapezoidal shape fuzzy number, or gen-
eralized left-right fuzzy number (LR fuzzy number) if its membership function satisfy

the following [13]

lﬂ(m) ) l S € S m,
I, m<zr<m,
pa(z) =
ra(z) , m<x<r,
\ 0 , otherwise,

where [3(x) is the left spread membership function that is an increasing continu-

ous function on [I,m] and rz(x) is the right spread membership function that is a
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decreasing continuous function on [/, ] such that

L l=m; 1,
lall) = B ) =
0, [#m; 0,

and lz(m) = ra(m) = 1.

3]
I
=

3|
N
3

Definition 4.2.2. Let s be a regular reducing function. For a nonnegative integer

j > 1, we define j""-source number with respect to s, by
1 .
I; = / r!s(r)dr. (4.2.1)
0
Specially we call I;, the source number with respect to s.

Definition 4.2.3. Let for positive integer m > 0, the m-th derivation of @ and u (i.e.
™ and u(™)) exist. We define m-validity and m-unvalublity of a fuzzy number ,

by the following relations,

4.3 Source Metric

Definition 4.3.1. For 4,7 € F(R), we define source distance of @ and 0 by
1
Dg(u,v) = 5{ \Val(a) — Val(0)| 4+ |[Amb(@) — Amb(0)| + dy([@]', [0]") },

where dy is the Hausdorff metric, and [.]' is the l-cut representation of a fuzzy

number.
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Theorem 4.3.1. For u,0,w € F(R) the source distance, D, satisfies the following
properties:

1. Dy(a, i) =0,

Proof. et @, € F(R),
L. dH([ﬁ’]la [a]1> - O, thuS Ds(’a,'ﬂ,> = O’

2. It is straightforward.

Dy (T, 9) + Dy(,w) = |Val(it) — Val(D)| + |Amb(@) — Amb(9)| + dg([a]*, [0])
+ |Val(d) — Val(w)| + | Amb(3) — Amb(d)| + dg([8])*, [@]")

> |Val(i) — Val(®)] + |Amb(@) — Amb(d)| + dg([@]*, [@]') = Ds(a, o).

Example 4.3.1. Let p13(v) = xqa}(x) and ps(x) = x@y(x), then

1
Dy(a,0) = §(|a—b| +10—0]+ |a—b]) =]a—1|.

Theorem 4.3.2. For u,v,u4',0" € TF(R) and nonnegative real number k, the source

distance D satisfies the following properties:

1. Dy(kii, k0) = kD, (i1, D),
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"+ 7)) < Dy(a,d’) + Dy(0,7").

\S}
-
w
N
+
\.@1
Isq]

u(r) =m, — (1 —r)oy,

u(r) =my + (1 — 1),

and if k¥ > 0 then
ka(r) = km, — k(1 —r)o, = ku(r),

ki(r) = kmy, + k(1 — 1)y, = ku(r),
thus
Val(ka) = kVal(a),
Amb(ku) = kAmb(a),

and also we have, dy (k[a]', k[0]') = kdg([a]!, [0]'), consequently
1. 1f &,5 € TF(R) and k > 0, then Dy(kii, ko) = kD, (@, ).

2. If @,0,@,0 € TF(R) then

=41

Dy(u+ 9,4 4+ 0") < Dy(u,a') + Ds(0,7),

because,

dp([a+0]", [@/+0]") = dy ([ + (o), [@]' +[0]") < du((a]', [@]")+du (0], [0]),

also we have
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and we have,
|[Val(a+v) — Val(@ + )|
= |y EFT0) + 2t 00) — TF () — Z D))

= | fy [@(r) + u(r) = @(r) = (r) +9(r) + v(r) = 7 (r) - U_'(T)]S(T)d(r)‘
<|Val(a) — Val(a')| + |Val(v) — Val(?')] .

We have similar relation for Amb, thus the result is obtained.

Theorem 4.3.3. Let 4,0 € TF(R), then Dy(u,0) = 0 if and only if u = 0.

