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Abstract

In this work we propose first a method for the simulation of uncertain dynamical
systems. Uncertainty is taken into account by replacing crisp functions by fuzzy
functions on the right hand side of differential equations. Crisp initial conditions
are replaced with fuzzy ones. Due to the uncertainty incorporated in the model,
the behavior of dynamical systems modelled in this way will generally not be unique.
Rather, we obtain a large set of trajectories which are more or less compatible with the
description of the system. We propose so-called fuzzy reachable sets for characterizing
the fuzzy set of solutions to a fuzzy initial value problem. The main part of this
study is devoted to the development of numerical methods for the approximation of
reachable set of one dimensional fuzzy differential inclusions. An efficient algorithm

to solve them in MAPLE has been devised, which is easy to implement.

Then using the embedding method, numerical procedure for solving fuzzy integral
equations(FIEs) have been investigated. For this we use parametric form of fuzzy
number and convert a linear fuzzy Fredholm integral equation to two linear systems
of integral equations of the second kind in crisp case. We can use one of the numerical

methods such as Nystrom and find the approximation solution of the system and

vil
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hence obtain an approximate for fuzzy solution of the linear fuzzy Fredholm integral
equations of the second kind. The proposed methods is illustrated by solving some

numerical examples.



Originality

The following sections are proposed in this work:

Section 3.4: In this section we discuss property of a-reachable set in fuzzy differential
inclusions

Section 3.5: We propose an easy algorithm (TRS) for solving fuzzy differential inclu-
sions and represent an example.

Section 4.2: We define and discuss property center and width of fuzzy number in
parametric form.

Section 4.4: We propose a method for convert a linear fuzzy Fredholm integral equa-
tion to two crisp linear system of integral equation of the second kind and apply a
standard numerical method for solving them then combine these for finding solution

of fuzzy integral.
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Introduction

Fuzzy sets were introduced by Zadeh (1965) as a means of representing and mainpu-
lating data that was not precise, but rather fuzzy. Fuzzy logic provides an inference
morphology that enables approximate human reasoning capabilities to be applied to
knowledge based systems. The theory of fuzzy logic provides a mathematical strength
to capture the uncertainties associated with human cognitive processes, such as think-
ing and reasoning. The conventional approaches to knowledge representation lack
the means for representing the meaning of fuzzy concepts. As a consequence, the
approaches based on first order logic and classical probability theory do not provide
an appropriate conceptual framework for dealing with the representation of common-
sense knowledge, since such knowledge is by its nature both lexically imprecise and
noncategorical.

The development of fuzzy logic was motivated in large measure by the need for a con-
ceptual framework which can address the issue of uncertainty and lexical impression.

Since 1965, when Zadeh published his pioneering paper, hundreds of examples have

been supplied where the nature of uncertainty in the behavior of a given system pos-

sesses fuzzy rather than stochastic nature. Non-stationary fuzzy systems described



by fuzzy processes look as their natural extension into the time domain. From differ-
ent viewpoints they were carefully studied. Solution of differential equations provide

a noteworthy example of time-dependent fuzzy sets. The term "fuzzy differential

equation” was coined in 1978 by A. Kandel, W. j. Byatt; They were published much
extended version of this note two years later. Since then, the theory of fuzzy differen-
tial equations seem to have split into two independent branches, where the first one

relies upon the notion of Hukuhara derivative while the other dose not. The concept

of integration of fuzzy functions was first introduced by Dubois and Prade [5] and
investigated by Goetschel and Voxman [38], Kaleva [31], Matloka [26] and others.
Wu and Ma [50] represent the first applications of fuzzy integration. They investi-
gated the fuzzy Fredholm integral equation of the second kind(FFIE-2). Recently,
numerical solution of linear Fredholm fuzzy integral equations of the second kind by

Adomian method was introduced by Babolian et al. [6].



Chapter 1

Fuzzy logic

1.1 Introduction

The characteristic function of a crisp ordinary set assigns a value of either 0 or 1
to each individual in the universal set, thereby discriminating between members and
non members of the crisp set under consideration. This function can be generalized
such that values assigned to the element of the universal set fall within a specified
range and indicate the membership grade of these elements in the set in under con-
sideration. Large values denote higher degrees of membership. Such a function is
called membership function, and the set defined by it a fuzzy set.

The most commonly used range of values of a membership function is the unit interval
[0,1]. In this case, each membership function maps elements of a given universal set
X, which is always a crisp set, into real numbers in [0, 1].

Two distinct notations are most commonly employed in the literature to denote mem-

bership functions. In one of them, the membership function of a fuzzy set A is denoted



by w4, that is,

pa s X —[0,1].

In the other one, the function is denoted by A and has, of course, the same form:
A: X —[0,1].

According to the first notation, the symbol of the fuzzy set A is distinguished from
the symbol of its membership function 4. According to the second notation, this
distinction is not made, but no ambiguity results from this double use of the same

symbol. It is clear that A is completely determined by the set of tuples

A= {(z, pa(z))r € X}.

Frequently we will write simply A(z) instead of p4(z). The family of all fuzzy
(sub)sets in X is denoted by F (X). Fuzzy subsets of the real line are called fuzzy quantities.
If X = {1,279, -+ ,2,} is a finite set and A is a fuzzy set in X then we often use the

notation

A:&+...+&

where the term

signifies that p; is the grade of membership of z; € A and the plus sign represents

union.

Example 1.1.1. Suppose we want to define the set of natural numbers “close to 17.



This can be expressed by

0.0 03 06 1.0 06 03 0.0
A=—+ 5+ +

172 4
Example 1.1.2. Consider three fuzzy sets that represent the concepts a young, middle-

aged, and old person. A reasonable expression of this concept of membership function

Ay, As, andAs is shown in Figure 1.1. These functions are defined on the interval

[0,80] as follows:

1 where x < 20
Ay(r) = (351?) where 20 < x < 35 (1.1)
0 where x > 35
\
4
0 where x <20 or > 60
(xifo) where 20 < x < 35
As(z) = (1.2)
(601?) where 45 < x < 60
1 where 35 < x <45
\
4
0 where x < 45
Az(z) = (xI;E’) where 45 < x < 60 (1.3)
1 where x > 60




Figure 1.1: From left to right membership functions representing the concepts of a

young: Al, middle-aged: A2, and old person: A3

Definition 1.1.1. Let A and B be fuzzy subsets of a classical set X. We say that A

is a subset of B if A(x) < B(z) for all x € X.

Definition 1.1.2. Let A and B be fuzzy subsets of a classical set X. We say that A
is equal to B , denoted A = B, if A C B and B C A. In other word, A = B if and

only if A(z) = B(x) for all z € X.

Definition 1.1.3. (support) Let A be a fuzzy subset of X, the support of A, denoted
supp(A), is the crisp subset of X whose elements all have nonzero membership grades
in A. ie.,

supp(A) = {z € X|A(z) > 0}

Definition 1.1.4. (normal fuzzy set) A fuzzy subset A of classical set X is called

normal if there exists an x € X such that A(z) = 1. Otherwise A is subnormal.



Definition 1.1.5. (a-cut) An a-level set of a fuzzy set A of X is a non-fuzzy set

denoted by [A], and is defined by

Al = {te X|A(z) > a} ifa>0

cl(supp(A)) if a=0

where cl(supp(A)) denotes the closure of the support of A.

As an example , the following is a complete characterization of all a-cut for fuzzy sets
Ay, As, Az given in Example(1.1.2),

(A1l = [0,35 — 15a], [As]a. = [15a + 20,60 — 15a], [As]a = [15a + 45, 80] for all

a € 0,1]

Definition 1.1.6. (convex fuzzy set) A fuzzy set A of X is called convex if [4], is a

convex subset of X for each a € [0, 1].

