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 J���B� #��* �
� �r7�+ %�>�� �* �/�� �* ��

 %2/ �� 9	�� 1��X .-�
�* 5�4$ -
�  �-�* `-� �� #��Z(: �
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 5���
 J����&� �* #��" �,�� �*
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 �� -��� P�/�� 
� �: '-	-�  -��)�
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 #� , %

� ��/, �:

�-�* `-� �� �� -��7�	�� , -���
��� 1���* , <��&� �* ���	" #
-�(B�
� ���
�  �: '-	-� "
 ���� 9	
 1F�	�

�(/ �* "��� ��� J
H �� M����
 �: '�
� "
 ���� 9	
 �d�	
 `�+ -
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 j	 #
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�* 1� 5�2*
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�
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.-�-
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 ��2w D

 j	�m� %�3O
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 '-
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 �� ���	" ���*��� JS��� , -���
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 JS��3� =+ �* �� ��: U,� �4(/ "
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 '-
 ���
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 JS��3� =+ �* �� %�
 '-
 #� �* 13�  �F�+ �!��� �� �� %

� '��

 #
�� 1�  1E	��� ��: U,� =�)�
�C	�

 1Vm/ �"�7 �E��� "
  ��)�N	-E� U,� "
 '��C��
 �*	"�7 1!
�A��
 J�
�/ , '-
 ���
��v 14�4&� ��:  9	


 .��
 '��,� %�� �* JS��3� 6��  

1-4 �NO�	��  

1� ���� 5�4$ "
 1d	 �"�7 @�:�C� ��7�	 -
� %$�� �* 5�4$ �	�� �� �2�� "
 '��C��
 J�,�F �* �/�� �* �� -
�*


]! %�
 �ZL	���  @4$ 9	
  �* @�:�C� , f	��3� ��!,
  �"�7 ��%K
 �:� ��)7�� ?��� '�
" 1C�!1  -
 6,�


�� ��* #��" #�(: , 5�2C� #���(I
 5-$ ]37[ .-
 c��� 
��:���: uv�2 ]24[ * �,� �* '���)X J�3!��� �

�$�(�� , j��N� J��F�	��:�  5�2C� f	�3� �* �"�7%�
��� #� ��/, ?	
�
 , �"�7 <	�C� 5�� ,  9	


<	�C�  
�.-���� 
��:���: =F�C�  #
-�(B�
� �	�� ��: UN�!�� ��-3* ��2 �* 17�3� J���B� �"�7 -�����
D  ��

`�� 1983   ?�������3 �d)!
� ,4 ]28[  
��:���: <�B� ��
 D-
 17�3�  �
�
� <�B� 9	
 1���� , 1(�

 1	�:  �� ��* xO
�� 9	
 �
�/ 9�7�	 5�A�: ��  �"�7 =�)�
�C	� JS��3�-
 1� �:�w D 
]! '-*5 `�X ,6 ]16[  

JNdB� 1���* �* B��� , -���
��� 
��:���: <� "
 �-	-/ 5�2C� ����� 
��:���: ��O ��7�	 @�(3� <�B� 
�

 -��
� �V
�
 "�* ��
 ��* 
��� ���)* <�B� 9	
 -�W �: 	
 �� -
 '-:�B� �"�7 @�:�C� -
� , #��" �,�� �* f	�3� 9

1	�:��E(� , JNdB� �
�
� m�� %�
 9	
 ��  ���
� 1��C���
 , '-*7   1���* �* �� -���* y�m* -�(B�
� ,�

 ��	�2� , -���
��� f	�3� 9	
 JNdB�  5�2C����: ��7�	 @�(3� <	�C��: 
� 
�-��
� �V
�
  f	�3� �* �/�� �* ��

��	]� <�B� �2�� -
 #��* 1*�� �* �"�7 ]15[���/ "
 1d	 f	�3� 9	
 D ���� �� �� %�
 1C	��3� 9	�� <�B�

 �� ���I �* '-
 #��* �"�7 ��	]�#��Z(: '",��
  "
 ����)* ��'��C��
 f	�3� 9	
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 �*��� ��
 1� �� ��
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3Puri   
4Ralescu   
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1� '��C��
 14EO f	�3� #�(:-���� . , �"�7 J��F�	� @�:�C� , f	��3� -
� �* 17�I "
  J��F�	� @�:�C�

�
� ��)�#
-�(B �� %

� #� �* 
�  J�3!���X'���)�,� �* �
 ��)+  �"�7 ��)� .-�
�* ��

� #
-�(B�
�


��:���: ��	]� <�B� 5�2C� �#�(	-!=	,�� �� 1*�� �* 
� ]6[  -���(� c���,  uv�U,� 1���* �* ��:

 ��)� =�)�
�C	� JS��3� =+ �� 14�4&���� <�B� %&��"�7 �-���
��� �]5[ D* �: `�� <�B� 5�2C� 9	
 -3

 #
-�(B�
� ?��� �	]� 
�*� � JS��3� =+=�)�
�C	 �)�� "�7� , %7�	 ����
  ��7�	 @�(3� ��	]� <�B� 5�2C�


��:���:  o��
 �* ��������7�	 @�(3� =F�C� :��:� 
��
� U,� 9�* "
 -
 17�3� JN	-E� "
 '��C��
 14�4&� ��:

�
�/ 9�7�	 �
�* oN�S 14�4&� ��:j��d� "
 1d	 JS��3� 6�� 9	
��� ���)* ��:
 1� -	-/ , �* �� -
�*

 �� 1*��]33-34[   .%�
 '-
 '�
� #�B�  

1-5 �	*&+�  

�
�/ 9�7�	 �� 1	���� "
�O-O� "
 1d	 14�4&� ��: "
 , -��): ,�*,� #� �* #
-�(B�
� '�
�(: �� %): 1	�:

�
�/ 6�� 9	
 9�7�	 17�I! %�
 ��
�
� ��� �:
��� 14�4&� U,� j	 �!��� 9	
 �� 
]  JS��3� =+ �
�*

 �"�7 ��)� =�)�
�C	� 9	
 =+ �� �"�7 �	��7 , �"�7 oN�S JN	-E� "
 #��m(: '��C��
 #� , '-
 ��2�B��

�
�/ 1�+
� �* �� %�
 9	
 �� #� %	m� , %�
 JS��3� 6��P	�> ��:  1� =>�+ ��	]� <�B� 6
��
 %&�

�4� 17�I "
 ��
1� �"�7 J��> �* 1!
�A��
 JN	-E� f	��3� , J�E��&� � #,-* �"�7 �
-$
 ��k7 �� , -
�*

.%�
 '-
 =>�+ U�*   

1-6 ����	 	�/:��    

  �!��� 9	
 ������p�� �� .%�
 '-
 @�r�� =K7  

• =K7  -
�* 1� <��&� J��4� 1���* `,
, .%�
 �	" ��: �L* =��
 

�  �4e)� #��*. 

�  %�(:
 1*�L��
 6�F��. 

�  �ZL	��� 1*�L��
 6�F��. 

�   �4e)� ��,���.<��&� ���� 
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� .�!��� ������ 

•  =K7 5,�=K7 9	
 �� : @�:�C� 1	�	�kO , .��
 1� 1���* , 17�3� �!��� �����*  

� �"�7 J�E��&�. 

� �"�7 ��)� J�E��&�. 

•  =K7 5��:  =K7 9	
 ��#��" =�)�
�C	� �!��3� =+ �*-�"�7 ��)� ��7�	 @�(3� ��	]� <�B� %&� 

1� ���
�����
.  9	
.%�
 �	" @2� �L* ��2W =��
 =K7 

�  .
��:���: ��7�	 @�(3� ��	]� <�B� 6
��
 %&� �"�7 oN�S JN	-E� 

� .
��:���: ��7�	 @�(3� ��	]� <�B� 6
��
 %&� �"�7 �	��7 JN	-E� 

� U,� @�	��A!
. 

� #��"  =�)�
�C	� �!��3� =+-.�"�7 ��)� 

 

•  :5��2W =K7 5��2W =K7 1���* �* ��: `�g� ��-$ ,  ���*���=�)�
�C	� JS��3� "
 ��)�  �"�7

%�
 '-
 '�
� i�K��
. 

•   =K7@���: 1� ���
��� �	" t+�E� �* #� �� , %�
 �L* ,� =��
 =K7 9	
.��
 

� ��������X.  

�  .J
��2�B��  
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2-1 ��
.�  

 �����*�
�* 1���
 , �	�� �� �!��� =K7 9	�� �	�� =K7%�
 �!��� ��: 1� �L* 9	
�* �� -
�*  �* �/��

�!��� 6�F�� #��* '���)X 1� '-($ �L* ,� =��
-
�* �� .#��* �* ̀ ,
 �L* , @�:�C� �7 J�E��&� �" ���
���

1�, ��
 @�:�C�@! D �� �� ��	�kO �:5�� �L* �* 5��2W , 1� '��C��
 #� "
 ��7,1� #��* ��
��
 5,� �L* .

 �* =K7 9	
 "
 @�:�C� #��*�)+#�*  , ��
� i�K��
 �"�7 ��)�  @�:�C� `
�A��
7 �*
�� ��	]���)� �"� D

�* ���� 
��:���: ��7�	 @�(3� ��	]� =�)�
�C	� 6
��
 %&� ��)� �"�7 �
-�� �*
�� ��	]� <�B� ��7�X �
�O 1��

1���
 1� 17�3� ��)� @2� �*
�� ��	�2� ,#�	�
 .��
 =K7 9	
 @�:�C� �� %�
 ��H �C��
 �* '�
u��7� " ��:

]1،33,32،3 D5،6،7 D11،17 D24D28[ %�
 '-
 ��
��.   