Proof. 1f & = ¥, from Theorem (4.3.1) we have Dy(u,v) = 0. Let @ = (m,,, My, Ou, Yu)

and 0 = (m,, My, 0y,7,y) are two trapezoidal fuzzy numbers. If Dy(@,0) = 0 then
a) dy([a]',[0]') =0,
b) Val(a) = Val(v),
c) Amb(u) = Amb(D).
From (a), we have max {|m, — m,/|, |m, — m,|} = 0 and hence, m, = m, and m, =

m,. From (b) and (c),

Val(w) + Amb(u —2f0 r—2f0 (r)dr = Val(0) + Amb(0),
Val(i) — Amb(a) = 2]0 r)dr = 2f0 v(r)dr = Val(v) — Amb(v),
and hence,

+ (1 —=20)y, =, + (1 — 2117,
m, — (1 —2L)o, =m, — (1 —2I1)o,,
which implies v, = 7,, 0, = 0, and u = v. O

Corollary 4.3.4. The source distance, D, is a metric on T F(R).
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Proof. By Theorems (4.3.3) and (4.3.1) the proof is clear. O

By an example, we show that the source distance D, is a pseudo-metric on F(R).

Let = (3,6 — 2%,6 — 27) and

2
pi(x) = o L 2srsd
0, otherwise,
thU.S Ds(ﬂ,ﬁ) — O7 but a 7& {)

Thus we can say that:

Lemma 4.3.5. The source distance, D, is a metric on TF(R) and a pseudo-metric

on F(R).

4.4 Near Approximation of a Fuzzy Number

In this section, we introduce a method for approximating fuzzy numbers.

Definition 4.4.1. Let A be a subset of F(R). 7, is a near approximation of an

arbitrary fuzzy number @ € F(R) out of A, if and only if

Dy(v, 1) = min Dy(w, @).
J(5,@) = min D3, )

Let PF, be the set of all fuzzy numbers 0, where v(r) and v(r) are polynomials
of degree at most n.

Let N 4(u) be the set of all near approximations ¥ of a fuzzy number @ out of A C
F(R). Thus for finding N4(u), one should solve the following problems concurrently

I) min

/0 S(r[E(r) + ulr) —B(r) — o(r))dr]
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IT) min

I17)  minmax {|]u(l) —o9(1)],|u(l) —

Léswwmm—uv»—mw+yumﬂ,

These problems are equivalent to the following linear programming problems (see

Appendix):

\

minz =at +a”

s.t.

at —a” 4+ Val(d) = Val(a),

at,a” >0,

)
min 2o = S + G~

s.t.

BT — 57 + Amb(v) = Amb(a),

| 87,8720,
[ min z3 =10
s.t.
(1) 4+ 0 > u(1),
o(1) 46 > (1),
(1) — 0 < (1),
Q(l) —0 S 9(1)7
\ 6>0
(o) () =u(),
b)  v(1) =u(l),
c)  Val(v) =Val(a),
d)  Amb(v) = Amb(a).
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Theorem 4.4.1. v is a near approximation of fuzzy number u, if and only if



Proof. (0,9(1),v(1)) = (0,u(1),u(1)) is optimal solution of (4.4.3). (a™,a™,Val(?)) =
(0,0, Val(w)) and (6,87, Amb(v)) = (0,0, Amb(u)) are optimal solutions of (4.4.1)

and (4.4.2), respectively. O

Let o = (3°5_ga;r7, 3 0 objr?) € PF, is a near approximation of an arbitrary

fuzzy number u, it can be obtained from the following systems:

{ Yo ail; = 5(Val(a) — Amb(a), (4.4.4)
Z?:o a; = H(l)a
and
{XLO%%=§@%WU+AmMm% (4.4.5)
Z}Lo b =u(1).

Lemma 4.4.2. Let I; be the gt -source number, then 0 < ... < I, < I, < Iy = %,
Proof. See Appendix. O

Lemma 4.4.3. The near trapezoidal approximation of an arbitrary fuzzy number u,

is unique, i.e. |Nzrm) ()| = 1.
Proof. Let n = 1, therefore v = (v(1) — v(0))r + v(0) also v = (v(1) — v(0))r + v(0).
By solving (4.4.4) and (4.4.5) we have

_ Val(u) + Amb(u) — 2u(1)1,
N 1—2I

_ Val(a) — Amb(a) — 2u(1)1,

v(0) 1-24

, v(0)

which defines a unique trapezoidal fuzzy number. O

It can be proved that the near approximation of a trapezoidal fuzzy number is
itself, the near approximation of a crisp number a is itself, and the near approximation

of an interval [c, d] is also itself.
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4.5 The Nearest Approximation of a Fuzzy Quan-

tity

In this section, we introduce the nearest approximation of a fuzzy number out of

PFE,.