To avoid confusion, we note that the definition of convexity for fuzzy sets does
not mean that the membership function of a convex fuzzy set is a convex function.
In fact, membership function of convex fuzzy sets are functions that are, according
to standard definitions, concave and not convex. We now state a useful theorem that
provides us with an alternative formulation of convexity of fuzzy sets. For the sake of
simplicity, we restrict the theorem to fuzzy sets on R, which are of primary interest

in this text.
Theorem 1.1.3. A fuzzy set A on R is convex iff
A(Azy + (1 — N)a2) > min[A(xy), A(z2)] (1.4)

for all z1,x9 € R and all X € [0,1], where min denotes the minimum operator.

7



Proof 1.1.1. Assume that A is convex and let « = A(xy) < A(xs). Hence xq,x9 €
[A]o and, moreover, Az + (1 — Ny € [A], for any X € [0,1] by the convexity of A.

Consequently,

AAzy 4+ (1 — Nxg) > o = A(xy) = min[A(xy), A(xs)].

Conversely assume that A satisfies (1.4). We need to prove that for any o € [0, 1],
[A], is convex. Now for any x1,xe € [Ala(ie., A(z1) > «, A(za) > «), and for any

Ae0,1], by (1.4)
A(Azy + (1 — N)xg) > min[A(zq), A(x2)] > min(a, o) = «,

i.e., A1+ (1 — N)ag € [A]o. Therefore, [Al, is convex for any o € (0,1]. Hence, A is

conver.

Among the various type of fuzzy sets, of special significance are fuzzy sets that
are defined on the set R of real numbers. Membership functions of these sets, which
have the form

A:R—[0,1].
clearly have a quantitative meaning and may, under certain conditions, be viewed as

fuzzy number that can be defined as follows.

Definition 1.1.7. A fuzzy number is a map A : R — I = [0, 1] which satisfies:

(i) A is upper semi-continuous, i.e.,

{z|A(z) <t} is open for allt €R.

8



(ii) A(x) = 0 outside some interval [c,d] C R.

(iii) There exist real numbers a, b such that ¢ < a < b < d where
1. A(x) is monotonic increasing on [c, al.

2. A(z) is monotonic decreasing on [b, d].

3. A(x) =1, a<z <b.

Definition 1.1.8. A quasi fuzzy number A is a fuzzy set of the real line with a normal,

fuzzy convex and continuous membership function satisfying the limit conditions

lim A(t) =0, lim A(t) =0.

t——+o0 t——o00

Remark 1.1.1. Let A be a fuzzy number. The [4], is a closed convex (compact)

subset of R for all « € [0, 1].

Definition 1.1.9. A fuzzy number A is called triangular fuzzy number with center a,
left width o > 0 and right width § > 0 if its membership function has the following

form

R ) if a—a<t<a

A) =< 1-L9  4f g<t<a+p

0 otherwise

and we use for it the notation A = (a,a, 3). It can easily be verified that

A, =la—(1—=r)a,a+ (1 —1)F], Vr €[0,1].

The support of A is [a — «,a + [].



Figure 1.2 represents the triangular fuzzy number A = (6, 1, 2)

Figure 1.2: Triangular fuzzy number.

Definition 1.1.10. A fuzzy number A is called trapezoidal fuzzy number with toler-
ance interval [a, b, left width o > 0 and right width § > 0 if its membership function

has the following form

1-EY G p<t<b+p

0 otherwise

and we use for it the notation A = (a, b, «, 3). It can easily be shown that

A, =la— (1 —=7r)a,b+ (1 —7)p],vr € [0,1].

The support of A is [a — a, b+ 3].
Figure 1.3 represents the trapezoidal fuzzy number A = (3,5, 1, 2)

10



Figure 1.3:Trapezoidal fuzzy number.

Definition 1.1.11. Any fuzzy number A € F cab be described as

;

L(=t)  if  tela—a,d
1 if t € la,b

R(5Y) if  telbb+f]

0 otherwise
\

where [a, b] is the core of A,

L:[0,1]—1[0,1], R:[0,1] —[0,1]

are continuous and non-increasing shape functions with L(0) = R(0) =1 and R(1) =

L(1) = 0. We call this fuzzy interval of LR-type and refer to it by

A = ((l, b7 «, 6)LR-

11



The support of A is [a — a, b+ 3].

Definition 1.1.12. Let A be a fuzzy number. If supp(A)= {zo} then A is called a

fuzzy point and we use the notation A = 7,.

Figure 1.4 represent fuzzy point A =5

Figure 1.4: Fuzzy point A =75

Definition 1.1.13. The space E™ is all of fuzzy subsets U of R™ which satisfyes the
following conditions

1. U is normal,

2. U is fuzzy convex,

3. U is upper semi-continuous,

4. [U]o is bounded subset of R™,

when n = 1, elements of E' are Fuzzy numbers.

12



1.2 The extension principle

In order to use fuzzy numbers and relations in any intelligent system we must be
able to perform arithmetic operations with these fuzzy quantities. In particular,
we must be able to add, subtract, multiply and divide with fuzzy quantities. The
process of doing these operations is called fuzzy arithmetic. We shall first introduce
an important concept from fuzzy sets theory which is called the extension principle.
We then use it to provide for this arithmetic operations on fuzzy numbers. In general,
the extension principle pays a fundamental role in enabling us to extend any point
operations to operations involving fuzzy sets. In the following we introduce this

principle.

Definition 1.2.1. Assume X and Y are crisp sets and let f be a mapping from X
toY,

f: X—=Y

such that for each x € X, f(z) =y € Y. Assume A is a fuzzy subset of X, using

the extension principle, we can define f(A) as a fuzzy subset of Y such that

Sup,es-1) A(r)  if [ y) #0
f(A) _ ()

0 otherwise
where f~1(y) = {z € X|f(z) = y}.

It should be noted that if f is strictly increasing (or strictly decreasing ) f(A)(y)

13



can be write as

F4) = { AT W) if v e FX)

0 otherwise

Example 1.2.1. Let f(z) = Hw;(_x) and A be a fuzzy number. Then

10y = In(t%) if0<y<l

0 otherwise

it follows that

Aln% if 0<y<1
flayy - 4 ) !

0 otherwise

The extension principle can be generalized to n-place function.

Definition 1.2.2. Let X, X5,---,X,, and Y be a family of sets. Assume f is a
mapping from the cartesian product X; x Xy x --- x X,, into Y, that is, for each

n-tuple (x1, 29, ,x,) such that z; € X, we have
f<x17x27”' 7xn) :Z/ EY

Let Ay, Ag,--- , A, be fuzzy subsets of Xi, X5, .-, X, respectively; then the exten-
sion principle allows for the evaluation of f(A;, As,- -+, A,,). In particular, f(A;, A, -+, A,) =

B, where B is a fuzzy subset of Y such that

oAy r A = 4 TRt AN € )Y Af S ) # B

0 otherwise

For n = 2 this relation is as follows,

f(A1, Ao)(y) = sup{Ai (1), Ag(w2)| f (21, 22) = y} (1.5)

14



Example 1.2.2. (extended addition) Let f : X x X — X be defined as

f<x17$2) =T + X2,

i.e., [ is the addition operator. Suppose Ay and As are fuzzy subsets of X.

using the extension principle we get

f(A, Ag) = Sup min{A;(z1), Az(22)}
T1+T2=Y

and we use the notation f(Ay, Ag) = Ay + As.