2-2   �3�4 W�E��� 

�!��� "
 �L* 9	
 �* �
� i�K��
 �"�7 �����* @�:�C� #��*#�Z(: 1(�:�C� #� �� , %�
 '-
 ' $
1*�)+ `�( 

�,� �"�7 �
-$
D  #� i
�� , ���M��	�2� , ��
 1� 1���* 1A����� D�"�7 �*�� D � <�B� @�:�C� `
�A��
 , ��	]

.��
 1� 1���* 
��:���: ��7�	 @�(3� ��	]� =�)�
�C	� 6
��
 %&� ��	]�  

2-2-1  �3�4 �
$  

"�7 �-$� g4g�J��> �* 11 2 3( )a = a ,a ,a  � '�
� #�B�1 ��
 �� ���I �*1 2 3≤ ≤a a a.   

2-2-2   7�4	&- Y�  �Z�Z� �3�4 ��
$�  

 5�7 �C!�U�* 8 �"�7 �-$a J��> �*  

( )
( )

( )
( )

1 2 1 2 2 1

3 3 2 2 3 2

( ) ( )
       or    

( ) ( )

a r r a r r

a r r a r r

− −

+ +

 = + − = − − 
 

= − − = + −  

a a a a a a

a a a a a a
  

��
 1� '�
� �	�(�.   

                                           
8 cutα −  



10 
 

2-2-3 �3�4 �
$ *� \D,  

@��� 1� z�71 2 3( )a = a ,a ,a ,1 2 3( , , )b b b b= �"�7 �-$ ,� -�
�* 1g4g� ��(� �* �"�7 �(/ .⊕  1� '�
� #�B�

 ��
 J��> �* ,  

1 1 2 2 3 3( )a b b b b⊕ = +a + ,a + ,a  

.��
 1� 17�3�  

2-2-4   �	�E+!�E 1"���  

�� �"�7 �-$ 1g4g�1 2 3( )a = a ,a ,aD1 2 3( , , )b b b b=  ,1 2 3( , , )c c c c= 
� D-	��A* �r� ��  
��:���: =F�C�9   �*

��(� � J��> �* , ��
 1� '�
� #�B�  

                                              a b c a b c= ⇒ = +� 

��
 1� f	�3�%�N$ D  + ����*
� %�
� %(� ^�7 �A���* ,� 9�* ��
-����
 �(/ �"�7 �-$a , b  , %�


 %���3� 9	
 �*'"
-�
 �* 1!����
 ��b ��
� ��/, 
]! =F�C� 
��:���: ��
� ��/,D  =F�C� ��/, |�
 #� �* ��

.-�	�X 
��:���:  

2-2-5   �	�E+!�E � �/4�� W�D�� 1"���  

  �� �"�7 �-$ 1g4g�1 2 3( )a = a ,a ,aD1 2 3( , , )b b b b=  ,1 2 3( , , )c c c c= 
� D-	��A* �r� ��  C� ��7�	 @�(3� =F�


��:���:10  ��(� �*
gH� '�
� #�B� ��
 1�  J��> �* ,  

     ( ). ;

    ( ). ( 1) .

gH or

i a b c

a b c

ii b a c

= ⊕


= ↔ 
 = ⊕ −

�  

#��*  ��
 1� , r−  J��> �* #� U�*  

[ ]1 1 3 3 2 2 1 1 3 3[ ] min{ , }, , max{ , }r

gHa b a b a b a b a b a b= − − − − −�  

                                           
9Hukahara difference 
10Generalized Hukuhara difference 
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  @	�
� , -
�* 1�  

1 1 2 2 3 3

3 3 2 2 1 1

     ( ). ( , , );

    ( ). ( , , ).

gH

i c a b a b a b

a b c

ii c a b a b a

r

b

o

= − − −


= ↔ 
 = − − −

�  

 

2-2-6  :_�+ �	�E+!�E �/4�� W�D�� 1"���  

�"�7 �-$ ,� 1g4g�,a b  
�@	�
�D   '�A��.-�
�* 1� �
�O�* '�
�(: �	" ?	
�
  

• 
��:���: ��7�	 @�(3� =F�C� �X
  '�A�� -
�* ��/�� '�
�(: =F�C� 9	
.%�
 ��d	 

-��� z�7,a b .-��
�O�* �	" ��: '�
mX '�A�� D-�
�* �"�7 �-$,� 

•  �X

gHa b a b=� � �	 ( )gHa b b a= −� �   -
�* ��

� ��/, %�
� %(� J��E$ �X
 '�A�� -
�*

@	�
�0gHa a a a= =� � . 

• ) f	�3� �� �X
5-2-26, (( )i) -
�* �
�O�* D
gHa b� �� '�A�� D(-
�* �
�O�* 6��( )ii D

gHb a� 

Dud$�* , ��
� ��/, 

• ( )  = agHa b b+ �D 

• 0 ( )gH gH gHa b b a=� � �D 

• 
gH gHa b b a c= =� � �X
 �2�� , �X
c c= −، 9��Z(: 0c =  %�
�X
 �2�� , �X
a b=.  