Definition 4.5.1. v* € PF,, is the nearest approximation of an arbitrary fuzzy

number @ € F(R) if and only if,
1. 9" € Npp,(@). i.e. 0" is a near approximation of .
2. If n > 2 then,

D (0" a) = Jnin Dy (v, a),

where,

Dy (v, 1) = Z_:{!V(ﬁ(m)) = V(@™ +1A@"™) — A@™)[}.

We denote the set of all the nearest approximations of a fuzzy number u, out of

PF,, by Npp (4).

Lemma 4.5.1. Let & € F(R), then a near trapezoidal approximation of U is the

nearest trapezoidal fuzzy number of u, i.e.
TMNS NPFl(R)(ﬂ) — 0" € N;SFl(R)(ﬂ)

Proof. By Definition 4.5.1 and Lemma 4.4.3 proof is clear.
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Now let n > 2. For the purpose of obtaining the nearest approximation, one should

solve the following linear programming problems for m =1,...,n

p

and

(

minw; = o) + a;,
s.t.

g — Oy + V(0) = V(@™),

+ —
\ am7am Z 07

min wsy

s.t.

B — B+ A@@™)
o O 2 0.

= G + B

— A(a(m))’

— 1, concurrently

(4.5.1)

(4.5.2)

Theorem 4.5.2. Let n > 2 and for an arbitrary fuzzy number @; 0 € Npg, (1), then

v 18 the nearest approrimation of u, if and only if form=1,...,

Proof. Straightforward .

n — 1, we have

Therefore, we should solve the two following system of equations:

w(1) -

fols(r)ﬁ(r)dr =
fols(r)ﬁ(m)(r)dr =

and

u(1),
%(Val( )+ Amb(a)),
%(V( ™) 4+ A(a™)), m=1,...
u(1),
L(Val(a) — Amb(q)),
Lv@my—A@m)), m=1,...
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The functions ©(r) and v(r), obtained from solutions of (4.5.3) and (4.5.4), should

be monotonically decreasing and monotonically increasing, respectively.

4.6 The Nearest Trapezoidal Fuzzy Number

We observed that the near approximation of a fuzzy number out of 7F(R) is
also the nearest approximation of that fuzzy number. In this section, we specially

introduce the nearest trapezoidal approximation of a fuzzy number.

Definition 4.6.1. The @* € TF(R), is the nearest trapezoidal fuzzy number to an

arbitrary LR fuzzy number v if and only if

Dy(u*,0) = ﬁerg'l.%—'l%R) Dg(u,v).

Theorem 4.6.1. The u* € TF(R), is the nearest trapezoidal fuzzy number to an

arbitrary LR fuzzy number w if and only if
Dy(u*,w) = 0.

Proof. 1f Dy(a*,w) = 0 then for all & € TF(R) we have Dy(a,w) > Dy(a*,w), i.e. u*
is the nearest trapezoidal fuzzy number to w. Conversely, If D,(a*,w) = [ then we
show that = 0. Suppose 3 > 0. We will show that there is a v € 7F(R) such that
Dy(0,w) < Dg(u*,w). Let for fuzzy number w , the quantities Val(w) and Amb(w)
with respect to source function s, are specified. We want to find a trapezoidal fuzzy
number which has the same value and ambiguity as w, also modal values of both

fuzzy numbers are the same, with these properties we will have Dy(0,w) = 0. Let ©
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be a trapezoidal fuzzy number (m,,m,, 0,,7,). We want to find m,, m,, o, and ~,.

It is clear that

Q(T) =m, — (]' - T)O-'Ua
(r) =my + (1 — 7).
Thus, we should have

01 s(r)[o(r) + v(r)]dr = Val(w),
L s(r)[u(r) — u(r)dr = Amb(w),

and
s(Val(w) + Amb(w fo r)dr =m, fo — Vo fo r)dr,
s(Val(w) — Amb(w fo =m, fo rydr + o, fo )(1 —r)dr,
and hence,
Val(d) + Amb(d) = iy + (1 — 21,7,
Val(w) — Amb(w) = m, — (1 — 2I1)0,.
Thus,
( m, = my,,
e = T (4.6.1)
— mw—(Vai(u”JZ)I—lAmb(w))’
| g = Y@t m,

It remains to show that © = (m,, M, 0y, V) defined by (4.6.1), is well defined, i.e.

