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V-0-F Jte o \.\‘JQVM)@L);’,AMUJ{ N-F-¥

(1’ (_2: 0, 1)); (11: (4’ 5: 7)), (12, (1, 1: 4)): (3: (O’ 4: 7)),

(35’ (_3’ O: 2)), (4’ (Oy 1’ 2))

al = {{1, -2}, {1.1, 4}, {1.2, 1}, {3, 0}, {3.5, -3}, {4, 0}};
a2 = {{1, o}, {1.1, 5}, {1.2, 1}, {3, 4}, {3.5, 0}, {4, 1}};
a3 = {{1, 1}, {1.1, 7}, {1.2, 4}, {3, 7}, {3.5, 2}, {4, 2}};

ghl = ListLinePlot[{al, a2, a3}, PlotStyle -> Gray]

b1

{1, -1}, {1.1, 4.5}, {1.2, 1}, {3, 2}, {3.5, -.5}, {4, .5}};

b2

{1, .5}, {1.1, 6}, {1.2, 2.5}, {3, 5.5}, {3.5, 1}, {4, 1.5}};

gh2 = ListLinePlot[{bl, b2}, PlotStyle -> {{Gray, Dashedl}} ]

Show[ghl, gh2, Ticks -> {{1, 1.1, 1.2, 3, 3.5, 4}, Automatic}, Axes -> False,

Frame -> True, PlotRange -> {{1, 4.00}, {-3.1, 7}}, ImageSize -> {500, 400}]

Y-0-¥ Jks 45 Y. Jﬁ(w') wbgeal, Y-F-¥

x = {0, 2}

y = {gl-1, -1, 0], gl-8.7, -6.7, 3.4]}
yp = {gl-3, -3, -1, gl-1.5, 2, 4.5]%}
y1l = Apply[#1 &, y, 11;

y2 = Apply[#2 &, y, 1];

y3 = Apply[#3 &, y, 11;

\%4
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ypl = Apply[#1 &, yp, 11;
yp2 = Apply[#2 &, yp, 11;
yp3 = Apply[#3 &, yp, 1];

Clear[s1, s2];
n = Length[x] - 1;
si[t_] = Sum[
hift, x[[i]1], x[[i + 1111 yi[[il] +
h2(t, x[[i1], =x[[i + 1111 y1[[i + 1]] +
h3[t, x[[i]1], x[[i + 1111 ypi[[il] +
h4[t, x[[i]1], x[[i + 1111 yp3[[i + 111, {i, 1, n}]l;
s2[t_] = Sum[
hilt, x[[i1], x[[i + 1111 y2[[il] +
ho(t, x[[1]], x[[i + 11171 y2[[i + 11] +
h3[t, x[[i]1], x[[i + 1111 yp2[[il] +
halt, x[[i]1], x[[i + 1111 yp2[[i + 111, {i, 1, n}];
s3[t_] = Sum[
hilt, x[[il], x[[i + 1111 y3[[il]l +
h2[t, x[[i]11, x[[i + 1111 y3[[i + 111 +
h3[t, x[[i1], x[[i + 1111 yp3[[il]l +

h4alt, x[[i]], x[[i + 1111 ypilli + 111, {i, 1, n}];

pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];

gsl = Plot[{s1[t], s2[t], s3[t]l}, {t, 0, 2}, (*Prolog->{PointSize[.02],
Black,Point [p2] ,Point[pl] ,Point [p3]},PlotPoints->300,*)

PlotStyle -> {{Brown}, {Blue, Thick}, {Brown}}, PlotRange -> All, Axes -> False, Frame -> True]

= 1/2;

Vv
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{0, 2}

o]
I

{gl-1, -1, -1/2], gl(-8.7 - 6.7)/2, -6.7, (6.7 + 3.4)/2]}

~<
I

yp = {g[-3, -3, -21, gl(-1.5 + 2)/2, 2, (2 + 4.5)/2]}

yl = Applyl[#1 &, y, 1]1;

y2 = Apply[#2 &, y, 1]1;

y3 = Apply[#3 &, y, 1];

ypl = Apply[#1 &, yp, 1];

yp2 Apply[#2 &, yp, 11;

yp3 = Apply[#3 &, yp, 11;
Clear[s1, s2];
n = Length[x] - 1;
sift_] = Sum[
hilt, x[[i]1], x[[i + 1111 y1[[i1] +
h2[t, x[[i1], x[[i + 1111 yi[[i + 111 +
h3[t, x[[i1], x[[i + 1111 yp1i[[ill +
h4[t, x[[i]1], x[[i + 1111 yp3[[i + 111, {i, 1, n}]l;
s2[t_] = Sum[
hilt, x[[i1], x[[i + 1111 y2[[i]] +
h2(t, x[[i]], x[[i + 1111 y2[[i + 11] +
h3[t, x[[i]1], x[[i + 1111 yp2[[il] +
halt, x[[i]1], x[[i + 1111 yp2[[i + 111, {i, 1, n}];
s3[t_] = Sum[
hilt, x[[i1], x[[i + 1111 y3[[il]l +
h2[t, x[[i]11, x[[i + 1111 y3[[i + 111 +
h3[t, x[[i1], x[[i + 1111 yp3[[il] +

h4alt, x[[1]], x[[i + 1111 ypilli + 111, {i, 1, n}];

YA
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pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];

gs2 = Plot[{s1[t], s2[t], s3[t]l}, {t, 0, 2}, (*Prolog->{PointSize[.02],
Black,Point [p2] ,Point [pl] ,Point [p3]},PlotPoints->300,*)
PlotStyle -> {{Dashing[.02], Brown}, {Blue, Thick}, {Dashing[.02], Brown}},

PlotRange -> All, Axes -> False, Frame -> True]

Show[gsl, gs2, AspectRatio -> 1]

Y-0-f Jle yo Y. F L}ﬁ»i(wu w by el W-F-¥

Clear[g]

Clear[g,a,b,c,x,z];

gla_,b_,c_1[x_]:=0/;x<=al |x>=c;
gla_,b_,c_l[x_l:=(x-a)/(b-a)/;a<=x<=b;
gla_,b_,c_1[x_]1:=(c-x)/(c-b)/;b<=x<=c;
(xgla_,b_,c_1[x_1:=0/;x>=c;*)