 

2-2-7   `�" a� 	� �.�.? �
$ a��3�4 �
$   

 �"�7 �-$ 1 2 3( )a = a ,a ,a ,1 2 3( , , )b b b b=  , -�
�* 1g4g� �"�7 �-$ ,�λ�-$� 1���+ -
�*D=>�+ ��F

 9�*��(� �*⊙  1� '�
� #�B� J��> �* , ��
  

{ } { }1 1 3 3 2 2 1 1 3 3( ) (min , , , max , )a b a b a b a b a b a b=⊙  
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1 2 3

3 2 1

( , , ), If    0;

( , , ), If   0.

a a a
a

a a a

λ λ λ λ
λ

λ λ λ λ
≥

=  <
  

17�3� .��
 1�   

2-2-8  �3�4 \ ��  

-��� z�7 ,Y X �$�(��1	�: 1���+ �
-�� -�
�* #
�� 1� '�A�� �*��: →f X Y 
� �"�7 �*�� �*

: ( ) ( )→F F X F Y  �3���  �� ���I �* �
�( )v F u= -
�* ,  

1sup{ ( ) :  ,  ( ) },      ( ) ,
( )

                      0                                          .

u t t X f t y when f y
v y

otherwise

− ∈ = ≠ ∅
= 


  

J��> 9	
 ��F '�
" U��)X 
�f -����D �F�+ �!��� �� �*�� �
-�� �"�7 J��> �* �"�7 �*��:f →J E
T

  

 J��>  �*  

                                                ( )1 2 3( ) : ( ), ( ), ( ) .f t f t f t f t=   

1� #��*��
   #� �� ��[ , ]a b= ⊆J D  .%�
                                     

2-2-9  �A/�+��  

 z�7-���:f →J E
T

 .-
�* �"�7 �
-�� 13*�� �*��f ���� ��0t ∈ J �: @���� ������ 
�'�X �: �
"
 �*t ∈J 

��*
�  

( )0 00    0   | | ( ), ( ) .t t D f t f tε δ δ ε∀ > ∃ > − < ⇒ <  

.-
�* �
�O�*  

2-2-10  �+b � �/4�� W�D�� ��c� F/0�  

%
�A�:f →J E
T

 ��0t ∈ J ��7�	 @�(3� �	]� <�B� 
���O �11  �X
 -�	�X0( )f t′ ∈ E
T

 �* ���X
�* �
 -

 �
�O�* �	" %!�+ ��2W "
 1d	 �� -
�*  

                                           
11Strongly generalized differentiable 
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�* (f!
 �: �
"
0h > '"
-�
 �*�	���� DjW�� 17�� �0 0( ) ( )f t f t h� − ,0 0( ) ( )f t h f t�+  -
�* ��/��

-
�* �
�O�* m�� �	" -+ 9��Z(: ,
  

0 0 0 0
0

0 0

( ) ( ) ( ) ( )
lim lim ( ).
h h

f t h f t f t f t h
f t

h h

� �

→ →

+ −
′= =  

�: �
"
 �*  (�0h > �	���� DjW�� 17�� '"
-�
 �*0 0 0 0( ) ( ) , ( ) ( )f t h f t f t f t h� �− +   �	" �,-+ ,

-�
�* ��/��.  

0 0 0 0
0

0 0

( ) ( ) ( ) ( )
lim lim ( ).
h h

f t f t h f t h f t
f t

h h

� �

→ →

+ −
′= =

− −
  

�: �
"
 �*  (G0h > �	���� DjW�� 17�� '"
-�
 �*0 0 0 0( ) ( ) , ( ) ( )f t h f t f t h f t� �+ −  �	" �,-+ ,

.-�
�* ��/��  

0 0 0 0
0

0 0

( ) ( ) ( ) ( )
lim lim ( ).
h h

f t h f t f t h f t
f t

h h

� �

→ →

+ −
′= =

−
  

 �: �
"
 �* (�0h > �	���� , �	" �,-+ DjW�� 17�� '"
-�
 �*0 0 0 0( ) ( ) , ( ) ( )f t f t h f t f t h� �+ − 

-�
�* ��/��.  

0 0 0 0
0

0 0

( ) ( ) ( ) ( )
lim lim ( ).
h h

f t f t h f t f t h
f t

h h

� �

→ →

+ −
′= =

−
  

2-2-11   E+!�E � �/4�� W�D�� F/0��	�  

 %
�A�:f →J E
T

 ��0t ∈ J ��7�	 @�(3� �	]� <�B� 
�
��:���: �12 )gH−)�
�C	�(�	]� =� '�X�: -�	�X

0( )
gH

f t′ ∈ E
T

  f	�3� , �	"  

0 0

0
0

( ) ( )
( ) lim .

gH

gH
h

f t h f t
f t

h→

+
′ =

�  

.-
�* �
�O�*  

                                           
12Generalized hukuhara differentiable 
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2-2-12  ���c� F/0� C+�  

 -��� z�7:f →J E
T

  13*��gH−)�
�C	� .-
�* �	]� =�  

1 :( )f t 13*��[ ]i gH− − �	]� =�)�
�C	����� ��0t %�
 ) �!��3� �X
2-1.-
�* �
�O�* (  