0y, > 0. It is clear that
1—2]1_1—2¢/ r)dr =1—1,
where ¢ € (0,1), and
Val(w) + Amb(d) = 2 /0 1 s(r)o(r)dr = 20() /0 1 s(r)dr = v(¢) > m,,
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Val(w) — Amb(w) = 2/0 s(r)u(r)dr = 2v(7) /0 s(r)dr =v(1) < m,,
where 7, ¢ € (0, 1), thus

m,, — (Val(w) — Amb(w)) _ m, —m

>—’U _U>O7

Oy =

1-2L - 1-2L —
V l 0 A v) — _w _v - _v
b = al(w) + Amb(w) —m > My, — M >0,
1-2L 1-20
and it completed the proof. O

Theorem 4.6.2. The nearest trapezoidal fuzzy number related to an arbitrary LR

fuzzy number is unique.

Proof. Let u},u; be two nearest trapezoidal fuzzy numbers to an arbitrary LR fuzzy

number w, i.e. Ds(uj,w) =0 and D,(a;,w) = 0. By Theorem (4.3.1)
thus Dg(af, us) = 0 and from Theorem (4.3.3) it is clear that 4} = @3, O

Corollary 4.6.3. u, is the nearest trapezoidal fuzzy number to an arbitrary LR fuzzy
number v if and only if

dy([a)', [0]') = 0,

Val(a) = Val(v),

Amb(ua) = Amb(v).

Example 4.6.1. Let s(r) =r and

;

logs(z) , 1<x<3,
1 , 3<x <4,
pa(z) =
logg(7T—z) , 4<z<6,
0 , otherwise.
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Therefore v = (3,4, 2.55812,2.55812) is the nearest trapezoidal approximation of @,

see Figure 4.1.

1 2 3 4 5 6 7

Figure 4.1 : v is the nearest trapezoidal fuzzy number to @

The nearest trapezoidal fuzzy number to « in this example using the introduced

method in [2] is (2.80092, 3.80092, 1.96089, 1.96089) , see Figure 4.2.

1 2 3 4 5 6 7

Figure 4.2 : The nearest trapezoidal fuzzy number to @ using method of [2]

We compare four methods (1) used in this chapter - (2) used in [2] - (3) used in

21, 22] and (4) used in [7], by some examples, Table 4.1. In this table,

7



u(r) / u(r)

(1)

(2)

(3)

(4)

m=1 m = 0.96775 m = 1.67725 m = 0.89256
1-03y=Inr | m=2 m=207526 | m=1.67725 | m=2.10743
240.7/—-Inr o = 0.56399 o =0.46723 o = 1.60935 o = 0.37061

v = 1.31598 ~v = 1.09020 v = 1.60935 v = 0.86477

m =3 m = 2.80092 m =3.5 m = 2.97779

3" m =4 m = 4.19908 m=3.5 m = 4.02221
73" o = 2.55812 o = 1.96089 o = 3.0095 o = 2.49146
v = 2.55812 v = 1.96089 ~v = 3.0095 v = 2.49146
m=1 m=1 m=1.5 m=1
1 m =2 m=2 m=1.5 m=1
2 =0 =0 o =0.75 =0
v=0 =0 v=0.75 vy=1
m =2 m =2 m =2 m =2
r+1 m =2 m=2 m=2 m=2
5—3r c=1 c=1 o=25 c=1
v=3 v=3 v=2.5 v=0.5
m=1 m=1 m = 1.75 m = 0.66667
1 m =2 m =2 m=1.75 m = 2.33333
3—r =0 =0 o=1.25 o=1
vy=1 vy=1 v=1.25 v=0
m=pu m=pu—cb m= m=pu—qt
pw—0v—Inr m=p m=pu+cb m=p m=u+q0
pw+ 0y —Inr oc=uat c=(b-c)b c=d# c=pP-q)0
v=at 7=(0-c)0 y=db y=@-qF0

Table 4.1. Numerical results of examples
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As we see, for all fuzzy numbers there is no trapezoidal fuzzy number computed
by method (3), also by this method a fuzzy number can only be approximated with a
symmetric triangular fuzzy number. And as it seems, there is no guarantee to have an
approximating fuzzy number with the same core as original fuzzy number for methods
(2), (3) and (4) even the original fuzzy number is a trapezoidal one. By method (3) a
real interval is approximated by a triangular fuzzy number. However by our method
a crisp real interval is the nearest one to itself and can not be approximated with a
triangular fuzzy number. Moreover to find the approximating fuzzy number one must
check four conditions for method (2) and five conditions for method (4), however by

our method it will be known by explicit relations (4.6.1).