Example 1.2.3. (extended subtraction) Let f: X x X — X be defined as

f(x17$2) =T — T2,

.e., [ 1s the addition operator. Suppose Ay and Ay are fuzzy subsets of X.

using the extension principle we get

f(Al,A2> = Ssup min{Al(xl),Ag(xg)}

1 —T2=Y

and we use the notation f(Ai, Ay) = A; — As.

It is important that if A is a fuzzy number then

(A—A)(y) = sup min{A(x),A(z2)}, y€R

r1—x2=Y

Then

Then

is not equal to the fuzzy number 0, where 0(¢) = 1 if t = 0 and 0(t) = 0 if ¢ # 0. see

figure 1.5

15



Figure 1.5: From left to right the membership function of A — A and A

Example 1.2.4. Let f: X x X — X be defined as

f(I171'2) = )\I'l + )\{EQ, A€ Did

suppose A1 and Ay are fuzzy subsets of X. Then using the extension principle we get

f(A1,Ay) = sup  min{A(x1), As(x2)}
Ar1+Aza=y

and we use the notation f(A1, Ay) = AA; + MAs.

Example 1.2.5. (extended multiplication) Let f : X x X — X be defined as

f($1; 132) = T17%2,

i.e., [ is the multiplication operator. Suppose Ay and As are fuzzy subsets of X. Then

using the extension principle we get

f(Al,AQ) = sup min{Al(xl), AQ(ZL’Q)}

T1T2=Y

and we use the notation f(Ay, As) = AjAs.

16



Example 1.2.6. (extended division) Let f : X x X — X be defined as

s
f(xlaxZ) :SL’_17 x27é0

2

i.e., [ is the division operator. Suppose Ay and As are fuzzy subsets of X. Then

using the extension principle we get

f(A1,Ay) = sup  min{A(x;), As(x2)}

Ty _
g—y,$2?ﬁ0

and we use the notation f(Ay, Ag) = ‘2—;.

Definition 1.2.3. Let X # () and Y # () be crisp sets and let f be function from
F(X) to F(Y). Then f is said to be a fuzzy function (or mapping) and we use the

notation

fF(X)—= F(Y),

it should be noted , however, that a fuzzy function is not necessarily defined by
zadeh’s extension principle. It can be any function which maps a fuzzy set A € F (X)

into a fuzzy set B := f(A) € F(Y).

Definition 1.2.4. Let X # () and Y # () be crisp sets . A fuzzy mapping f : F (X) —
F (Y) is said to be monotonic increasing if from A, A’ € F (X) and A C A’ it follows

that f(A) C f(A").

Theorem 1.2.7. Let X # 0 and Y # () be crisp sets. Then every fuzzy mapping

f:F(X)— F(Y) defined by the extension principle is monotonic increasing.

17



Proof 1.2.1. Let A, A" € F(X) such that A C A’. Then using the definition of

sup-min extension principle we get

f(A)(y) = sup A(z) < sup A'(z) = f(4)(y)

z€f~1(y) zef(y)

forallyeY.

Let A and B be fuzzy numbers with [A], = [a(a),d@(a)] and [B], = [b(a), b(a)].

Then it can easily be shown that

[A = Bla = [a(a) = b(a),a(a) — b(a)]
[A], = [Ma(a), Na(a)], A >0
A], = [Na(a), Aa(a)], A <0

for all @ € [0,1], i.e. any set of the extended sum of two fuzzy numbers is equal
to the sum of their a — level sets. Now we show that this property is valid for any

continuous function

Theorem 1.2.8. [12/Let f : X — X be a continuous function and let A be fuzzy

numbers then

where f(A) is defined by the extension principle and

(flA]a) = {f ()] € [Ala}.

18



Theorem 1.2.9. [12] Due to (1.5) it is well known that when f is continuous then

[/ (A, B)la = f([Ala, [Bla)

forall A, Be E", 0<a<l1

Remark 1.2.1. If [A], = [a,a] and f is monotonic increasing then from the above

theorem we get

Example 1.2.10. Let f(z,y) = zy and let [A]q = [@1a, a24] and [Blo = [bia, b2a) be

two fuzzy numbers. Applying above theorem we get

[AB], = [Ala[Bla = [a1ab1a; 2424,

hold if and only if A and B are both nonnegative, i.e. A(x) = B(x) =0 for x <0.
In general form we obtain a very complicated expression for the « level sets of the
product AB

[AB|o = [Ma, M),

where

meag = min{alablaa alab2aa a2ablom a2abZa}7
Moz - max{alablaa alab2aa a2abla7 a2ab2a}7

for a € I =10,1].

19



Chapter 2

Fuzzy analysis

2.1 Introduction

Real analysis and calculus of functions of a real variable form a highly development
and very important theory for mathematics, and applied science. This theory involves
concepts of convergence, limits, continuity, differentiation and integration. These
techniques are applied to a vast number of areas: approximation, differential equa-
tions, etc. Central to implicit in these ideas are topological notions like open and
closed sets, completeness, compactness and so on. When formulating a calculus of
fuzzy-valued functions and a topology of fuzzy numbers, it is natural first to develop
metrics on spaces of fuzzy sets and fuzzy numbers. Then definition of limit and con-
vergence will allow the development of limit operations such as differentiation and

integration, and formulation of a calculus and its applications

20



2.2 Compact convex subsets in R”

Attention will be focused on the following two spaces of nonempty subsets of R™:
1) k" consisting of all nonempty compact ( closed and bounded) subset of R",
2) k! considering of all nonempty compact convex subsets of R™.

Note the strict inclusion k¢ C k™.

Proposition 2.2.1. " and K]} are closed under the operations addition and scalar
multiplication.
In fact, these two operations induce a linear structure on K™ and k]! with zero element

{0}. The structure is that of a cone rather than a vector space because, in general,

A+ (-1)A # {0}.
Example 2.2.2. Let A =10,1] so that (—1)A = [—1,0], and so
A+ (=1)A=[0,1] + [-1,0] = [-1,1].

Thus, adding —1 times a set does not constitute a natural operation of subtraction.
Instead, define the Hukuhara difference A —j, B of nonempty sets A and B, provided

it exists, as the nonempty set C satisfying A = B + C.
From the preceding example,

[_17 1] “h [_170] = [07 1]7

21



[—1,1] =, [0,1] = [-1,0].

Clearly, A —;, A = {0} for all nonempty sets A. An obvious necessary condition for
the Hukuhara difference A —;, B to exist is that some translate of B is a subset of
A, B+ {c} C A for some ¢ € R". When it exists, A —; B is unique. However, the

Hukuhara difference need not exist, as it is seen from the following example.

Example 2.2.3. {0} —1, [0, 1] does not exist, since translate of [0, 1] can never belong

to the singeltone set {0}.

2.3 The Hausdorff Metric

Let x be a point in R" and A be a nonempty subset of R". Define the distance d(z, A)
from z to A by

dx,A)=inf{||z —a ||: a € A},
also define the Hausdorff seperation between A, B of R" by
dy; (B, A) = sup{d(b, A) : b € B}.
Therefore define the Hausdorff distance between nonempty subsets A and B of R" by
dy (A, B) = max{d};(A, B),d} (B, A)}.
This is now symmetric in A and B. Consequently,
(a) dy(A, B) >0 with dy(A, B) =0 if and only if A= B
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(b) du(A, B) = du(B, A)
(C) dH(A’ B) < dH(A7C) +dH(C> B),

for any nonempty subsets A, B and C' of R". Restricting attention to the subspace

k™ and k] the above Hausdorff distance is a metric, the Hausdorff metric.