Times[t_,gla_,b_,c_11":=glt a,t b , t c]/;t>=0;
Times[t_,gla_,b_,c_1]17:=glt c,t b , t al/;t<0;
gla_,b_,c_J+glal_,bl_,c1_]":=gla+al,b+bl,c+cl];
(xgla_,b_,c_l*glal_,bl_,c1l_]1":=g[Min[a al,a cl,c bl,c c1],b bl,

Max[a al,a cl,c bl,c c1]];x*)

Clear[sph];

sphlt_, p_] Module [{p0O = p, u, v, vp, s, sp, sz, n, a, b, ¢, d, mol,

mo2, i, x, mo, mt, so},

{u, v, vp} = Transpose[pO];

va
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sli_, x_] = ali] x73 + b[i] x~2 + c[i] x + d[il;

spli_, x_] = D[sli, %], x];

n = Length[p];

mol = Flatten[{Table[{s[i, ul[il]] == v[[il]l, s[i, ulli + 1111 ==v[[i+ 111}, {i, 1, n - 13}],

Table[{spli, ull[i]]] == vp[[il], spli, ulli + 1111 == vp[[i + 111}, {i, 1, n - 1}1}];

mt

Flatten[Table[{alil, b[il, c[il, d[il}, {i, 1, n - 1}1];

so Solve[mol, mt];
Piecewisel[ Table[ {s[i, t] /. sol[1]], ull[il] <= t < ul[i + 1113},
{i, n - 1}] >

0]

x = {a, b};
(*xiha betartibx*)
y = {1, 0}; (*yiha betartib*)

yp = {0, 0}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}]l;

hilt_, a_, b_] = sphlt, p1] // Simplify
x = {a, b};
(*xiha betartibx*)

y = {0, 1};(xyiha betartibx)

yp = {0, 0}; (xy prim-ha betartib vared con *)

pl Transpose[{x, y, yp}];
h2[t_, a_, b_1 = sphlt, p1l // Simplify
x = {a, b};

(*xiha betartibx*)

y = {0, 03};(xyiha betartibx)
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yp = {1, 0}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}];

h3[t_, a_, b_] = sphlt, p1] // Simplify
x = {a, b};

(*xiha betartibx*)

y = {0, 03}; (xyiha betartibx)

yp = {0, 1}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}]l;

h4a[t_, a_, b_] = sphlt, pl] // Simplify

\ [Piecewise] ((3 a-b-2 t) (b-t)~2)/(a-b)"3 a<=t<b

0 True

\[Piecewise] ((a-t)~"2 (a-3 b+2 t))/(a-b)"3 a<=t<b

0 True

\ [Piecewise] -(((a-t) (b-t)~2)/(a-b)"2) a<=t<b

0 True

\[Piecewise] ((a-t)~2 (-b+t))/(a-b)~2 a<=t<b

0 True

ql = {{1, {-2, o, 1}, {1, 1, 43}, {1.3, {4, 5, 7}, {-2, 0, 1}}, {2.2, {1, 1,
4}’ {0, 4: 7}}: {3: {O’ 4, 7}, {4: 5’ 7}}; {35: {_3: O’ 2}, {O, 1:

2}}: {4’ {O: 1: 2}, {_3: Oy 2}}}

{1, {-2, 0, 1}, {1, 1, 4}}, {1.3, {4, 5, 7}, {-2, 0, 1}}, {2.2, {1, 1,
4}, {0, 4, 73}, {3, {0, 4, 7}, {4, 5, 7}}, {3.5, {-3, 0, 2}, {0, 1,

2}y, {4, {0, 1, 2}, {-3, 0, 2}}}

AN
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x = Table[q1[[i, 111, {i, 6}]

{1, 1.3, 2.2, 3, 3.5, 4}

y1 = Tablel[qil[[i, 2, 111, {i, 6}]

{_2, 4’ 1, O: _3: O}

y2 = Table[qi[[i, 2, 2]], {i, 6}]

{0, 5, 1, 4, 0, 1}

y3 = Tablel[qil[[i, 2, 311, {i, 6}]

{1, 7, 4,7, 2, 2}

ypl = Tablel[qil[[i, 3, 111, {i, 6}]

{1, -2, 0, 4, 0, -3}

yp2 = Tablelqil[i, 3, 211, {i, 6}]

{1’ 0, 4) 5’ 1, O}

yp3 = Tablelqil[[i, 3, 311, {i, 6}]

{4, 1, 7,7, 2, 2}

AY
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Clear[s1, s2];
n = Length[x] - 1;
si[t_] = Sum[
hilt, x[[i]1]1, x[[i + 1111 y1[[i1] + h2[t, x[[i1], x[[i + 1111 y1l([i + 111 +
h3[t, x[[111, x[[i + 1111 yp1[[il]l +
h4[t, x[[11], x[[i + 1111 yp3[[i + 111, {i, 1, n}]l;
s2[t_] = Sum[
hilt, x[[i]], x[[i + 1111 y2[[il] + h2[t, x[[i1], x[0i + 1111 y2[[i + 111 +
h3[t, x[[i]1], x[[i + 1111 yp2[[il] +
halt, x[[i1], x[0i + 111] yp2[[i + 111, {i, 1, n}]l;
s3[t_] = Sum[
hilt, x[[i]1]1, x[[i + 1111 y3[[i1] + h2[t, x[[i1], x[[i + 1111 y3[[i + 111 +
h3[t, x[[11], x[[i + 1111 yp3[[il] +

h4alt, x[[i]], x[[i + 1111 ypilli + 111, {i, 1, n}];

pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];

gs2 = Plot[{s1[t], s2[t], s3[t]l}, {t, 1, 4}, (*Prolog->{PointSize[.02],Black,
Point [p2] ,Point [p1] ,Point [p3]},PlotPoints->300,*)PlotPoints -> 150,
Axes -> False, Frame -> True, PlotRange -> {{0.9, 4.1}, {-4, 8}},

PlotStyle -> Gray]

