SCIENCE AND RESEARCH BRANCH ISLAMIC AZAD UNIVERSITY

SUBMITTED FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY (PH. D.)
IN APPLIED MATHEMATICS (NUMERICAL ANALYSIS)

NUMERICAL AND ANALYTICAL SOLUTIONS OF
FUZZY DIFFERENTIAL EQUATIONS OF FRACTIONAL
AND NATURAL ORDER

Supervisor
Prof. Tofigh Allahviranloo
Prof. Saeid Abbasbandy

Adviser
Dr. Mohammad Ali Fariborzi Araghi

By
Soheil Salahshour



SCIENCE AND RESEARCH BRANCH ISLAMIC AZAD
UNIVERSITY
DEPARTMENT OF
MATHEMATICS

The undersigned hereby certify that they have read and
recommend to the Faculty of Graduate Studies for acceptance a
thesis entitled “Numerical and Analytical Solutions of Fuzzy
Differential Equations of Fractional and Natural Order”
by Soheil Salahshour in partial fulfillment of the requirements for the
degree of Doctor of Philosophy.

Dated: January 2012

External Examiner:

Research Supervisor: Prof. Tofigh Allahviranloo
Prof. Saeid Abbasbandy

Advisers:

Dr. Mohammad Ali Fariborzi Araghi

Examing Committee:

i



Table of Contents

Table of Contents

Abstract

Publications

Introduction

1 Preliminaries

1.1 Introduction . . . . . . . . . . ... ... ...

1.2 Fuzzy sets and some basic definitions . . . . .
1.3 Hausdorff metric . . .. ... ... ......

1.4  Fuzzy derivatives . . . . . .. ... ... ...

1.4.1
1.4.2
1.4.3
144
1.4.5

Hukuhara derivative . . . . .. .. ..
Goetchel-Voxman derivative . . . . . .
Seikkala derivative . . . ... ... ..
Dubois-Prade derivative . . . . .. ..

Generalized Hukuhara differentiability

1.5  Fuzzy differential equation . . . . . ... . ..

2 Fuzzy Differential Equations of Natural Order
2.1 Second Order FDEs . . . . ... ... ... ..

2.1.1
2.1.2
2.1.3
214

The fuzzy Laplace transforms . . . . .
Convergence . . . . . . . ... .. ...
Basic properties . . . . . ... ... L.

Inverse of fuzzy Laplace transform . .

1ii

iii

vi

10
10
11
14
16
17
18
18
18
19
21



2.1.5 Translation theorems . . . . . . . . . . . . .. .. ... ...

2.1.6  Fuzzy Laplace transform of derivative . . . . . . . . . . . . ..
217 Examples . ...
2.2 Operator Method . . . . . . .. .. .. ... ...
2.2.1 First order FDEs . . . . . . . . ... ..o
2.2.2 Second order FDEs . . . . . .. ... oo
2.3 1-Cut Expansion Method . . . . . . . . ... ... .. ... ......
2.3.1 Three new solution sets . . . . . . . ... ... ... ... ..
2.3.2 Examples . . . . ...
Fuzzy Differential Equations of Fractional Order
3.1 Imtroduction . . . . . . . ...
3.2 Riemann-Liouville differentiability . . . . .. ... .. ... ... ..
3.3 The fuzzy Laplace transforms of Riemann-Liouville derivative
3.4 Analytical solution . . . . . .. ... L
3.4.1  Determining solutions . . . . . . . . ... ... ... ... ..
3.4.2 Examples . . .. ...
3.5  Explicit Solutions . . . . . . ... ...
3.5.1 Examples . . . . . ...
Bibliography

v

67
67
68
71
74
74
76
80
84

86



Abstract

The aim of this work is to use the generalized differentiability for solving Fuzzy
Differential Equations about fractional order (for short FFDEs) and natural order
(for short FDEs). To do so, The fuzzy Laplace transforms method, a new operator
method and 1-cut expansion method have been applied to solve FDEs. To solve
FFDEs, we have used the fuzzy Laplace transforms method under Riemann-Liouville
differentiability. In this regard, some basic properties of the fuzzy Laplace transforms
are stated. Furthermore, some well-known results are derived whenever the Riemann-
Liouville differentiability is appeared. Moreover, several examples have been solved

in details to illustrate the ability of proposed approaches.
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Introduction

The mathematical modeling of various physical phenomena involves two inconve-
niences. The first is excessive complexity of the situation being modeled and con-
sequent uncertainty of the systems. On the other hand, in many cases, information
about the behavior of a dynamical system is uncertain. In order to obtain a more
realistic (not more exact!) model, we have to take into account these uncertainties.
Also, in several cases the uncertainties are not of statistical type. For example, hav-
ing some linguistic information and when we cannot repeat a measurement are such

cases. This leads to two further consequences:

1. We are not able to formulate the model, and
2. The model constructed is too complicated with uncertainties to be used in prac-

tice.
Despite such imperfect knowledge, attempts have been made in some selected
mathematical models to devise controllers that will steer the system in a certain re-

quired fashion.