Definition 2.3.1. (continuity) Consider mapping F' from a domain 7 in R into the
metric space(kg,dy). The usual definition of continuity of mapping between metric
spaces is applied here. A set valued mapping F : R¥ — £%, is continuous at to in T if

for every € > 0 there exists a § = d(g,ty) > 0 such that
dy(F(t), F(ty)) <e (2.1)

forallt € T with || t—t¢ ||< . Equivalently, this can be stated in terms of convergence

of sequences, that is as

lim dg(F(tn), Fto)) = 0

tn—to
for all sequences {t,} in T with t,, — t,.
Using the Hausdorff separation d}, and neighborhoods, we observe that (2.1) is

equivalent to both
dy(F(t), F(to)) <e and  dy(F(to), F(t)) <e

In the first case, F' is said to be upper — semicontinuous and in second case F' is said
to be lower — semicontinuous at ty. Clearly F' is continuous at ¢, if and only if it
is both upper-semicontinuous and lower-semicontinuous at to. A set valued mapping

can be lower-semicontinuous without being upper-semicontinuous, and vice versa.
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Example 2.3.1. The set valued mapping F' from R into [0, 1] defined by

{0} for t=10
F(t) =
[0, 1] for teR—{0}

s lower-semicontinuous,but not upper-semicontinuous, at to = 0. On the other

hand,F from R defined by

[0, 1] for t=0
F(t) =
{0} for teR—{0}

18 upper-semicontinuous, but not lower-semicontinuous, at to = 0.

Let B(RF) and B(k}) denote the o-algebras of Borel subsets of (R*) and (k2 dgr)
respectively. Adopting the usual definition of Borel measurability of a mapping be-
tween metric spaces, if T is a subset of R, a mapping F' : T' — k¢ is measurable
if

{teT:F(t)ep}ecBR"Y for all B € B(kk).

Let T C R there is a definition of differentiation of F' which involves Hukuhara
difference quotients of F'.

Suppose for all At > 0 sufficiently small the Hukuhara differences
F(to+ At) —p, F(to), F(to) —n F(to — At) (2.2)

exist with tqg + At, tc — At € T. Then F is said to be Hukuhara differentiable at

to € T if there exists an F'(ty) € k¢, called the Hukuhara derivative of F' at ¢y, such
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that

lim dg((F(to + At) —1, F(tg))/At, F'(t)) = 0,

At—0+

lim dy((F(to) —n F(to — At))/At, F'(t9)) = 0.

At—0+
Since a Hukuhara difference A —;, B only exists if a translate of B is contained A, it

follows from (2.2) that:

Proposition 2.3.2. If F': T — k¢ with T C R is Hukuhara differentiable at to € T,

then diam(F(t)) is nondecreasing at t.

Let F:[0,1] — s and let S(F') denotes the set of integrable selectors of F' over

[0,1]. Then the Aumann integral of F over [0, 1] is defined as

/OF(t)dt:{/O FO)dt: e S(F)).

If S(F') # ¢, then the Aumman integral exists and F' is said to be Aumman integrable.
Say that F' is integrably bounded on [0, 1] if there exists an integrable function ¢ :

0,1] — R! such that
| F(t) |[<g(t)  for almost all t € 0,1].

If such an F' has measurable selectors, then they are also integrable and S(F') is

nonempty.

Theorem 2.3.3. [32] If F': [0,1] — k. is measurable and integrably bounded then it

is Aumann integrable over each [a, s| C [0,1] with [* F(t)dt € k% for all s € [a, 1].
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Theorem 2.3.4. [32] If F,G : [0,1] — k% are Aumann integrable with fol F(t)dt =
fol G(t)dt, then F(t) = G(t) for almost all t € |0, 1].
Theorem 2.3.5. [32] Suppose F;, F : [0,1] — kg,i = 1,2,--- be measureable and

uniformly integrably bounded. If F;(t) — F(t) for allt € [0,1] as i — oo then

1

lim A; = lim [ Fj(t)dt = A= /1 F(t)dt
e = Jo 0
Theorem 2.3.6. [32] If G, F : [0,1] — k. are integrable, then so also is
di(F(1),G(t)) : [0,1] = R
and

1
0

dn( /0 R, /O Gy < / du(F(2), G(8))dt.

2.4 Metric on E"

The most commonly used metrics on E™ involve the Hausdorff distance between the
level sets of the fuzzy sets. They are metric spaces applied to function ¢ : I = [0,1] —
R* defined by ¢(a) = dy([Ula, [V]a) for a € I, where U,V € E™. The supremum

metric d,, on E" is defined by

doo (U, V) = sup{dy([Ula, [V]a) : @ € T}

for all U,V € E™ and is obviously a metric on E™. Here the supremum need not be

attained and cannot be replaced by the maximum.
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Example 2.4.1. Let U,V € E* be defined on level sets by

[ma:Wh:mJ]ﬁr0§a<;

U] = {0}, [ula = [0,2(1 — a)] for %<a§L

therefore

0 for Ogagé,
¢la) =

20—a) for $<a<l

Then sup{¢(a) : a € I} = 1, but this is not attained.
Theorem 2.4.2. [32] (E",dy) is a complete metric space.

Here, mapping F' from a domain 7" in R" into the space E™ of fuzzy sets on R" is

considered.

Definition 2.4.1. (continuity) A fuzzy set valued mapping F' : T — E™ is said to

be continuous at ¢ty € 71" if for every € > 0 there exists a 6 = 0(to, ) > 0 such that
deo(F'(t), F(to)) <€
for all t € T with || t —to ||< 6.

Remark 2.4.1. Upper and lower semi-continuity of a fuzzy set valued mapping F' :
T — E" is defined level setwise uniformly in a € I. Say that is upper semi-continuous

at tg € T if for every € > 0 there exists a d(tg, ) > 0 such that

Ay ([F(1)]a, [F(to)]a) <€
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for o € I and t € T with || t — ¢y ||< J, and lower-semicontinuous at t if for every

e > 0 there exists a §(tg,e) > 0 such that

Ay ([F(to)la; [F(t)]a) <€

foraelandteT with ||t —ty]<d

2.5 Differentiation

One of the useful definitions of differentiation of a fuzzy set valued mapping of a

single real variable is based on Hukuhara difference quotients be defined as follows

Definition 2.5.1. A mapping F' : T'— E" is Hukuhara differentiaable at to € T'C R

if for some hg > 0 the Hukuhara differences

F(to+ At) = F(to), F(to) —n F(to — At) (2.3)

exist in E" for all 0 < At < hg and if there exists an F'(tg) € E™ such that

lim do((F(to + At) —p F(to))/At, F' (o)) = 0,

At—0T

and

The fuzzy set F'(ty) is called Hukuhara derivative of F' at .
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Note that U —, V. = W € E" is defined on level sets, that is as [U —;, V], =
[Ula =1 [V]a = [W]a for all a € I. In view of the definition of the metric d., all the
level set mapping [F'(.)], are Hukuhara differentiable at ¢y with Hukuhara derivatives
[F'(tg)]o for each o € I when F' : T — E™ is Hukuhara differentiable at t, with
Hukuhara derivative F'(to).

Essentially, the Hukuhara difference in (2.3) may not exist. From Proposition (2.2.1),

it follows:

Theorem 2.5.1. [32] If F: T — E™ are Hukuhara differentiable at ty € T C R, then

diam([F(t)]a) is nondecreasing in t at toy for each o € I.

Theorem 2.5.2. [32] If ' : T — E" is Hukuhara differentiable at to € T C R, then

(1) its derivative F'(ty) is unique

(ii) it is continuous at to.

Theorem 2.5.3. [32] If F,G : T — E" is Hukuhara differentiable at to € T C R,

then F'+ G and cF, for all ¢ € R, are Hukuhara differentiable at ty and

(F+ G)(to) = F'(to) + G'(to), (cF)'(to) = cF'(to).