4.7 Powers of a Trapezoidal Fuzzy Number

As an application of the nearest trapezoidal fuzzy number, we can find the nearest
trapezoidal fuzzy number related to any power of a trapezoidal fuzzy number. Let @
be a nonnegative trapezoidal fuzzy number (m, , 7, 0y, 7). 1t is clear that if @ be

the n'" power of 4, then @" is a trapezoidal shaped fuzzy number where

{ @(r) = fm, = (1 =r)o]",

We can easily compute Amb(a") and Val(a"), also the modal value of @ is the
interval [m!, m”].

Now let 9" = (m&”),mgﬁ), o, %(,n)) be the nearest trapezoidal fuzzy number to
u". Therefore,

W=m" m"=m" (4.7.1)
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and

wy _ my — (Val(@") — Amb(a")) (n

() _
P 121, > T

Val(a™) + Amb(a™) — my!
) = U
1 . (4.7.2)

4.8 The Nearest Trapezoidal Fuzzy Number to Mul-

tiplication of Two Trapezoidal Fuzzy Numbers

Let © = (my, My, 0u,Vu), 0 = (m,, My, 0y,7%) be two nonnegative trapezoidal
fuzzy numbers and @ = u ® v, be the multiplication of the two fuzzy numbers @ and
¥ based on extension principle. We know that w is a trapezoidal shape fuzzy number
but not a trapezoidal one. Now using the nearest method we can approximate it by
a trapezoidal fuzzy number § = (m,,m,,0y,7,), where o, = m, — 1, v, = r, — M,

and
(1, = 30u0u + 2ou(m, — 00) + 0u(m, — 0.)] + 3(m, — 0u)(m, — ) — 2m,m

U—0

m, = m,m,,

Y
Ty, = Ty, My,

Ty = %’Yu’}/v - Qh/u(mv + 77)) + /yv(mu + /yu)] + 3(mu + /yu)(mv + /qu) - Qmumw

\

Lemma 4.8.1. The nearest fuzzy number y to w = u ® v, is well defined, i.e.

Yy, 0y = 0.

4.9 Numerical Examples

Example 4.9.1. Let pz(x) = R ,and s(r) =r.
0 , otherwise,
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The nearest linear approximation of @, is 0 = ((6— 37 )r—3+3%, (=642 )r+9—31),

see Figure 4.3.

072 04 06 0738 i
Figure 4.3 : The nearest linear approximation of fuzzy number .
Example 4.9.2. Let u = (3",7—3"), and s(r) =r.
The nearest quadratic approximation of @ is © = (v(r),v(r)), such that
v(r) = 1.03911 + 0.76644r + 1.1944672,

o(r) = 5.96089 — 0.76644r — 1.194467r>.
The functions u and v are shown in Figure 4.4.

6
5\
4

3

2

0.2 0.4 0.6 0.8 1

Figure 4.4 : The nearest quadratic approximation of fuzzy number .
Example 4.9.3. Let it = 2+ In{(e — 1)r +1},4 —In{(e — 1)r + 1}) and s(r) =r.
The nearest cubic approximation of @ will be © = (v(r),v(r)), such that

v(r) = 2.01846 + 1.4866r — 0.64225r% + 0.137187%,
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o(r) = 3.98154 — 1.48667 + 0.64225r% — 0.13718r3,

The functions @ and v are shown in Figure 4.5.

4

0.2 0.4 0.6 0.8 1

Figure 4.5 : The nearest cubic approximation of fuzzy number .
Example 4.9.4. Let s(r) =r and u = (3,4,1,1).

Therefore ¢?) = (9, 16, %, g), see Figure 4.6.

5 10 15 20 25

Figure 4.6 : The nearest trapezoidal fuzzy number to 2
Example 4.9.5. Let s(r) =r and a > 0.

If pa(x) = Xqay(x) then pzon () = X{any (@)
Example 4.9.6. Let t = (2,1,1) and v = (4,2,1).