The second inconvenience consists of indeterminacy caused by our subjective inability



to differentiate events exactly, and its main property is vagueness. Thus there is a
need for a mathematical apparatus to describe the vague notions to overcome the

obstacles in modeling and such an apparatus is provided by fuzzy set theory.

Recently, the theory of fuzzy differential equations has been initiated and the basic
results have been systematically investigated. Differential equations in fuzzy setting
are a natural way to model uncertainty of dynamical systems. First order linear fuzzy
differential equations are one of the simplest fuzzy differential equations which may
appear in many applications. However, the form of such an equation is very simple,
it raises many problems since under different fuzzy differential equation concepts, the

behaviour of the solutions is different (depending on the interpretation used) [22].

The Hukuhara derivative of a fuzzy-valued function was introduced in [30] and its
starting point in the Hukuhara derivative of multivalued functions. The first approach
to modeling the uncertainty of dynamical systems uses the Hukuhara derivative.
Under this setting, mainly the existence and uniqueness of the solution of a fuzzy

differential equation are studied [37, 75, 41, 47, 48, 78].

This approach has the disadvantage that it leads to solutions with increasing sup-
port, fact which is solved by interpreting a fuzzy differential equation as a system of
differential inclusions. But this last mentioned approach has at its turn some short-

comings.

This shortcoming is solved by interpreting a fuzzy differential equation as a system

of differential inclusions [45]. The main shortcoming is that one cannot talk about



the derivative of a fuzzy-valued function, since a fuzzy differential equation is directly
interpreted with the help of differential inclusions without having a derivative. Also

solutions are not necessarily fuzzy-valued functions.

Strongly generalized differentiability (for short generalized differentiability) was
introduced in [21] and studied in [22]. This concept allows us to solve FDEs without
the above mentioned weakness. Actually, the strongly generalized derivative is de-
fined for a larger class of fuzzy-valued functions than the H-derivative. So, an FDE

can solve such that its solution has a decreasing length of support.

Fractional Calculus and fractional differential equations have undergone expanded
study in recent years as a considerable interest both in mathematics and in applica-
tions. They were applied in modeling of many physical and chemical processes and

in engineering [17, 19, 20, 26, 34].

Fractional differential and integral equations play increasingly important roles in
the modeling of engineering and science problems, as shown in [2, 34, 35, 55, 76]. It
has been established that, in many situations, these models provide more suitable
results than analogous models with integer derivatives. The calculus of fractional
order derivatives and the theory of fractional differential equations has been studied

comprehensively in [3, 14, 17, 61, 62, 63].

One of the recently influential works on the subject of fractional calculus is the

monograph of Podlubny [76] and the other is the monograph of Kilbas et. al [55].



Consequently, several research papers were done to investigate the theory and solu-

tions of fractional differential equation. See [2, 61, 62, 63] and references therein.

Due to similar reasons, we should investigate the solutions of differential equations
about fractional order under uncertainty, represented by fuzzy-valued functions which

so-called in short FFDEs.

To do so, we define the basic concepts like fractional integral and derivative of
fuzzy-valued functions. Also, we need to obtain a Derivative theorem about fractional
order for applying the fuzzy Laplace transforms method which is our adopted method
to solve FFDEs.

Clearly, one of the useful system in such fractional models is fractional differential
equation with initial value under Riemann-Liouville differentiability defined by

D y) (2) = [l y(a)]
RLDaﬁ_:ly) (0) = RLy((]ﬁ—l) cR

where f is stated appropriately and xy € (a,b).

In this model, the initial value y(a) is obtained by the decision maker in accordance
with the conditions of original problem. In this direction, some essential questions
are existed as following:

Problem A. Does the initial value is determined correctly?

Problem B. What is the effect of changing the initial value y(a) in the structure



of solution?.

In order to answer these basic questions in the real sense, we used the fuzzy
concepts in the fractional differential equations so-called fuzzy fractional differential

equations (FFDEs). Moreover, there exists another basic question as follows.

Problem C. How can we solve FFDFEs, analytically?.