Clear[ql, x, yi, y2, y3, ypl, yp2, yp3l;

ql = {{1, {-1, o, .5}, {1, 1, 2.5}}, {1.3, {4.5, 5, 6}, {-1,
0, .5}, {2.2, {1, 1, 2.5}, {2, 4, 5.5}}, {3, {2, 4, 5.5}, {4.5,
5, 6}, {3.5, {-1.5, 0, 1}, {.5, 1, 1.5}}, {4, {.5, 1,

1.5}, {-1.5, 0, 1}}}

AY



L;)'Lé(..?;;_gs\q-);ij.{» b glanks Conya Oligys Glabardr . F Juab

{{1, {-1, o0, 0.5}, {1, 1, 2.5}}, {1.3, {4.5, 5, 6}, {-1, O,
0.5}, {2.2, {1, 1, 2.5}, {2, 4, 5.5}}, {3, {2, 4, 5.5}, {4.5, 5,
6}}, {3.5, {-1.5, 0, 1}, {0.5, 1, 1.5}}, {4, {0.5, 1, 1.5}, {-1.5,
0, 133}

x = Tablel[qi[[i, 111, {i, 63}]

{1, 1.3, 2.2, 3, 3.5, 4}

y1 = Tablel[qil[[i, 2, 111, {i, 6}]

{-1, 4.5, 1, 2, -1.5, 0.5}

y2 = Table[qi[[i, 2, 211, {i, 6}]

{0, 5, 1, 4, 0, 1}

y3 = Tablelq1[[i, 2, 311, {i, 6}]

{o0.5, 6, 2.5, 5.5, 1, 1.5}

ypi = Tablel[qil[[i, 3, 111, {i, 6}]

{1, -1, 2, 4.5, 0.5, -1.5}

yp2 = Tablelqil[i, 3, 211, {i, 6}]

{1’ 0, 4) 5’ 1, O}

yp3 = Tablelqil[[i, 3, 311, {i, 6}]

{2.5, 0.5, 5.5, 6, 1.5, 1}

AY
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Clear[sl, s2];
n = Length[x] - 1;
si[t_] = Sum[
hilt, x[[i1], x[[i + 1111 y1[[il]l +
h2[t, x[[i]1], x[[i + 1111 y1[[i + 111 +
h3[t, x[[i1], x[[i + 1111 yp1[[il]l +
h4[t, x[[1]1], x[[i + 1111 yp3[[i + 111, {i, 1, n}]l;
s2[t_] = Sum[
hilt, x[[i]], x[[i + 1111 y2[[i]]1 +
h2lt, x[[i]], x[[i + 1111 y2[[i + 111 +
h3[t, x[[i11, x[[i + 1111 yp2[[ill +
h4[t, x[[i]1], x[[i + 1111 yp2[[i + 111, {i, 1, n}]l;
s3[t_] = Sum[
hilt, x[[i1], x[[i + 1111 y3[[i]] +
h2[t, x[[i]1], x[[i + 1111 y3[[i + 111 +
h3[t, x[[i]], x[[i + 1111 yp3[[il] +

haft, x[[i1], =x[[i + 1111 ypi[[i + 111, {i, 1, n}];

pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];

gsl = Plot([{s1[t], s2[t], s3[t]}, {t, 1, 4}, (*Prolog->{PointSize[.02],
Black,Point [p2],Point[pl] ,Point [p3]},PlotPoints->300,*)
PlotPoints -> 150, Axes -> False, Frame -> True,

PlotRange -> {{0.9, 4.1}, {-4, 8}}, PlotStyle -> {{Gray, Dashed}}]

Show([gsl, gs2, ImageSize -> {500, 400}]

f-0-¥ JL‘:’\»JJ ffﬁ&ﬁ)@bfﬁ ML;J.: .f—?—f

AO
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s F-0-F Jbe o8 B (), VNN 600, F) oF bE e eSS aly o
5)[3 d)\ L;"‘:"" J:’DUM B LS)U CU ‘)\Jfl.a gL.aL: Laoals J:’Lw J.)}Ja LS)\Jfb (\, \/a, Y/\/, Y’, Y‘/V, \c)

LS ie Jle 93 a s
0-0-¥ Jks 5 0.¥ Jﬁ(’.«g @ bgeal, 0-F-F

Clear(g, a, b, c, x, z];

gla_, b_, c_1[x_.]1 :=0/; x<=a || x > c;

gla_, b_, c_1[x_1 := (x-a)/(b-a) /; a<=x <= b;

(c = x)/(c = Db) /; b <=x<=c;

gla_, b_, c_1[x_] :
(xgla_,b_,c_1[x_1:=0/;x>=c;*)
Times[t_, gla_, b_, ¢_]] ":=glt a, tb, tc] /; t > 0;

Times([t_, gla_, b_, c_1] ":=glt ¢, t b, t al /; t < O0;
gla_, b_, c_1 + glat_, bl_, c1_] ":=gla + al, b + bl, c + cl];
gla_, b_, c_l*glal_, bl_, c1_] ~:=

g[Min[a al, a c1, ¢ bl, ¢ c1], b bl, Max[a al, a cl, ¢ bl, c cl1l];

Clear [sphb5];
sph5[t_, p_] :=
Module [{p0 = p, u, v, vp, vz, e, £, s, sp, sz, n, a, b, ¢, d, mol, mo2, i, x,
mo, mt, sol,
{u, v, vp, vz} = Transpose[pO];

s[i_, x_] = al[i]l x75 + b[i] x74 + c[i] x73 + d[i] x"2 + e[i] x + f[i];

spli_, x_] = D[s[i, %], x];

sz[i_, x_] = D[s[i, x], x, x];
n = Length[p];
mol = Flatten[{Table[{s[i, ul[i]]] == v[[i]l],

sli, ulli + 1111 == v[[i + 111}, {i, 1, n - 13}],

Table[{sp[i, ull[il]] == vp[[ill, spli, ulli + 1111 == vpl[[i + 111}, {4,

NS
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1, n - 1}]:
Table[{sz[i, ul[il]] == vz[[il], sz[i, ulli + 1111 == vz[[i + 111}, {1,