Hence w = 4 ® 0 and § = (8,7,%), the nearest triangular fuzzy number, are

shown in the Figure 4.7.
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2.5 5 7.5 10 12.5 15

Figure 4.7 : The nearest triangular fuzzy number
Example 4.9.7. Let u = (2,3,1,1) and v = (3,4,1,2).

Hence w = a2 ® v and g = (6, 12, %, 11), the nearest trapezoidal fuzzy number, are

shown in the Figure 4.8.

5 10 15 20

Figure 4.8 : The nearest trapezoidal fuzzy number

4.10 Conclusion

In this chapter we proposed a method to approximate a fuzzy number by a fuzzy
number from different type. We introduced a distance D and near approximation
of an arbitrary fuzzy number. Near approximation of a trapezoidal fuzzy number
is itself and hence our distance D, is a metric on the set of all trapezoidal fuzzy
numbers. In this chapter the nearest approximation of a fuzzy number was introduced

and a method for computing it, was presented. We approximated any powers of a
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trapezoidal fuzzy number with a trapezoidal one, also the multiplication of two fuzzy

numbers was approximated by a trapezoidal one.
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Appendix

Proof of relations ( 4.4.1)-( 4.4.3): Let

o= /0 s(r)[a(r) +u(r) —o(r) — v(r)|dr = Val(a) — Val(v),

and we want to find min |«/.

N {a, a > 0; _ {0, a > 0;
« - s (0% =
0, a<0,

Defining

We have a™,a~ > 0, also

and

Thus we obtain the following linear programming.

4
minz, =at +a”

s.t.
at —a 4+ Val(v) = Val(u),

\ at, a™ > 0.

We obtain relation ( 4.4.2) in a similar way. Now let

0 =max {[u(1) —v(1)], |u(l) = u(1)[}.
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Thus
{ 0 > [u(1) — (1),
0 > |u(l) —v(1)[,

and easily we obtain relation ( 4.4.3).

Proof of Lemma 4.4.2: From properties of regular reducing function we have

Iy = %, and for every j > 0 there exists a ¢ € (0,1) such that

1 1
Iy = / ritls(r)dr = w/ rls(r)dr = ¢I; < ;.
0 0

In [36] Yao and Wu defined a metric on fuzzy numbers. In their definition we can
have two different triangular fuzzy numbers where their distance is zero but they are
not equal. They defined D(u,v) = %fol (u(r) +u(r) —v(r) —o(r))dr and say u ~ v
if D(u,v) =0. Now let

r—2 2<zr<3 %1 1<x<4

pa(r) =4 5 3<w<6 uw(r)=q 5-1 4<w<5

0 otherwise. 0 otherwise,
u=(3,1,3) , 0= (4,3,1)

ulry=2+r , u(r)=6—-3r , v(r)=1+4+3r , v(r)=5-r
D(a,ﬁ):%/o (8 = 2r) — (6 + 2r)]dx = 0.

Therefore 4 ~ © but @ # 0. Now let s(r) = r. In our method we have
Dy(,9) = |Val(a) — Val(v)| + |Amb(a) — Amb(0)| + dy([a)", [0]")

Val(ﬂ)z/o r(8 —2r)dr Amb(ﬁ)z/o r(4—4r)dr , [u]'=3

V“l@):/() r(6+2r) Amb(@):/o S N
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Dy(a,v) =

/0 @ - dr)dr

By our definition @ is not equal to v.

1 4
+|oy+|3—4y:‘§‘+\1\:§.

For single modal fuzzy numbers we have dg(a,v) = |[@]' — [0]'|. Also in [15]
Fortemps and Roubens use enclosed area C'(@ > 0) to define ordering. Their work
also have this unefficiency that we can find two triangular fuzzy numbers that C(a >
0) =C(u <0) =0 but @ # 0 [36]. In almost all ranking methods we can find two
different triangular fuzzy numbers @, v which @ ~ v but actually u # v. In our work

two triangular fuzzy numbers @, v are nearest to each others if and only if
u=0.

We introduced a distance between fuzzy numbers, in general Dy defined in Defini-
tion 4.3.1 is a pseudo-metric for F(R). In TRF(R) (set of triangular fuzzy numbers)
and 7 ZF(R) (set of all trapezoidal fuzzy numbers) even in 7F(R) (set of all trian-

gular and trapezoidal fuzzy numbers), D, is a meteric.
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