 )1-2    (                                                                 . 1 2 30 0 0 0( ) ( ), ( ), ( ) ,( )
i gH

t t t tf f f f′ ′ ′ ′=  

2 :( )f t 13*��[ ]ii gH− − �	]� =�)�
�C	����� ��0t %�
 ) �!��3� �X
2-2.-
�* �
�O�* (  

 )2-2         (                                                               . 3 2 0 10 0 0( ) ( ), ( ), ( ) ,( )
ii gH

t t t tf f f f′ ′ ′ ′=  

2-2-13  d�+� �e.�  

����
0 [ , ]t a b∈ R	�� ���� j	13 ��	]� =�)�
�C	� �
�* �*�� ( )f t 1A	�)(: �: �
"
 �* �X
 %�
	� "
0t 

 D|���1t  ,2t  1	
�� ���I �* -
�* ��/��1 0 2t t t≤ ≤ ,  

   C+�I .  ���� ��1،t )1-2) , -
�* �
�O�* (2-2� �� , -
�E� �
�O�* (���2،t )2-2 , -
�* �
�O�* (

)2-1.-
�E� �
�O�*  ( 

  C+�II .  ���� ��1،t )2-2) , -
�* �
�O�* (1-2 �� , -
�E� �
�O�* (� ���2،t )1-2 , -
�* �
�O�* (

)2-2.-
�E� �
�O�*  (  

  

2-2-14   `�" 3� F/0� ��<b �.�.? \ �� 	� �3�4 \ ��  

 -��� z�7:f →J E
T

 13*��gH− '"�* �� R	�� ���� #,-* , �	]� =�)�
�C	�J -
�* ,( )q t  �
-�� 13*��

 `,-/ '�A�� -
�* 1���+2-1 @	�
� 
�  

 I*
,2-1� :C+ ���c� 1�2������ �3�4 \ �+� `�"  

  

                                           
13Switching point 
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 Type  of diff of f  Sign 

( )q t  

Sign ( )q t′  
( ) ( ))( )gHq t f t ′⊙  Type of ( ) ( )( )gHq t f t ′⊙  

1 ( )i  0>  0>  ( ) ( ) ( ) ( )gHq t f t q t f t′ ′⊕⊙ ⊙  ( )i  

2 ( )i  0>  0<  ( ) ( ) ( ( )) ( )gHq t f t q t f t′ ′−⊙ ⊙�  ( )i  

3 ( )i  0<  0>  ( ) ( ) ( ( )) ( )gHq t f t q t f t′ ′−⊙ ⊙�  ( )ii  

4 ( )i  0<  0<  ( ) ( ) ( ) ( )gHq t f t q t f t′ ′⊕⊙ ⊙  ( )ii  

5 ( )ii  0>  0>  ( ) ( ) ( ( )) ( )gHq t f t q t f t′ ′−⊙ ⊙�  ( )ii  

6 ( )ii  0>  0<  ( ) ( ) ( ) ( )gHq t f t q t f t′ ′⊕⊙ ⊙  ( )ii  

7 ( )ii  0<  0>  ( ) ( ) ( ) ( )gHq t f t q t f t′ ′⊕⊙ ⊙  ( )i  

8 ( )ii  0<  0<  ( ) ( ) ( ( )) ( )gHq t f t q t f t′ ′−⊙ ⊙�  ( )i  

  

  

:#�:�*  

 %!�+3 1� J�E\
1� J�E\
 �*�B� J��> �* �: %()O �	�� ��
 -��� z�7 .��
( ) 0q t < ,( ) 0q t′ >  

 5�� %!�+ <EI �* 9��Z(: , -
�*( )f t 13*��[ ]i gH− −  -
�* �	]� =�)�
�C	�  

1 2 3 1 2 3

3 2 1 1 2 3

3 2

( ) ( ) ( ( )) ( )

       ( ) ( ), ( ), ( ) ( ( )) ( ), ( ), ( )

       ( ) ( ), ( ) ( ), ( ) ( ) ( 1) ( ) ( ), ( ) ( ), ( ) ( )

       ( ) ( ), ( ) (

( ) ( )

( ) ( )

(

gHq t f t q t f t

q t f t f t f t q t f t f t f t

q t f t q t f t q t f t q t f t q t f t q t f t

q t f t q t f t

′ ′−

′ ′ ′ ′= −

′ ′ ′ ′ ′ ′= −

′ ′=

⊙ ⊙

⊙ ⊙

�

�

�

1 3 2 1

3 3 2 2 1 1

.

), ( ) ( ) ( ) ( ), ( ) ( ), ( ) ( )

       ( ) ( ) ( ) ( ), ( ) ( ) ( ) ( ), ( ) ( ) ( ) ( )

       ( ) ( ) .    