1, n - 1}] H;

mt = Flatten[Table([{al[i], bl[i], c[il, d[i]l, e[il, f[il}, {i, 1, n - 1}11;

so Solve[mol, mt];
Piecewise[ Table[ {s[i, t] /. sol[1]], ul[il] <= t <= ull[i + 1113},
{i, n - 131 ,

0]

x = {a, bl};
(*xiha betartibx*)

y = {1, 0};(x¥yiha betartibx)

yp = {0, 0}; (xy prim-ha betartib vared con *)
yz = {0, 0};
pl = Transpose[{x, y, yp, yz}]l;

hilt_, a_, b_] = sph5[t, pl] // Simplify
x = {a, b};
(*xiha betartibx*)

y = {1, 0};(x¥yiha betartibx)

yp = {0, 0}; (*y prim-ha betartib vared con *)
yz = {0, 0}
pl = Transpose[{x, y, yp, yz}]l;

hilt_, a_, b_] = sph5[t, pl] // Simplify

x = {a, b};

AV
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(*xiha betartib*)
y = {0, 1};(xyiha betartibx)
yp = {0, 0}; (*y prim-ha betartib vared con *)

{0, 0};

yz

pl = Transpose[{x, y, yp, yz}];
h2[t_, a_, b_] = sph5[t, pl] // Simplify
x = {a, b};

(*xiha betartibx*)

y = {0, 0}; (*yiha betartib*)

yp = {1, 0}; (xy prim-ha betartib vared con *)
yz = {0, 0};
pl = Transpose[{x, y, yp, yz}]l;

h3[t_, a_, b_] = sph5[t, pl] // Simplify
x = {a, bl};
(*xiha betartibx*)

y = {0, 0}; (*yiha betartib*)

yp = {0, 1}; (xy prim-ha betartib vared con *)
yz = {0, 0};
pl = Transposel[{x, y, yp, yz}]l;

h4[t_, a_, b_] = sph5[t, pl] // Simplify
x = {a, b};

(*xiha betartibx)

y = {0, 0}; (xyiha betartibx)

yp = {0, 0}; (xy prim-ha betartib vared con *)

yz = {1, 0};

pl = Transpose[{x, y, yp, yz}]l;
h5[t_, a_, b_] = sph5[t, pl] // Simplify
x = {a, b};

(*xiha betartibx*)

AA
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y = {0, 0};(xyiha betartibx)
yp = {0, 0}; (xy prim-ha betartib vared con *)

yz = {0, 1};

pl = Transpose[{x, y, yp, yz}]l;

h6[t_, a_, b_] = sph5[t, pl] // Simplify

{o, o}

D[{-1 + 2t + t72/2 + 2 Sin[t]"2}, t, t]

{1 + 4 Cos[t]"2 - 4 Sin[t]"2}

NSolve[l + 4 Cos[t]"2 - 4 Sin[t]"2 == 0]

{{t -> ConditionalExpression[1. (-0.911738 + 6.28319 C[1]), C[1] \[Element] Integersl},

{t -> ConditionalExpression[1l. (2.22985\[VeryThinSpace]+ 6.28319 C[1]), C[1]

\[Element] Integers]},

{t -> ConditionalExpression[1. (0.911738\[VeryThinSpacel+ 6.28319 C[1]), C[1]

\[Element] Integers]},

{t -> ConditionalExpression[1l. (-2.22985 + 6.28319 C[1]), C[1] \[Element] Integers]}}

{0, 1/3, 2, 4, 5.3, 6};

"
I

y=(= gl-1 -2t +t°2/2 - 28in[t]"2, t72/2, 1 + 2 t + t72/2 + 2 Cos[t]"2])
/. {t > #1}y & /e x) // N

yp = (D[#1, t] & /e ) /. ({t -> #1} & /@ x) // N

yz = (D[#1, t, t1 & /@ ) /. ({t > #1} & /e x) // N

yl = Apply[#1 &, y, 11;

y2 = Apply[#2 &, y, 11;

y3 = Apply[#3 &, y, 11;

A4



ypl
yp2

yp3

yzl
yz2

yz3

Apply [#1
Apply [#2

Apply [#3

Apply[#1
Apply [#2

Apply [#3

Clear[s1, s2];

n = Length[x] - 1;

si[t_] = Sum[

s2[t_] = Sum[

P>

P,

P>

yz,

yz,

yz,
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11;
11

11;

17;
17;

11;

hilt, x[[i]1], x[[i + 1111 y1[[il] + h2[t, x[[il], x[[i + 1111 y1[[i + 111 +
h3[t, x[[11], x[[i + 1111 yp1[[il]l +

haft, x[[i1], =x[[i + 1]11] yp3[[i + 111 +

h6[t, x[[i1], x[[i + 1111 yz1[[il] +

h6lt, x[[i1], x[[i + 1111 yz1[[i + 111, {i, 1, n}];

hilt, x[[i11, x[[i + 1111 y2[[ill + h2[t, x[[i1], x[[1i + 1111 y2[[i + 111 +

s3[t_] = Sum[

h3[t, x[[i1], x[[i + 1111 yp2[[il]l +
h4alt, x[[1]1], x[[i + 1111 yp2[[i + 111 +
h6[t, x[[i1], =x[[i + 1111 y=z2[[i]l] +

h6lt, x[[i1], =x[[i + 1111 yz2[[i + 111, {i, 1, n}];

hilt, x[[i]], =x[[i + 1111 y3[[il] + h2[t, x[[i]], x[[i + 1111 y3[[i + 1]1] +

h3[t, x[[i11, x[[i + 1111 yp3[[ill +
halt, x[[il], =x[[i + 1111 yp1lli + 111 +
h5[t, x[[i1], x[[i + 1111 y=z3[[il] +

h6lt, x[[il1], x[[i + 1111 yz3[[i + 111, {i, 1, n}];

q
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pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];

gsh = Plot[{s1[t], s2[t], s3[t]l}, {t, 0, 6}, (*Prolog->{PointSize[.02],Black,
Point [p2] ,Point [p1],Point [p3]},PlotPoints->300,*)PlotPoints -> 150,

Axes -> False, Frame -> True, PlotRange -> {{0, 7}, {-10, 35}}]