We now discuss on the mentioned questions under uncertainty, represented by

fuzzy concepts as following:

Discussing on the Problem A, B and C.

It is common sense that the initial value y(a) is determined by decision maker
under some conditions. So, by changing the conditions the original problem may be
changed to the another problem with the same formula for f, and some variations
for the initial value y(a). In order to consider the original problem in a new sense,
we intend to use fuzzy initial value instead of crisp initial value. In this direction, we
should reconstruct the original problem in the fuzzy field. Therefore, each elements
of fractional differential equation should be converted to the fuzzy frame, especially,

fractional differentiability.

On the other hand, investigating the effects of changing the initial value on the



solution can be interpreted as investigating the stability of solutions. After construct-
ing the fuzzy fractional differential equations and their basic elements, it is essential
to produce an analytical approach for solving such uncertain problems. One of the
interesting analytical method in the deterministic case for the theory of fractional

differential equations is the method of Laplace transforms.

So, for solving FFDEs, we adopted such operator method. To this end, we need
to an essential theorem in order to connect between the Laplace transform of fuzzy
fractional derivative of f and the Laplace transform of f which so-called Derivative
Theorem. Based on the mentioned questions and related discussions we decided that
for solving a fractional differential equation in the real case (not necessary exact case)
we should use the fuzzy version of this problem which is named as fuzzy fractional

differential equations.

Moreover, it is essential that the obtained solution and the deterministic solution
(solution of 1-cut problem) should have the same behaviour. It means that, if the
crisp solution goes to zero when the independent variable x goes to infinity, the cor-
responding problem in the fuzzy frame should have the same behaviour, i.e., the
solution of FFDE goes to zero when x goes to infinity (asymptotically certain) and
similar conditions should be valid for the other cases. To this end, we must use at
least two type of differentiability. It is easy to verify that the theory of fuzzy frac-

tional differential equations is richer than the theory in the deterministic case.

In the fractional literature, Mittag-Leffler function plays a major role in the theory



of fractional calculus and fractional differential equations (see [55, 76]):

Eaﬂ(Z) = ; m, o > 0, 6 > 0. (001)

However, one can find some recently monographs and research papers in the field
of fractional differential equations and their solutions in [25, 46, 57, 61, 62, ?, 64, 67,

68, 80].

The thesis is organized as follows:

Chapter 2. Recently, Allahviranloo and Barkhordari in [8] have proposed the
fuzzy Laplace transforms for solving first order fuzzy differential equations under
generalized differentiability. Unfortunately, they only have defined the fuzzy Laplace
transforms and did not state that under what conditions the fuzzy-valued functions
have the fuzzy Laplace transform? However, they did not consider the important
properties and related theorems for solving FDEs. Here we are going to consider the
above mentioned conditions about the existence of fuzzy Laplace theorem and its
inverse.

In the next section, we suggest a new method to solve FDEs which is constructed
based on the equivalent integral form of the original problems. By using the lower
and upper functions of the obtained integral equations, we can determine the lower
and upper functions of solutions.

So, we construct a closed form of solutions by solving corresponding fuzzy Volterra

integral equations.

In the sequel, a new approach for solving FDEs is considered under generalized

differentiability. The idea of the presented approach is constructed based on the



extending the 1-cut solution of original FDEs. Obviously, 1-cut of FDE is interval
differential equation or ordinary differential equation. If the 1-cut of FDE be an
interval differential equation, we solve it using Stefanini et al.’s method [82], otherwise,
solving ordinary differential equation will be done as usual. Consequently, we try to
fuzzify obtained 1-cut solution in order to determine solutions of original FDE. To this
end, some unknown spreads are allocated to the 1-cut solution. Then, by replacing
such fuzzified value into original FDE and also based on the type of differentiability,

we can get the spreads of solution of FDE.

Chapter 3. Recently, Agarwal et al. [14] have proposed a concept of solution for
fractional differential equations with uncertainty. They have considered the Riemann-
Liouville differentiability concept based on the Hukuhara differentiability to solve
FFDEs.

To do so, we propose Riemann-Liouville differentiability for a given fuzzy-valued
function by using Hukuhara difference so-called Riemann-Liouville differentiability.
To this end, a direct procedure is adopted to derive such concept which is constructed
based on the combination of strongly generalized differentiability [23] and Riemann-
Liouville derivative [55, 76].

Consequently, we intend an analytical (operator) method to solve FFDEs. Since,
considering the solutions of FFDEs is a new subject, we should first implement the
analytical method to solve it, then numerical methods can be applied.