) ( )

( )

( ) ii gH

q t f t q t f t q t f t q t f t

q t f t q t f t q t f t q t f t q t f t q t f t

q t f t

′ ′ ′ ′− − −

′ ′ ′ ′ ′ ′= + + +

′= ⊙ □

�

  

.%�
 =��� J�E\
 
]!□  
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2-2-15  I��A/���Z�Z� \ �+� �3�4  

 -��� z�7:f →J E
T

   D�"�7 �
-�� 13*��1 2 3( ) ( ), ( ), ( )( )f t f t f t f t=  , 0 ( , )t a b∈ '�A��  

1 2 3( ) ( ) , ( ) , ( ) .( )
b b b b

a a a a
f t dt f t dt f t dt f t dt=∫ ∫ ∫ ∫  

16-2- 2 ��<b �3�4 I��A/��  

�X
( )f t   , �"�7 �
-�� 13*��gH− '"�* �� R	�� ���� #,-* , �	]� =�)�
�C	�[ , ]a b∈J  '�A�� -
�*  

( ) ( ) ( ).
b

gH gH
a

f t dt f b f a�′ =∫  

17 -2-2  W�:  -��� z�7:f →J E
T

 �X
 .-
�*( )f t  �"�7 13*���� ���I �* -
�*  6��  =�)�
�C	�

 ��	]��� ������  '"�*[ , ]a b∈J -�d� ���}� '�A��  

1�X
 :( )f t 13*��[ ]i gH− −'�A�� -
�* �	]� =�)�
�C	�  

. ( ) ( ) ( ).
b

i gH
a

f t dt f b f a′ =∫ �  

2�X
 :( )f t 13*��[ ]ii gH− −'�A�� -
�* �	]� =�)�
�C	�  

. ( ) ( 1) ( ) ( 1) ( ).
b

ii gH
a

f t dt f a f b′ = − −∫ �  

  

 : #�:�*@��� 1� z�7 
-�*
( )f t 13*��[ ]i gH− − "
 '��C��
 �* '�A�� -
�* �	]� =�)�
�C	� =F�C� f	�3�

 
��:���: ��7�	 @�(3�)2-2-5 (@	�
�  

.

3 3

2

2 1

1

2 1

3( ) ( ) , ( ) , ( )

                    ( ) ( ), ( ) ( ), ( ) ( )

                    ( 1) ( ) ( 1) ( ).

( )

( )

b b b b

ii gH
a a a a

f t dt t dt t dt t dt

f b f a

f f

f b f a f b f

f

a

f a f b

′ =

= − − −

=

′ ′

−

′

−

∫ ∫ ∫ ∫

�
  

��
 1� =>�+ J�E\
 1���� �* �*�B� J��> �* 5,� %()O J�E\
 �
�* D
]! .%�
 =��� J�E\
 □  
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18-2-2  ��<b  �3�4 ;%, �  ;%, ���9 I��A/��  

 -��� z�7:f →J E
T

 13*��gH− '"�* �� R	�� ���� #,-* , �	]� =�)�
�C	�J -
�* ,( )q t  �
-�� 13*��

'�A�� -
�*  �	]� =�)�
�C	� , 1���+  

1.  �X
( )f t  13*��[( ) ]i gH− −, -
�* �	]� =�)�
�C	� 

1-1 :( ) 0 , ( ) 0q t q t′> > '�A�� -
�*  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .
b b

gH gH
a a

q t f t dt q b f b q a f a q t f t dt⊙ ⊙ ⊙ ⊙� �′ ′=∫ ∫  

2-1 �X
  :( ) 0 , ( ) 0q t q t′> < '�A�� -
�*  

( ) ( ) ( ) ( ) ( ) ( ) ( ( )) ( ) .
b b

gH
a a

q t f t dt q b f b q a f a q t f t dt⊙ ⊙ ⊙ ⊙�′ ′= ⊕ −∫ ∫ 

3-1 �X
  :( ) 0 , ( ) 0q t q t′< > '�A�� -
�*  

( ) ( ) ( ( )) ( ) ( ( )) ( ) ( ( )) ( ) .
b b

gH
a a

q t f t dt q a f a q b f b q t f t dt⊙ ⊙ ⊙ ⊙�′ ′= − − ⊕ −∫ ∫  

4-1 �X
  :( ) 0 , ( ) 0q t q t′< > '�A�� -
�*  

( ) ( ) ( ( )) ( ) ( ( )) ( ) ( ) ( ) .
b b

gH gH
a a

q t f t dt q a f a q b f b q t f t dt⊙ ⊙ ⊙ ⊙� �′ ′= − −∫ ∫  

2.  �X
( )f t  13*��[( ) ]ii gH− −, -
�* �	]� =�)�
�C	� 

1-2 :( ) 0 , ( ) 0q t q t′> > '�A�� -
�*  

( ) ( ) ( ( )) ( ) ( ( )) ( ) ( ( )) ( ) .
b b

gH
a a

q t f t dt q a f a q b f b q t f t dt⊙ ⊙ ⊙ ⊙�′ ′= − − ⊕ −∫ ∫  

2-2 �X
  :( ) 0 , ( ) 0q t q t′> < '�A�� -
�*  

( ) ( ) ( ( )) ( ) ( ( )) ( ) ( ) ( ) .
b b

gH gH
a a

q t f t dt q a f a q b f b q t f t dt⊙ ⊙ ⊙ ⊙� �′ ′= − −∫ ∫ 

3-2 �X
  :( ) 0 , ( ) 0q t q t′< > '�A�� -
�*  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .
b b