{gl-1., 0., 3.1, gl[-1.82522, 0.0555556, 3.50811], gl[-4.65364, 2., 7.34636],

gl[-2.1455, 8., 17.8545], g[1.05966, 14.045, 26.2597],

gl4.84385, 18., 32.8439]}

{gl-2., 0., 2.1, g[-2.90341, 0.333333, 1.09659], gl[1.5136, 2., 5.5136],

g[0.0212835, 4., 4.02128], g[5.14555, 5.3, 9.14555], g[5.07315, 6., 9.07315]%}

{gl-3., 1., -3.1, g[-2.14355, 1., -2.14355], g[3.61457, 1., 3.61457],

gl1.582, 1., 1.582], g[2.54135, 1., 2.54135], g[-2.37542, 1., -2.37542]%}

=1/2

{0, 1/3, 2, 4, 5.3, 63};

"
I

y:(:
gl-1 -2t + t72/2 - 2 8in[t]l"2, t72/2,

1+2t+t72/2 + 2 Cosl[t]™2]) /. ({t —> #1} & /@ x);

yp = (OM#L, t1 & /@ ) /. ({t > #1} & /e x) // N

yz = (D[#1, t, tl1 & /@ ) /. ({t > #1} & /e x) // N

{gl-2., 0., 2.1, g[-2.90341, 0.333333, 1.09659], gl[1.5136, 2., 5.5136],

N
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gl[0.0212835, 4., 4.02128], gl[5.14555, 5.3, 9.14555], g[5.07315, 6., 9.07315]}

{g[-3., 1., -3.1, g[-2.14355, 1., -2.14355], g[3.61457, 1., 3.61457],

gl1.582, 1., 1.582], gl[2.54135, 1., 2.54135], g[-2.37542, 1., -2.37542]}

z1l = Apply[#1 &, y, 11;
z2 = Apply[#2 &, y, 11;

yl = (21 + 22)/2;
y2 = z2;

y3 = (22 + 23)/2;

zpl = Apply[#1 &, yp, 11;
zp2 = Apply[#2 &, yp, 11;

zp3 = Apply[#3 &, yp, 11;

ypl = (zpl + zp2)/2;

yp2 = zp2;

yp3 = (zp2 + zp3)/2

zz1 = Apply[#1 &, yz, 11;
zz2 = Apply[#2 &, yz, 11;

zz3 = Apply[#3 &, yz, 11;

yzl = (zzl + 2z2)/2;

yz2 = zz2;

yz3 = (zz2 + 2z3)/2;

{1., 0.714964, 3.7568, 4.01064, 7.22278, 7.53657}

ay



L;)'Lé(..?;;_gs\q-);ij.{.a b glanks Conya Oligys Glabardr . F Juab

Clear[s1, s2];
n = Length[x] - 1;
si[t_] = Sum[
hilt, x[[i]1]1, x[[i + 1111 y1[[i1] + h2[t, x[[i1], x[[i + 1111 y1l([i + 111 +
h3[t, x[[111, x[[i + 1111 yp1[[il]l +
halt, x[[i1], x[[i + 1111 yp3[[i + 111 +
h5[t, x[[11], x[[i + 1111 y=z1[[il] +
h6[t, x[[il], x[[i + 111] y=z1[[i + 111, {i, 1, n}];
s2[t_] = Sum[
hilt, x[[i]1], x[[i + 1111 y2[[il] + h2[t, x[[i1], x[0i + 1111 y2[[i + 111 +
h3[t, x[[i11, x[[i + 1111 yp2[[il]l +
halt, x[[i1], x[[i + 1111 yp2[[i + 111 +
h5[t, x[[i1], x[[i + 1111 y=z2[[il] +
h6lt, x[[1]1], x[[i + 1111 y=z2[[i + 111, {i, 1, n}];
s3[t_] = Sum[
hilt, x[[i]11, x[[i + 1111 y3[[ill + h2[t, x[[il1], x[[i + 1111 y3[[i + 111 +
h3[t, x[[il], x[[i + 1]11] yp3[[ill +
hal[t, x[[i1], x[[i + 1111 yp1l[[i + 111 +
h5[t, x[[i11, x[[i + 1111 y=z3[[ill +

helt, x[[i1], x[[i + 1111 y=z3[[i + 111, {i, 1, n3}];

pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];
g2 = Plot[{s1[t], s2[t], s3[t]}, {t, O, 6}, (xProlog->{PointSize[.02],Black,

Point [p2] ,Point [p1] ,Point [p3]},PlotPoints->300,*)PlotStyle -> {Dashed},

Axes -> False, Frame -> True, PlotRange -> {{0, 7}, {-10, 35}}]

Show[gsh, g2]

qy
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F-0-Y Jbws ?.\‘Jﬁr«g@l’ﬁf by F-F-F

Clear[l, x, 1p, lag, p, h, j, hhl;

10i_, x_, t_1 := Productlt - x[[j1], {j, i - 1}] Product[ t - x[[j11, {j, i + 1, Length[x]1}1/
(Product [x[[i]1] - x[[j1]1, {j, i - 1}] Product[ x[[il] - x[[j11, {j, i + 1, Length[x]13}1);

laglx_, y_, t_] := Sum[y[[i]] 1[i, x, t], {i, Length[x]}];

1pli_, x_, t_]1 :=D[1[i, x, t], t];

hij_, x_, t_1 := (1 -2 (t - x[[3]1]) @plj, x, t1 /. t —> x[[3]11)) 1[j, x, t172;

hh(j_, x_, t_1 := (¢ - x[[3]1]) 105, x, t172;

plt_, x_, u_, up_] :=Sum[h[j, x, t] ulljl], {j, Length[x]1}] + Sum[hh([j, x, t] up[[j1],

{j, Length[x]}]

x = {0, 1}
y = {0, 5}
yp = {4, 7}

t (4 + t72)

Clear[x, y, ypl;

X {1, 1.3, 2.2, 3, 3.5, 4};

y {g[_2, 0, 1]: g[4: 5, 7]: g[ls 1, 4], g[oa 4, 7]) g[‘3, 0, 2]: g[O, 1, 2]};
yp = {glt, 1, 41, gl-2, 0, 11, glo, 4, 71, gl4, 5, 71, glo, 1, 21, g[-3, 0, 21};

qqlt_]1 = plt, x, y, yp] // Simplify;