Theorem 2.5.4. If F' : T — E" are Hukuhara differentiable at to € T C R with
derivative F'(ty) : T — E™ continuous at each ty € T. Then for all to,t; € T with
to < 11

doo(F(11), F(to)) < [t — to] max | F'(t) | .

to<t<ty
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Remark 2.5.1. If F : T — E' is Hukuhara differentiable at t, € T'C R and [F(t)], =

[fa(t), ga(t)] for each a € I and Hukuhara derivative F'(ty) has level sets

[F'(t0)]a = [fa(t0), ga(to)] (2.4)

for each o € I. The converse need not apply, that is the differentiation of the end
point mapping f,, g, need not apply the Hukuhara differentiability of F' since the

intervals in (2.4) need not be the level sets of a fuzzy set in E.

2.6 Integration

Integration of a fuzzy set valued mapping of a single real variable is defined level
setwise in term of the Aumann integrals of its level set mappings. Without loss of
generality, restrict attention to mappings defined on the unit interval [0, 1], that is,
F:[0,1] - E™ A mapping F : [0,1] — E" is said to be integrably bounded if there

exists an integrable function A : [0, 1] — R such that
| F(t) |I< h(t) forall tel0,1].

Since || F(t) ||=|| [F(®)]o [|=]| [F(t)]a || for all a € I, each level set valued mapping
[F(.)]a @ [0,1] — k¢ is integrably bounded as defined in theorem (2.3.3). By theorem
(2.8.1) each level set mapping [F'(.)]s : [0, 1] :— ¢ is Aumann integrable on [0, 1]. If
there exists a fuzzy set U € E™ such that [U], = fol [F(t)]adt for alla € I, say that

F is integrable over [0, 1] and call U, which is denoted by fol F(t)dt, its integral over
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[0,1]. Thus, for each «

[[fF@Mﬁf:AwF@hﬁ.

Theorem 2.6.1. [32/If F,G : [0,1] — E™ are integrable, then F'+ G and AF' for any

A € R are integrable with

!Kw@+mmﬁ:4}mm+£0mﬁ

AKF@&:AAmet

Theorem 2.6.2. [32] If F' : [0,1] — E™ is integrable with level sets [F(t)], =

[fa(t), ga(t)], then fo,ga : [0,1] — R are integrable and

[ Fwt = [EOha=1[ fod, [ oo 2.5

for a € I. Conversely, if fu,ga : [0,1] — R are integrable for each o € I, then F is

integrable and (2.5) holds

Theorem (2.3.2) has a counterpart for fuzzy set valued mappings as follow

Theorem 2.6.3. [32] Let F;, F : [0,1] — E™ i = 1,2,...be strongly measurable and
uniformly integrably bounded. If F; — F(t) in the dy, metric as i — oo for all
t € [0,1], then

1

1
lim U; = lim [ F(t)dt=U = / F(t)dt.
0

1—00 1—00 0
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Chapter 3

Fuzzy differential equation

3.1 Introduction

Evolutionary mechanisms of many important dynamical processes are often modeled
by differential equation, which need to be solved for specific initial conditions. For
the most basic situation involving order autonomous ordinary differential equation in

R" this initial value problem takes the form

dx(t)
dt

= f(t,z(t)), =(0)= x, (3.1)

for which it is required to find a solution, that is a differentiable function z = x(t) with
x(0) = ¢, that satisfies the equation in some interval (¢;,t3) for some t; < 0 < ts,
that may be infinite. When the mapping f on the right hand side of DE is continuous,

an initial value problem is equivalent to solving the integral equation

x(t) = o —i—/o f(s,z(s))ds

for a continuous function x = x(t). Here we interpret the right hand side of DE in

(3.1) as a mapping f : E" — E" with the solutions taking values X (¢) € E™ for all
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appropriate t. Traditionally the d,, metric on £™ and the Hukuhara derivative have

been used for fuzzy DE.

Due to Eq.(2.4) we may replace Eq.(3.1) by the equivalent system

{ vy(t) = filt, @),  @1(to) = 219

To(t) = fo(t,z), w2(to) = 720

where

fia(t,x) =min{f(¢,z) : € [¥10, T24]},

foa(t,x) = max{f(t,z) : x € [T1a, T24]}
Example 3.1.1. Let A € E' has level sets [Alq = [d1a, G2q] for a € I and suppose
that a solution X : [0,T] — E'of the fuzzy DE. Suppose

X'(t) = AX (3.2)

on E' has level sets [X (t)]o = [v1a(t), ¥2a(t)] for « € T and t € [0,T). This fuzzy DE

15 equivalent to the coupled system of ordinary DE:
714(t) = min{a1a71a(t), G104 (1), @20710(t), 20724 (1)},

$l2a(t> = max{alaxla(t>7 A1aT2q (t), a2ax1a<t>7 202 (t)}a

fora e 1.
Since by remark (2.7.1) the Hukuhara derivative X'(t) has level sets [X'(t)], =
[z, (t), 25, ()] for « € I and t € [0,T] and by Extension Principle, the fuzzy set

f(X(t)) = AX(t) has level sets

[AX ()]a = [ma(t), Ma(t)]
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where

me (t) = min{alax1a<t); A1aT2q (t), aQOlea(t); a2ax2a(t)}7
Ma (t) - max{alaxla(t)a alaxQOz(t)y a2axloc(t)a a2ax2a(t)}

fora el andt € [0,T].

The existence and uniqueness of such a solution of an initial value problem(3.1),
which is often written as x = x(¢, o), is important for both mathematical and mod-
eling considerations. Classical existence and uniqueness theorems assume that the

mapping f is continuous and that a Lipschitz condition

doo(f(t,l’),f(t,y)) SLdoo(x7y), T,y € E!

is satisfied for some L > 0., these conditions are given by Kaleva [31].

3.2 Fuzzy differential inclusion

Knowledge about differential equation is often incomplete or vague. For example,
parameter values functional relationships, or initial conditions, may not be known
precisely. Fuzzy differential equation (FDE) was first formulated by Kaleva [31] and
Seikkala [44] in the form of time dependent. Kaleva had formulated fuzzy differential
equation(FDE), in term of Hukuara derivative, [31]. Recently, Buckley and Feuring
have given a very general formulation of fuzzy first-order initial value problem, [13].
They first find the crisp solution, fuzzify it and then check to see if it satisfies the
FDE. If z(t) is the solution to a FDE, then using Hukuhara derivative suffers a grave
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disadvantage in so far as x(t) has the property that diam(z(t)) is nondecreasing in t,
[47]. This renders the FDEs, unsuitable for modeling and simulation. To overcome
this difficulty, first, Aubin [16] and then Hiillermeier [7] introduced the notion of the
fuzzy differential inclusions(FDI) relation. Hiillermeier [7] introduced a numerical al-
gorithm to solve general FDIs. Diamond has extended some theoretic notions such as
periodicity, Lyapunov stability and attraction [34, 33]. Recently Majumdar is devised
a numerical algorithm, which is easy to implement and named Crystalline algorithm,
for the one dimensional FDIs, [20]. In this chapter we are going to propose a new
numerical method for computing approximations of the set of all solutions to a FDI,
which is named ” Tuning of reachable set(TRS)”. We briefly review FDIs, present our
method (TRS algorithm) to solve FDIs. One way to model uncertainty and vague in

a dynamical system is to replace functions and initial values in the problem

P(t) = f(t,2(t)),
(1) = 1(t,2(0) .
z(0) = o,

by set-valued functions and initial sets which leads to a differential inclusion
i(t) € F(t,z(t)),
i(t) € F(t,a(t) -
I(O) S X(),

where F' : [0,T] x R — 28\ {0} is a set-valued function and X, C R is compact
and convex. A function z : [0,7] — R is a solution to (3.4), if it is an absolutely
continuous function and satisfies (3.4) almost everywhere. Let x denotes the set of

all solutions to (3.4). Particularly, we are interested in the so-called reachable sets

X(t) = {z(@)|z € x}-
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The reachable set X (t) is the set of possible solution of (3.3) at time ¢t € J = [0, T.
A reasonable generalization of this approach which takes vagueness into account is to

replace sets by fuzzy sets, i.e., (3.4) becomes a fuzzy differential inclusion [16, 45, 46]
(3.5)

with a fuzzy function F': J x R — F(R) and a fuzzy set Xy C F(R), where F(R) is
the set of all fuzzy subsets of R. Also #(t) is the usual crisp derivative of the crisp
differentiable function x(¢) with respect to ¢. In this chapter, we propose a numerical
method for finding reachable set X (¢) that is based on the theoretical considerations

of the following theorems.