gH gH
a a

q t f t dt q b f b q a f a q t f t dt⊙ ⊙ ⊙ ⊙� �′ ′=∫ ∫  

4-2 �X
  :( ) 0 , ( ) 0q t q t′< > '�A�� -
�*  

( ) ( ) ( ) ( ) ( ) ( ) ( ( )) ( ) .
b b

gH
a a

q t f t dt q b f b q a f a q t f t dt⊙ ⊙ ⊙ ⊙�′ ′= ⊕ −∫ ∫ 

:#�:�*   %!�+1-4 .-	� 1� %�� �* 1�+
� �* �*�B� J��> �* �: %!�+ �	�� , ��
 1� J�E\
  J�E\
 �
�*

��kO 9	
  "
 '��C��
 �*@! 2-2-17 5��2W %!�+ ,  `,-/2-1  @	�
�  

 )3-2     (                      .( ) ( ) ( ) ( ) ( ) ( ).( ) ii gH gHq t f t q t f t q t f t⊙ ⊙ ⊙′ ′ ′= ⊕ 

) �!��3� 9�7�I "
 ���X `
�A��
 �*2-3 (  "
 '��C��
 , @!2-2-17  ) �!��3�2-4��
 1� =>�+ (  

)4-2           (( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( ) .( ) ( )
gH

b b

t
a a

u x b g b u x a g a u x t g t dt u x t g t dt′= ∂ ⊕∫ ∫⊙ ⊙ ⊙ ⊙� 

����� ��  

. ( ) ( ) ( ) ( )

( ( )) ( ) ( ( )) ( ) ( ) ( ) ( ) ( ) .

( ) ( )( ) ii g

b b b

gH
a a a

b b

gH gH
a a

H dt q t f t dt q t f t dt

q

q t

a f a q b f b q t f t dt q t f t

f t

dt

⊙ ⊙

⊙

⊙

⊙ ⊙ ⊙� �

′ ′ ′= ⊕

′ ′− =⇒ −

∫ ∫ ∫

∫ ∫
  

 %�� �* �r� ���� ����� 
]!, -	� 1� .%�
 =��� J�E\
 □  

2-2-19 I��A/�� 
�@$ 
�� ���c� 1�2������  

-��� z�7 �"�7 �*��( , )u t x   ,( , )u t x

x

∂
∂

  '"�* �,�[ , ] [ , )a b c× ∞ -��� z�7 9��Z(: .-
�*  �"�7 ������  

 `
�A��
  

)3-2         (                                    ( ) ( , ) ,
c

F x u t x dt
∞

= ∫ 

�,�x ∈ℝ 
�A(: `
�A��
 , -
�*  

( , )

c

u t x
dt

x

∞ ∂
∂∫  

 � '"�* �,�[ , ]a b '�A��-
�* %�
��d	 �
�A(:F '"�* �,�[ , ]a bD  gH− @	�
� , %�
 �	]� =�)�
�C	�  

( , )
( ) .gH

c

u t x
F x dt

x

∞ ∂
′ =

∂∫  
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20-2-2 :X����  

-��� z�7( , )u t x  '"�* ������ �� , -
�* 1g4g� �"�7 �*��D '�A�� -�d� ���}� ��	]� =�)�
�C	�  

1�X
 :( , )u t x 13*��[( ) ]i p− −�	]� =�)�
�C	�%E)�x '"�* �,�  �*D  '�A�� -
�*  

31 2
( , )( , ) ( , )( , )

, , .( )u t xu t x u t xu t x

x x x x

∂∂ ∂∂
=

∂ ∂ ∂ ∂
  

2�X
 :( , )u t x 13*��[( ) ]ii p− −%E)��	]� =�)�
�C	�x '"�* �,�  �*D  '�A�� -
�*  

3 2 1
( , ) ( , ) ( , )( , )

, , .( )u t x u t x u t xu t x

x x x x

∂ ∂ ∂∂
=

∂ ∂ ∂ ∂  
  

  

21-2-2 :�g�/�  

-��� z�7( )f x '"�* ������ �� , -
�* 1g4g� �"�7 �*��D DgH−�
"
 �* , -�d� ���}� ��	]� =�)�
�C	� �: 

0a > @�
�* ��

�( , ) ( )atu t x e f x−=  '�A��  

1�X
 :( , )u t x 13*��[( ) ]i p− −�* %E)��	]� =�)�
�C	�t  '"�* �,�D  '�A�� -
�*  

( , )
( ).atu t x

ae f x
t

−∂
=

∂
�  

2�X
 :( , )u t x 13*��[( ) ]ii p− −�* %E)��	]� =�)�
�C	�t  '"�* �,�D  '�A�� -
�*
 

( , )
( 1) ( ).atu t x

ae f x
t

−∂
= −

∂
  

  