Clear[g]

Clearl(g, a, b, c, x, z];

gla_, b_, c_J[x_]1 :=0/; x<=a || x > c;

(x-a)/(b-2a) /; a<=x <= b;

gla_, b_, c_1[x_] :

gla_, b_, c_1[x_]1 :

(c = x)/(c -Db) /; b<=x<=c;
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(xgla_,b_,c_J[x_]1:=0/;x>=c;*)

Times[t_, gla_, b_, c_1] ":=glt a, tb, tc] /; t > 0;

Times[t_, gla_, b_, ¢_1] ~:=glt c, t b, t al /; t < 0;
gla_, b_, c_] + glal_, bl_, c1_] ~:= gla + a1, b + bl, ¢ + ci1];

gla_, b_, c_J*glal_, b1_, c1_] ~:=g[Min[a al, a cl, c bl, c cl], b bl, Max[a al, acl, cbl, ccll];

ghs2 = Plot[{(qqlt]) [[11], qqlt]l[[2]1], (qqltl)[[311}, {t, 1, 4},
PlotStyle -> {{Black, Dashing[{.08, .01, .01, .01}], Thick}},
PlotRange -> All, Axes -> False, Frame -> True]

v-0-¥ dbﬁ)b VYL}QV.«)ML};JA ‘\.AL)JJ v-7-¥

Clear[g]

Clear[g, a, b, c, x, z];

gla_, b_, c_1[x_.]1 :=0/; x<=a || x > c;

gla_, b_, c_1[x_] (x - a)/(b - a) /; a<=x <= b;

gla_, b_, c_1[x_] (c - x)/(c -Db) /; b<=x<=c;
(xgla_,b_,c_J[x_1:=0/;x>=c;*)

Times[t_, gla_, b_, ¢c_1] ~:=glt a, t b, tcl /; t > 0;

Times[t_, gla_, b_, ¢_1] ~:=glt c, t b, t al /; t < 0;

gla_, b_, c_] + glal_, bl_, c1_] ~:=gla + a1, b + bl, ¢ + ci1];

gla_, b_, c_l*glal_, bl_, c1_] ~:

gMinla al, a c1, ¢ bl, ¢ c1], b bl, Max[a al, a cl, c bl, c c1]l];

Clear[sph];
sphlt_, p_] := Module[{pO = p, u, v, vp, s, sp, sz, n, a, b, ¢, d, mol, mo2, i, x,
mo, mt, so}, {u, v, vp} =Transpose[pO];
sfi_, x_] = a[i] x73 + b[i] x72 + c[i] x + d[i];

spli_, x_1 = D[sl[i, x1, x];

10
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n = Length([p];
mol = Flatten[{Table[{s[i, ull[il]] == v[[il],
s[i, ulli + 1111 == v[[i + 1113}, {i, 1, n - 13}],

Table[{sp[i, ull[i]]] == vp[[il], spli, ulli + 1111 == vp[[i + 111}, {i, 1, n - 1}]1}];

mt = Flatten[Table[{al[i], b[il, c[il, d[il}, {i, 1, n - 1}]1]1;

so = Solve[mol, mt];
Piecewise[ Table[ {s[i, t] /. so[[1]1], ullil] <=t < ulli + 111}, {i, n - 1}] ,

0]

x = {a, b};
(*xiha betartibx*)

y = {1, 0}; (xyiha betartibx)

yp = {0, 0}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}]l;
hilt_, a_, b_] = sphl[t, p1] // Simplify
x = {a, b};

(*xiha betartibx*)

y = {0, 1}; (xyiha betartibx)

yp = {0, 0}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}]l;

h2[t_, a_, b_] = sphlt, pl] // Simplify
x = {a, b};

(*xiha betartib*)

y = {0, 03};(*yiha betartib*)

yp = {1, 0}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}]l;
h3[t_, a_, b_] = sph[t, p1] // Simplify

x = {a, b};
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(*xiha betartibx*)
y = {0, 0};(xyiha betartibx)

yp = {0, 1}; (*y prim-ha betartib vared con *)

pl = Transpose[{x, y, yp}]l;

halt_, a_, b_] = sphlt, pl] // Simplify

\[Piecewise] {{(((3a-b-21t) (b-t)"2)/(a-Db)"3), a<=1t <b}, {0, \I\N(\*

TagBox["True", "PiecewiseDefault", AutoDelete->False, DeletionWarning->True]\)}}

\[Piecewise] { {(((a-t)"2(a-3b+2t))/(a-b)73), a<=t <b}, {0, \!\(\* TagBox["True",

"PiecewiseDefault", AutoDelete->False, DeletionWarning->True]l\)}}

\[Piecewise] {{-(((a-t) (b-t)"2)/(a-b)"2), a<=t <Db}, {0, \!\(\* TagBox["True",

"PiecewiseDefault", AutoDelete->False, DeletionWarning->True]\)1}}

\[Piecewise] { {(((a - t)"2 (-b+t))/(a~b)"2), a <=t <b}, {0, \!\(\ TagBox ["True",
"PiecewiseDefault",

AutoDelete->False, DeletionWarning->True]\)}}

yl = Applyl[#1 &, y, 1];

y2 = Apply[#2 &, y, 11;

y3 = Apply[#3 &, y, 1];

ypl Apply[#1 &, yp, 1];

yp2 Apply[#2 &, yp, 11;

yp3 = Apply[#3 &, yp, 1];

(15 (_25 O: 1)’ (1: 15 4))5
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(1.3, (4, 5, 7), (-2, 0, 1)),
(2.2, (4, 1, 4, (2, 4, 7)),
3, (0, 4, 7), (4, 5, 7)),
(3.5, (-3, 0, 20, (0, 1, 2))
(4, (0, 1, 2), (-3, 0, 2))

Clear([x, y1, y2, y3];

x = {1, 1.3, 2.2, 3, 3.5, 4}%;
yi=4{-2, 4, 1, o, -3, 03};
y2 = {0, 5, 1, 4, 0, 13};
y3 = {1, 7, 4, T, 2, 2};
ypl = {1, -2, 0, 4, 0, -3%};

yp2 = {1, 0, 4, 5, 1, 0};

yp3 = {4, 1, 7, 7T, 2, 2};