Theorem 3.2.1. [7] Suppose the fuzzy function F : J x R — E to be continuous in

t and satisfy a Lipschitz condition

on J xR with a Lipschitz constant L > 0. Consider the set X of solutions of (3.5). The
reachable set X (t) associated with x is a normal, upper semi-continue and compactly

supported fuzzy set for allt € J. If F' is also concave, i.e.,
aF(t,2) + BF(t,y) C F(t,az + By)
for any numbers a, 3 >0, a+ 3 =1, then X(t) € E.

We call a function z,, : J — R an a-solution to (3.5), if it is absolutely continuous
and satisfies

{ i(t) € Fu(t,x(t)), (3.6)

2(0) € [Xola,
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almost everywhere on J, where F,(t, z(t)) is the a-cut of the fuzzy set F(t,z(t)). The
set of all a-solution to (3.6) is denoted x, and the a-reachable set X, (t) is defined as

Xo(t) :=A{x(t) : © € xo}. In this chapter, we tune a fix « € (0,1] and t € J = [0, T].

Remark 3.2.1. For A = x\ € E* where A > 0 the fuzzy differential equation (3.2)

becomes

X'(t) = —AX(t), X(0)= X, (3.7)

the system of ordinary reduces to

T1a(t) = =ATh, (1), w50 (1) = —Azi, (1)

for a € I, with solution corresponding to a symmetric triangular fuzzy number initial
value X, € E' with [XO]a = [$01a7$02a] = [—$01(1—a),$01(1—a)] = (1 - 04)[—1’0175501]
for a € I given by

1 1
T1a(t) = §($01a — To2a) €xp(t) + §($01a + To2q) €xp(—t)

1 1
l‘ga(t) = 5(1'0204 — 1’010[) exp(t) + §($01a + $02a) exp(—t)

for « € I and t > 0. Note that, since xp1o, = T2« = a then
X(t)oa = (1 —a)exp(Mt)[—a,a], 0<a<l

and diam[X (t)]o = (2) exp(At) is unbounded as ¢ — oo so the solution becomes
fuzzier with increasing time demonstrating that this interpretation does not really
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generalize the crisp case. However, if (3.7) is interpreted as a family of differential

inclusion
(1) € =Axo(t),24(0) € Xo = (1 —a)[-1,1], 0<a<1 (3.8)

a much more intuitive outcome emerges. Since —Az, = {—Az,} is a singleton set in

K&, (3.8) becomes
2 (t) = —Axo(t), 74(0) e X, =(1—a)[-1,1], 0<a<1
which has solution set X, (¢) on [0,¢] comprising the functions

2o(t) = 24(0) exp(—=At), z,(0) € X,.

Consequently, X, (t) = (1 —«)exp(—At)[—1,1]. So X(¢) is interpreted to be symmet-

ric triangular fuzzy number and diam(suppX (t)) — 0 as t — oo.

3.3 Approximation of reachable sets

The discussion in previous section made clear that the behavior of a fuzzy dynamical
system, characterize by the ”fuzzy funnel” {X(¢)| 0 <t < T}, can be described "lev-
elwise” by the a-level sets {X,(¢)] 0 <t < T} for a € (0,1]. For a certain value «,
such a ”crisp funnel” is defined by the reachable sets of a General initial value prob-
lem (GIVP). Thus, we can characterize the set of solution to a Fuzzy initial value
problem (FIVP) by characterizing the corresponding of course, it is not possible to

compute the a-level sets for all values o within the interval (0, 1]. Therefore, our
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first approximation step is to characterize a fuzzy reachable set X (t) by a finite set

of (crisp) reachable sets

{{X]a(t)|o € A ={a1,9,...,0,,} C (0,1]}

, and, hence, a "fuzzy funnel” by a finite set of ”crisp funnel” by a finite set of ”crisp
funnels”. The membership function of the fuzzy set X (t) is approximated by means
of

p(z) = max{ag|r € X, (t),1 <k <m}.

In [1] we have shown that this approximation makes sense: Under certain conditions,
we can compute approximations of any degree of accuracy.

After having reduced the problem of computing fuzzy reachable sets to one of
computing ”crisp” reachable sets, we now turn to the question of how to characterize
such sets. For computing approximations of reachable sets X (t), it is necessary to
define a ”discrete version” of (3.5). A simple first order discretization of (3.5) is given

by

Yi+1 — Yi

€ Pt ), (3.9)

where 0 =ty < t; < ... <ty = T is a grid with stepsize h = T/N =t; —t;_1 (i =
1,..,N). As a solution to difference inclusion (3.9), we define any continuous and

piecewise linear function

1
YN(t) =i + E<t —t) (i1 — i) (i <t<ti,i=0,..,N-1),
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where (yo, ..., yy)satisfies (3.9). Furthermore , let SV denotes the set of all such
solutions [32].

The following Euler scheme is the set-valued generalization of (3.9):

Y(t+At) = | y+AtF(ty), (3.10)

yeY (1)

where YV is the reachable set associated with (3.10) at time ¢, i.e.,
YN ={r e Rlz =y (t;) forsomey™ € SN}

Now, the question is whether Y — X (T') for N — oo.

A closed-valued and continuous function R : [0,T] — 28" is called an R-solution of
the initial value problem

& € F(t,z(t)), almost everywhere on [0,7],  2(0) =

if R(0) =0 and

1
lim <d(R(t+ At), U =+ AtF(ta) =0

At—0
zE€R(t)

uniformly in ¢ € [0, 7] [1]

3.4 Numerical Approximation method

This subsection presents a new numerical method for solving one dimensional fuzzy
differential inclusions. One way to model uncertainty and vague in a dynamical system
is to replace functions and initial values in the problem given a set X (t) of possible
state at time ¢, what does the set X (¢ + At) look like? Since the solution (3.5), x (%)
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is absolutely continuous on [0, 7], then z,(t) is bounded variation on [0,77, i.e., for

arbitrary partition 0 = to < t; <,...,<t, =T with step size A =t;,1 —t;, AM > 0

such that
Y lzalti) = zaltia)] < M.
i=1
Let
M= max |zo (t;) — zaltiz1)],

then m < %, therefore m — 0 as At — 0. On the other hand, let X, (t;) = [zi1, %i2]
then difference between z;; and x;_1, or ;2 and z;_; » is small for large enough n.

Refer to (3.6) by Euler scheme

jja(ti) ~ xa(ti —I— At) — xa(ti)

hence we have

To(t; + At) — 24 (L;)
At

€ Fa(ti -+ At, l‘a(ti + At))

3.5 Tuning of reachable set(TRS) Algorithm

Here, we introduce an easy algorithm, for solving FDIs, that estimates a-reachable
set X (t;).