22-2-2 :X����  

-��� z�7( , )u t x '"�* �,�  �"�7 �*��[ , ] [0, )a b × ∞  -��� z�7 9��Z(: .-
�*( , )
c

u t x dt
∞

∫ �
"
 �*  �:

� '"�*[ , ]t a b∈ `
�A��
 @�	�X .-
�* 
�A(:  

( ) ( , )
c

F x u t x dt
∞

= ∫  
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'"�* �,�[ , ]x a b∈  �: �
"
 �* �X
 %�
 %�
��d	 �
�A(:0ε >  -���� ��-$ -
�* ��

� ��/,N ?�7 ��

�*ε   �� ���I �* -
�* ��)*
,  

( ), ( , ) ,( )
d

c
D F x u t x dt <∫ ε  

�� #��" �:d N≥  �: �
"
 �* ,[ , ]x a b∈ �� %���3� #
-* 9	
 , .%�
  

[ , ]

sup ( , ) , 0 0     .( )
d

cx a b

D u t x dt as d
∈

→ →∞∫  

3-2 �3�4 ��2! `�2?  

 ��)� ��)+ �"�714 �O
, �� 13���� �"�7 =�)�
�C	� ��)+ "
 L!� �E��� �* P�&> �E��� 9	
 ��  .%�
 '
�

�����* , @2� @�:�C� �L* B� t&* �� ���`
�A��
 , <�"�* 1���
 , @2� ��� ��)� ���X  D-�� 1� #��*

1�.��
  �* 5"S �/
�� "
 �L* 9	
 ��	�kO , f	��3� �� %�
 ��H ]20,25[ ����� .%�
 '-
  

2-3-1  ���9 \ ��  

@2� "
9	��  ��)� ��)+ 17�3� �� �*
�� ���X �*��15 1� -
�*�* ��  J��>  
  

  

1� 17�3� �X
 D��
Re( ) 0>z`
�A��
 D 1� 
�A(: <4�� ^�7��
. 	��(2� "
 1d	9 1X;	, ��: ���X �*��

( 1) ( )Γ + = Γz z z  %�
�� �� 1���> �� ∈n N  -
�* '�A��( 1) !Γ + =n n .%�
  ���X �*�� f4�L� f	��3�

 c�
 �*  

• :���X �*�� �-+ f	�3�  

!
( ) lim ,   Re( ) 0.

( 1)...( )→∞
Γ = >

+ +

z

n

n n
z z

z z z n
  

• o
��

�	
, f	�3�16 :���X �*��  

                                           
14 Fuzzy fractional calculus   
15 Gamma function 
16Weierstrass 

0
( ) t z tz e t dt

∞ − −Γ = ∫
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1

1

1 !
( ) lim =  (1 ) .

( 1)...( )

− ∞
−

→∞
=

Γ = +
+ + ∏

zz z

n

n
n

n n e z
z e

z z z n z n

γ

  

�� #� �� 0.5772=γ�4	,
 %*�\ D-1�,�d���17 .%�
  

  

• �4	,
 f	�3� :���X �*��  

1

1

1 ! 1 1
( ) lim   (1 ) (1 ) .

( 1)...( )

∞
−

→∞
=

Γ = = + +
+ + ∏

z
z

n
n

n n z
z

z z z n z n n
  

.%�
 

 

 =d
2-1 "
 1B	�(� :���X �*��  

2-3-2    �/  \ ��  

��* �*��18  (2� "
 1d	9	�� ��)� #�*�)+ �� �*
��D 1�5�7 �* �� -
�*  

1
1 1

0
( , ) (1 ) ,    Re( ) 0,  Re( ) 0.− −= − > >∫ z wB z w t t dt z w  

1� 17�3���
.  

                                           
17Euler-mascheroni 
18Beta function 
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2-3-3   �/  * ���9 \ �� h�  �e �	  

f	�3�  ���X �*�� '�X �: 2-3-1  � , f	�3� "
 ��* �*�2-3-2 '-
 =>�+ �*�X �*�� 9�* ��*
� '�A�� D-
 , ��

J��> �* ��*   

 ( ) ( )
( , ) ,

 ( )

z w
B z w

z w

Γ Γ
=
Γ +  

.��
 1� f	�3�  

2-3-4    /�� \ ��i-����  
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Abstract 

Memory retention of derivatives is one of the issues that has always been considered 

by researchers and scholars. On the other hand, this type of property is well seen in 

fuzzy fraction differential equations. Therefore, in the present paper, using fuzzy 

Caputo derivatives and considering the types of generalized Hukuhara 

differentiability, this type of equations is solved using the analytical method. In this 

regard, by considering the types of generalized Hukuhara differentiability and using 

fuzzy integral transformations the explicit of this type of equations has been 

obtained, and in order to show the efficiency and effectiveness of the method 

practical examples have been studied. And finally, by providing generalized 

derivation type forms in fuzzy solutions is easily visible. 
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