Clear[sl, s2];

n = Length([x] - 1;

s1(t_] =Sum[ hilt, x[[i]], x[[i + 1111 y1[[il] + h2(t, x[[i]], x[[i + 1111 y1[[i + 111 +
h3[t, x[[i1], x[[i + 1111 yp1[[i1] + h4[t, x[[i1]1, x[[i + 1111 yp3[[i + 111, {4, 1, n}];

s2[t_] =Sum[ hi[t, x[[i]1], x[[1 + 1111 y2[[i]1] + h2[t, x[[i]], x[[i + 1111 y2[[i + 111 +
h3[t, x[[i1], x[[1i + 1111 yp2[[i1] + h4[t, x[[i1]1, x[[1i + 1111 yp2[[i + 111, {4, 1, n}];

s3[t_1 =Sum[ hi[t, x[[i1], x[[1 + 1111 y3[[il1] + h2[t, x[[i1], x[[i + 1111 y3[[i + 111 +

h3[t, x[[i]], x[[i + 1111 yp3[[il] + h4lt, x[[i]], x[[i + 1111 yp1[[i + 111, {i, 1, n}];

pl = Transpose[{x, y1}];
p2 = Transpose[{x, y2}];
p3 = Transpose[{x, y3}];

gsh2 = Plot [{s1[t], s2[t], s3[t]l}, {t, x[[1]], x[[-111}, PlotStyle -> {{Gray, Thick}},
Prolog -> {PointSize[.02], Black, Point[p2], Point[pl], Point[p3]},

PlotPoints -> 300, Axes -> False, Frame -> Truel
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ClearAll[PlotLegends]

Needs["PlotLegends™ "]
ShowLegend [{Show [ghs2, gsh2, AspectRatio -> 1, Axes -> False, Frame -> True,
ImageSize -> {700, 500},
Prolog -> {PointSize[.03], Black, Point[p2], Point[pl], Point[p3]}],
{{{Graphics[{Black, Thick, Line[{{0, 0}, {1, 0}}1}1},
Graphics[{Black, PointSize[.009],
Point [{{1/2, 0.2}, {1/2, 1/2}, {1/2, .8}}1}1}, {Graphics[{Black, PointSizel[.2],
Thick, Line[{{0, 0}, {.3, 0}}], Line[{{1, 0}, {.7, 0}}]1}13}}, LegendSize —> {1, .5},

LegendPosition -> {1, .4}}]

44






Cblging 5 5 Sams 0 Juabd
6),-9?“"::"’ V-0

S JSeme sl ol 2 (30 glandas s o glalaziinr Lo 5 (530 laesls L5555 sl anlllas
O 5 a3 g0 513 s 2 3550 15 Hyy (A1) e mi(n41) o slas 6 ool sl ol 5
(oS a3l e lagldlardiar alas 4 (50 Slaesls Clig Slp K e SG Olse w0 )
B GBI anls skie 4 5rps ally SO 5 i o Bme o SLad psghe e s
O g aS gy ol Cll g3 sl esde 4 das o &1 (Ym — V) ol sy ol s 51 5 0l
el Wil 5 e sdal sty Ol g gl (Lpd o ol m =Y 5 m =\ Lz b
3 (slandad conm Ol L) 53 5 8 (56 aslu g pn Olays 5 1= Y 4350 51 (536 Dl
Jool bl s = YLt b IS Oligps Glakerdiz Slosns (Al ) G 50 (550 a2y 420

lanlsd Conn Ol glaslalardiar 4S5 il o st oo Jpo b bos S3le w8

gl o (63,58 5 acwloes HLESRESTRINSIE

oblgde  Y-0

03,5 33l5 framen (IS Oligys sl e 5,50 G bime s cpl s g s po3
ASL o andllas s TS b 5 S SeBemand Gie
o s i alad dales slaaly ulul s 15 (56 sbaesls slacbigys ol 5 e S5 (5 ke )
A2l 656 Glap S (6 @ 5 @) g cpl 53 oS 350
OB bl o e w5 ek sa (il S Glosl Sble 5 ol Gl il Sl eslenad e
OB monn B olisys sasia jsba 5,8 plnl mls ol G5B oLisss sl Bl

Al Yslgny s

KR



[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

&

Abbasbandy, S., 2001. Interpolation of fuzzy data by complete splines. Journal
of Applied Mathematics and Computing, 8(3), pp.587-594.

Abbasbandy, S. and Babolian, E., 1998. Interpolation of fuzzy data by natural
splines. Journal of Applied Mathematics and Computing, 5(2), pp.457-463.

Abbasbandy, S., Ezzati, R. and Behforooz, H., 2008. Interpolation of fuzzy
data by using fuzzy splines. International Journal of Uncertainty, Fuzziness and

Knowledge-Based Systems, 16(01), pp.107-115.

Allasia, G. and Bracco, C., 2012. Multivariate Hermite—Birkhoff interpolation
by a class of cardinal basis functions. Applied Mathematics and Computation,

218(18), pp.9248-9260.

Bede, B. 2013 . Mathematics of Fuzzy Sets and Fuzzy Logic. Springer, Berlin
Heidelberg.

Bede, B. and Gal, S.G., 2005. Generalizations of the differentiability of fuzzy-
number-valued functions with applications to fuzzy differential equations. Fuzzy

sets and systems, 151(3), pp.581-599.

Bede, B. and Stefanini, L., 2013. Generalized differentiability of fuzzy-valued

functions. Fuzzy Sets and Systems, 230, pp.119-141.

Behforooz, H., Ezzati, R. and Abbasbandy, S., 2010. Interpolation of fuzzy data

by using E (3) cubic splines. International Journal of Pure and Applied Mathe-

VoY



matics, 60(4), pp.383-392.

[9] Birkhoff, G., Schultz, M.H. and Varga, R.S., 1968. Piecewise Hermite interpo-
lation in one and two variables with applications to partial differential equations.

Numerische Mathematik, 11(3), pp.232-256.