TRS Algorithm:
1. Fix a in [0, 1] and choose small positive €.

2. Put X,(0) = [%o1a, T024]-
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3. Repeat steps 4-7 fori =1,...,n.

4. Tig = Tj—1.2-

5. If [Hg=he 2t [Fu(ti,@in), Fulti,zi2)] = ¢ then x5 is greater than
upper bound of X,(t;) and while this inequality is true take =2 = ;2 — ¢,
since there does not exist a trajectory x,(t) € xo such that x,(t;) = z;2, and
To(tis1) € Xaolti1);
else
x;2 is less than upper bound of X, (¢;) and while this inequality is true take

Ti2 = T;2 + €, since there exists a trajectory x,(t) € x, such that z,(t;) = z;2,

and z,(t;i—1) € Xo(tio1).

6. Ti1 = Ti-1,1-

7. If [%‘,1-%‘—1,2 xi’l_zi_l’l] N [ch(tiaxiJ)yFa(ti;xi,l)] = ¢ then T is less than lower

At 0 At Lo
bound of X,(¢;) and while this inequality is true take x;; = ;1 + €, since
there does not exist a trajectory x,(tf) € xo such that z,(¢) = x;1, and

To(tic1) € Xalti1);

else

x; 1 is greater than lower bound of X,(¢;) and while this inequality is true take
Tio = T;9 — €, since there exists a trajectory x,(t) € xo such that z,(t;) = ;1,

)

and xa@i—l) S Xoe(ti—1>-
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Example 3.5.1. [33]: Consider the fuzzy differential inclusion on J = [0,T]

(t) € —X(t) + W cost,
CL’(O) S X(),
where W and Xy are symmetric triangular fuzzy numbers (0,1,1), where [W], =

[a— 1,1+ a] and [Xo]a = [@ — 1,1 4+ a]. The a-solution set is given for t > 0 by

o(t) € %(sint + cost)[IW]a + (2(0) — %[W]a)et _—

By useing TRS algorithm, let Y (t) be the approximation of X (t). The least square

error at t =1,2,5,11 and o; € {0,0.1,..., 1}, i.e.,

(3 (1) = Yo (1) + 3 (K1) = Vo 1))

for At = 0.01 is equal to 0.032,0.4681,0.2843,0.3385, respectively.

Figure 3.1: Estimation of upper bound and lower bound of xq.5
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Figure 3.2: Solid and dot lines represent, respectively, the exact and approximation

of X(0.5).
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Chapter 4

Fuzzy Integral equations

4.1 Introduction

Fuzzy systems are now used to study a variety of problems ranging from fuzzy metric
spaces [17], fuzzy topological spaces [22] to control chaotic systems [8, 48], fuzzy
differential equations [40, 41, 42] and particle physics [28, 29, 30, 51].

The topics of fuzzy integral equations(FIE) which attracted growing interest for
some time, in particular in relation to fuzzy control, have been developed in resent
years.

Prior to discussing fuzzy integral equations and their associated numerical algorithms,
it is necessary to present an appropriate brief introduction to preliminary topics such

as fuzzy number and fuzzy calculus.
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4.2 Preliminaries

Let u(r) = (u(r),u(r)), 0<r <1 be a fuzzy number, we take

It is clear that u?(r) > 0 and u(r) = u¢(r) — u®(r) and u(r) = u(r) + ud(r), also a

fuzzy number u € E' is said symmetric if u®(r) is independent of r for all 0 < r < 1.

Theorem 4.2.1. Let u(r) = (u(r),u(r)), v(r) = (v(r),v(r)) and also k,s are arbi-

1

trary real numbers. If w = ku + sv then
we(r) = ku(r) + sv(r),
w'(r) = |klu’(r) + |s|v’(r).

Proof 4.2.1. Prior to proof, it is obvious that if x is a real number we can represent
it as

x=2x2" —a~ where 7, 27 >0,

and |z| = 2t + x~
Now, by referring to the theorem we have

w=kt -k )u+(sT—s o= (ktu+s"v) — (k"u+sv)

Therefore
W= (kTu+s0) + (k" u+ (=5 )v),
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w=(kTu+st)+ (=k"u+ (—s)v).
Then

we = BT H R+ (B 4+ (kR T)u | (7 + (sT))u+ (57 + (=s7))v
2 2

= (kT — k7 )u® + (s7 — s7)v° = ku® + sv°,

Also,

il — (k" + k) u— (k" 4+ k7 )u N (st+s)0—(sT+s v
B 2 2

= (k" + k7 )ut + (57 + s ) = |klu® + |so?
Definition 4.2.1. For arbitrary fuzzy numbers u,v € E', we use the distance [38]

D(u,v) = sup max{[a(r) —v(r)], lu(r) —u(r)[},

0<r<1

and it is shown that (E', D) is a complete metric space [25].
Remark 4.2.1. We have
[a(r) — 50| < Jus(r) — o) + [ (r) — o),
lu(r) = v(r)| < Ju(r) = v (n)] + [u’(r) = v*(r)],
hence for all r € [0, 1],
max{[a(r) — v(r)|, [u(r) — v(r)[} < [u(r) — v*(r)] + [u'(r) — v (r)],
and then

D(u,v) < sup {Ju(r) = v(r)| + u’(r) — v*(r)[}.

0<r<1

Therefore if
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|uc(r) — ve(r)| and |ud(r) — v¥(r)| tend to zero then D(u,v) tends to zero.

Definition 4.2.2. [23, 38] Let f : [a,b] — E', for each partition P = {to,...,t,} of

la,b] and for arbitrary &; € [t;_1,t;], 1 < i < n suppose

R,=> f(&)(t: —tin),
i=1
A :=max{|t; — t; 1|, i=1,...,n}.

The definite integral of f(t) over [a,b] is

b
[ s -

provided that this limit exists in the metric D.
If the fuzzy function f is continuous in the metric D, its definite integral exists [38],

and also,

4.3 Fuzzy integral equation

The Fredholm integral equation of the second kind is [10]

t)+ )\/bK(s,t)F(s)ds, (4.1)

where A\ > 0, K(s,t) is an arbitrary given kernel function over the square a < t,s <b
and f(t) is a given function of t € [a,b]. If f(¢) is a crisp function then the solution
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of above equation is crisp as well. However, if f(¢) is a fuzzy function this equation
may only possess fuzzy solution. Sufficient conditions for the existence equation of

the second kind , where f(t) is a fuzzy function, are given in [49]. For solving Eq.

(4.1) in parametric form we take
b
Ut:r) = A / K(s,4)F(s:1)ds, (4.2)

T(t:r) = A / R DFG ds. (4.3)

Suppose K (s,t) be continuous in a < ¢t < b and for fix s, K(s,t) changes its sign in
finite points as t; where ¢; € [a,b]. For example, let K(s,t) be nonnegative over |[a, t1]

and negative over [t1,b], therefore from Eqs. (4.2) and (4.3), we have

Ut:r) = )\/tl K (s,)F(s:7)ds + )\/bK(s,t)F(s;r)ds,

t1 b
Ult;r) = /\/ K(s,t)F(s;r)ds + /\/ K(s,t)F(s;r)ds.
a 1
Hence

b
Uc(t;r) = )\/ K(s,t)F(s;r)ds
b
Ut ) :)\/ K (s, £) [ F(s: 7)ds.
By referring to theorem 4.2.1 we have,
b
Fe(t;r) = fe(t;r) + )\/ K(s,t)F“(s;r)ds, (4.4)

b
Fi(t:r) = fi(t;r) + /\/ |K (s, )| F%(s;7)ds. (4.5)
It is clear that we must solve two crisp Fredholm integral equations of the second
kind provided that each of Eqgs. (4.4) and (4.5) have solution.
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4.4 Numerical method

Many numerical techniques have been used successfully for such equations and in
this section we discuss in detail a straightforward yet generally applicable technique:
Nystrom or quadrature method. In the operator form we can rewrite Eqs. (4.4) and
(4.5) as

Fe(iur) = f(sr) + AKF(5r), (4.6)
Fer) = fUsr) + MK[F (), (4.7)

where

KFe(t;r) = /bK(s,t)Fc(s;r)ds,
K|F(t:r) = / K (s, 1) [ F¥(s:7))ds.