[10] Cheney, E.W., 1982. Introduction to Approximation Theory. American Mathe-

matical Society.

[11] Ciarlet, P.G., Schultz, M.H. and Varga, R.S., 1967. Numerical methods of high-
order accuracy for nonlinear boundary value problems. Numerische Mathematik,

9(5), pp.394-430.

[12] Davis, P. J., 1975. Interpolation and approximation, Second edition, Dover, New

York, NY.

[13] Diamond, P. and Kloeden, P., 2000. Metric topology of fuzzy numbers and fuzzy
analysis. In Fundamentals of Fuzzy Sets (pp. 583-641). Springer US.

[14] Dubois, D. and Prade, H., 1980. Theory and applications, fuzzy sets and systems.
New York: Academic.

[15] Goghary, H. Sadeghi, and Saeid Abbasbandy, 2005. Interpolation of fuzzy data
by Hermite polynomial. International Journal of Computer Mathematics 82.12:

1541-1545.

[16] Guang-Quan, Z., 1991. Fuzzy continuous function and its properties. Fuzzy Sets

and Systems, 43(2), pp.159-171.

[17] Kaleva, O., 1994. Interpolation of fuzzy data. Fuzzy Sets and Systems, 61(1),
pp.63-70.

[18] Lakshmikantham, V., Bhaskar, T.G. and Devi, J.V., 2006. Theory of set dif-
ferential equations in metric spaces (Vol. 2, No. 006). Cambridge: Cambridge
Scientific Publishers.

Vey



el

[19] Lodwick, W.A. and Santos, J., 2003. Constructing consistent fuzzy surfaces from
fuzzy data. Fuzzy Sets and Systems, 135(2), pp.259-277.

[20] Lowen, R., 1990. A fuzzy Lagrange interpolation theorem. Fuzzy Sets and Sys-
tems, 34(1), pp.33-38.

[21] Negoita, C. V. and Ralescu, D. A., 2000. Applications of Fuzzy Sets to Systems

Analysis. Birkhuser Basel.

[22] Nguyen, H.T., 1978. A note on the extension principle for fuzzy sets. Journal of
Mathematical Analysis and Applications, 64(2), pp.369-380.

[23] Prenter, P.M., 2008. Splines and variational methods. Courier Corporation.

[24] Puri, M.L. and Ralescu, D.A., 1983. Differentials of fuzzy functions. Journal of

Mathematical Analysis and Applications, 91(2), pp.552-558.

[25] Seikkala, S. (1987). On the fuzzy initial value problem. Fuzzy Sets and Systems,
24(3):319 — 330.

[26] Stefanini, L., 2010. A generalization of Hukuhara difference and division for

interval and fuzzy arithmetic. Fuzzy sets and systems, 161(11), pp.1564-1584.

[27] Stefanini, L., 2008. A generalization of Hukuhara difference for interval and
fuzzy arithmetic. Soft Methods for Handling Variability and Imprecision, in: Se-

ries on Advances in Soft Computing, 48.

[28] Stefanini, L. and Bede, B., 2009. Generalized Hukuhara differentiability of
interval-valued functions and interval differential equations. Nonlinear Analysis:

Theory, Methods & Applications, 71(3), pp.1311-1328.

[29] Siili, E. and Mayers, D.F., 2003. An introduction to numerical analysis. Cam-

bridge university press.

[30] Varga, R.S., 1966. Hermite interpolation-type Ritz methods for two-point bound-
ary value problems. In Numerical Solution of Partial Differential Equations (pp.

365-373). Academic Press Englewood Cliffs, NJ.

Vo F



[31] Wendroff, B., 2014. Theoretical numerical analysis. Elsevier.
[32] Zadeh, L.A., 1965. Information and control. Fuzzy sets, 8(3), pp.338-353.

[33] Zadeh, L.A., 1975. The concept of a linguistic variable and its application to

approximate reasoning—I. Information sciences, 8(3), pp.199-249.

[34] Zeinali, M., Shahmorad, S. and Mirnia, K., 2014. Hermite and piecewise cu-
bic Hermite interpolation of fuzzy data. Journal of Intelligent & Fuzzy Systems,

26(6), pp.2889-2898.

V0



VR PR L& P v P

Abstract framework
Algebraic conjugate space
Approximation theory
Cardinal basis method
Characteristic function
Closure

Core

Crisp
Extension prenciple

Full Hermite Interpolation
Generalized Hukuhara difference
Gram determinant

Gram matrix

Hausdorff metric space

Hukuhara difference

I ol
Sz g3y slad
oA e,

el sl S

i

S S

P o p L)
LlaSle gacdlpans 5,40
ol 0k 25

oS e sle

Oy pdals G e sl

LSl G,

Vep



Hukuhara differentiable
Kroneker’s delta

Low order piecewise polynomial
Membership function

Natural spline
Not-a-knot

Orthogonal

Orthonormal

Runge- Meray Phenomenon
Runge’s function

Strongly generalized differentiable
Support

Switching point

Triangular fuzzy number

Upper semi continuous

a-level

Vv

oo & ndS 4ol

DlasSh pdygnis

S5 sk

oS o b lankd (glabordia
Co e wb

b (!

oS S5y

Jolxcis

&S5 delaw

S s, Sodods
s, b

e B

S5 Seilpaats pdy e
s

T sehds
LSRR

I s

o=



Abstract

This thesis focuses on introduce interpolation of fuzzy data by the fuzzy-valued piece-
wise Hermite polynomial in general case of 2m — 1 degree, based on the cardinal basis

functions, which satisfy a vanishing property on the successive intervals.

In this thesis a numerical method in full detail using the linear space notions for calcu-
lating the presented interpolant is provided. In order to illustrate the method in compu-

tational examples, we take recourse to three prime cases: linear, cubic and quintic.

An outstanding feature of this thesis is that, by exactly the same data and with assume
m = 1 and m = 2 two linear and cubic cases have produced, first case is as same as
fuzzy spline of order ¢ = 2 and second case is an alternative to simple fuzzy Hermite

polynomial interpolation.

Keywords: Cardinal basis functions, Fuzzy data interpolation, Piecewise Hermite in-

terpolation.
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