It is convenient to begin by considering techniques based on using of the iterative

sequences

Fi o (tir) = f(t;r) + AKES(t;r),
FL (t;r) = fUt;r) + N K|FXt;r),

with initial values F§(t;r) = f¢(t;r) and F(t;r) = fi(t;r).
In general we can not be able to carry out analytically the integrations, involved.
In this case we naturally turn to numerical quadrature. We introduce a quadrature

rule R for the interval [a,b] with weights w; and N nodes s;, i.e.,

N b
Rf =Y wif(sy) =11 ~ Ef = [ f(s)ds~ EF.
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where F f is the error.

If we first ignore the error of this quadrature rule then the integral equations (4.6)

and (4.7) are replaced by the approximate equations

N
Fr(t;r) = f(t;r)+ A ijK(sj,t)Fﬁ(sj; ),
j=1

N
Fa(tyr) = fAtr) + A Y wil K (s5,0)| Fi(ss7),

Jj=1

and by Nystrom method we have

N
Ffy i (tm) = [o(65m) + XD wiK (s, 1) Fgy (555 7),
j=1

N
Ffna(tir) = fUEr) + A Y wil K (s, )| Fg(s5:7).

Jj=1

According to integral equation theory, sufficient condition for convergence of two last
iterative sequences to unique solution is that in any matrix norm || MC ||< 1, where

(K)ij = wiK (s, 85) [21].

Example 4.4.1. [6] Consider the following fuzzy Fredholm integral equation

3 03 1, 1,
Er) =t — — o — — 2 — ¢
fhry=rtt+ oo —oer — 3t 3t

— 3 1 3 3
tyr) =2t — 1t + —r + =t — — — —t*
f(t:r) T R T L TR T L
and kernel
2 2
—92
K(s,t):%, 0<st<2 A=1,

o1



and a =0, b= 2. The exact solution in this case is given by

E(t;r) = rt,

We can see that

2

fc<t7r> =t- 1_3t27
1 3
fitr) = (1—7’)(t—1—3t2—2—6)'

According to Eqs. (4.4) and (4.5) we have the following two crisp Fredholm integral

equations
Fe(t;r) = fe(t;r) + /2 WFC(S;T)CZS, (4.8)
0
Fi(t;r) = fi(t;r) +/0 |<8+3_2)|Fd(5;7‘)d5. (4.9)

Now by applying Nystrom method for Eqs. (4.8) and (4.9), we get two sequences as

follows
202 42
Fialtsr) = g + [ D rseras,
; 13
2 2 t2_2
Fiaten = fen + [ S s

with initial value

Fo(t;r) = fo(t;7),

Fy(t;r) = fA(t;r).
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According to Nystrom method by using the N -points Newton-Cotes method we have

N
Ffy i (tm) = fo(65m) + Y wiK (55,0, (sj57),
=1

N
Fif i (tir) = fU67) + > wi| K (s5, )| (s5:7).

Jj=1

Hence, if the above series converge then for large enough n
E(tyr) = Fp,(tir) = Fr,(67) = Fgo(tr),
F(t;r) ~ FR,n(t; r) = cmz,n(t; r) + ngn(t; T).

The exact and obtained solution of fuzzy Fredholm integral equation in Example

4.4.1 at t = 1, are shown in Figure. 4.1 and Figure. 4.2

Figure 4.1: Compares the solutions with 2 iterations and 6-points Newton-Cotes

method (.... obtained solution and — exact solution)

53



Figure 4.2: Compares the solutions with 4 iterations and 6-points Newton-Cotes

method (.... obtained solution and —— exact solution)

Example 4.4.2. [6, 23] Consider the following fuzzy Fredholm integral equation with

Fltsr) = sin(L) (2 0% 4 1)+ 2 (4= 7 = 1)),
Fltsr) = sin() (o (4 1)+ 1o (=1 = 1)),

and kernel

t
K(s,t) = 0.1sin(s) Sin(§), 0<s,t<2m A=1,
and a =0, b= 2nw. The exact solution in this case is given by
2 .t
E(t;r) = (r* 4 7)sin(3),

I t
Fltyr) = (4 —r° —r)sin(3).
We can see that
t
fe(t;r) =0.5 sin(é)(4 2 — ),

o4



fit;r) = % Sin(%)(él —2r —r% —7?).

According to Eqs. (4.4) and (4.5) we have the following two crisp Fredholm integral

equations

Fe(t;r) = fo(t;r) +/0 WO.l sin(s) sin(%)Fc(s;r)ds,
Fi(t;r) = fi(t;r) +/0 ’ |0.1sin(s) sin(%)|Fd(s;r)d$.

Now by applying the Nystrom method we get two sequences as follows
2T t
Fio(tr) = f(t;r) + /0 0.1sin(s) sin(ﬁ)Fc(s; r)ds,

Fi, () = fA(tr) + /0 7 0.1sin(s) sin(2)| F(s; )ds,
with initial value
Fg(tir) = fo(tr),
Fy(t;r) = f(t;r).
The exact and obtained solution of fuzzy Fredholm integral equation in Example 4.4.2
at t = m, are shown in Figure. 4.3 and Figure. 4.4

The exact and obtained solution after 5 iterations at t = w for ten r — level as

r=0,0.1,0.2,...,1 are given in table 1 and also D(F, Frs) ~ 0.00168.
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Table 1

The exact and obtained solution of Example 4.4.2

r—level F(mr) Fpy(mr) F(mr) Fgrs(mr)
0 0.00000  0.00016  3.99999  4.00167
0.1 0.10999  0.10841  3.89899  3.90058
0.2 0.23999  0.23851  3.79199  3.79348
0.3 0.538999  0.38862  3.67299  3.67437
0.4 0.55999  0.55875  8.58599  3.58724
0.5 0.74999  0.74889  3.37499  3.37610
0.6 0.95999  0.95906  3.18399  3.18493
0.7 1.18999  1.18925  2.95699  2.95774
0.8 1.48999  1.48947  2.68799  2.68852
0.9 1.70999  1.70972  2.37099  2.37127
1.0 2.00000  1.99999  2.00000  1.99999
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Figure 4.3: Compares the solutions with 8 iterations and 4-point Newton-Cotes

method (.... obtained solution and —— exact solution)

Figure 4.4: Compares the solutions with 8 iterations and 5-point Newton-Cotes

method (.... obtained solution and — exact solution)
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Conclusions

In this work, we have outlined a new numerical method for solving one-dimensional
fuzzy differential equation based on inclusion, TRS algorithm and fuzzy Fredholm
integral equation based on parametric form of fuzzy numbers. In TRS algorithm we
tune fuzzy a-reachable set, since z,(t) is of bounded variation .

Numerical example shows the efficiency of implemented algorithm. According to our
experiment, TRS algorithm can be modified for solving FDIs with higher dimension.
Also the method described for fuzzy Fredholm integral equation can be extended for
arbitrary integral equation. The implementation of such methods will be a relevant

aspect of future researches.
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