However, such concepts are not explicitly implemented in the fractional case under
uncertainty. So, we obtain the explicit solutions of FFDEs usnig the Mittag-LefHer

presentation. In order to show the ability of the proposed methods, some illustrative



examples have been solved in details.



Chapter 1

Preliminaries

Fuzziness is not a priori an obvious concept and demands some explanation. Fuzziness
is vagueness i.e. to designate the kind of uncertainty which is both due to fuzziness
and ambiguity. Generalizing refers to the application of a symbol to a multiplicity
of objects in the field of reference, ambiguity to the association of a finite number of
alternative meanings having the same phonetic form. But, the fuzziness of a symbol
lies in the lack of well-defined boundaries of the set of objects to which this symbol

applies.

1.1 Introduction

In this chapter, the basic definitions of fuzzy sets and algebraic operations are defined
and extension principle are provided which is one of the most basic concepts of fuzzy

set theory that can be used to generalize crisp mathematical concepts to fuzzy sets.

10
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1.2 Fuzzy sets and some basic definitions

Definition 1.2.1. If X is a collection of objects denoted generically by z, then a

fuzzy set A in X is a set of ordered pairs:
A={(z, A(z))| = € X}

A(x) is called the membership function or grade of membership (also degree of com-
patibility or degree of truth) of z in A that maps X to the membership space M
(when M contains only the two points 0 and 1, A is nonfuzzy and A(z) is identical

to the characteristic function of nonfuzzy set).

The range of the membership function is a subset of the nonnegative real numbers
whose supremum is finite. Elements with a zero degree of membership are normally
not listed. A fuzzy set is obviously a generalization of a classical set and the member-
ship function a generalization of the characteristic function. Since we are generally
referring to a universal (crisp) set X, some elements of fuzzy set may have the degree
of membership zero. Often it is appropriate to consider those elements of the universe

that have a nonzero degree of membership in a fuzzy set.

Definition 1.2.2. The support of a fuzzy set A is the ordinary subset of X:
supp(A) = {z € X| A(x) > 0}.
Definition 1.2.3. The height of A is hgt(A) = sup.exA(z), i.e. the least upper

bound of A(z). A is said to be normalized iff 3z € X, A(x) = 1; this definition

implies hgt(A)=1.
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A more general and even more useful notion is that of an r—level set.

Definition 1.2.4. The set of elements that belong to the fuzzy set A at least to the

degree r is called the r—level set or r—cut:
[Aly ={z € X| A(z) =}
if nonequality is hold strictly then [A], is called strong r—Ilevel set.

Definition 1.2.5. A triangular fuzzy number A, is defined by three numbers a; <
as < az where the graph of A(x), the membership function of the fuzzy number A,
is a triangle with base on the interval [a;,as] and vertex at @ = ay. We specify A as
(ay/az/az). We will write: (1) A > 0ifa; >0; (2) A>0ifa; > 0; (3) A <0 if
az < 0;and (4) A<0ifa3z <0.

Convexity also plays an important role in fuzzy set theory. By contrast to classical
set theory, however, convexity conditions are defined with reference to the membership

function rather than the support of a fuzzy set.
Definition 1.2.6. A fuzzy set A is conver if

ANz + (1 — N)ao) > min{A(z1), A(z2) }, Vo, 20 € X,V € [0,1].
Alternatively, a fuzzy set is convex if and only if all r—level sets are convex, [90].

One of the most basic concepts of fuzzy set theory that can be used to generalize
crisp mathematical concepts to fuzzy sets is the extension principle. In its elementary

form, it was already implied in Zadeh’s first contribution (1965).
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Definition 1.2.7. Let X be a Cartesian product of universes X = X; x Xo x...x X},
and f be a mapping from X to a universe Y, y = f(x1,...,2x). Then the extension

principle allows us to define a fuzzy set B in Y by

B = {(va(y))| y:f(xlv"'vxk)v(xlv"'7xk) EX}
where

SUD (g, op)e -2 () MAN{ A1 (@1), ., A(z)} if [N y) #0

0 otherwise

B(y) =

A fuzzy function is a generalization of the concept of a classical function. A
classical function f is a mapping from the domain D of definition of the function
into a space S; f(D) C S is called the range of f. Different features of the classical
concept of a function can be considered to be fuzzy rather than crisp. Therefore

different degrees of fuzzification of the classical notion of a function are conceivable.

1. There can be a crisp mapping from a fuzzy set that carries along the fuzziness
of the domain and therefore generates a fuzzy set. The image of a crisp argument
would again be crisp.

2. The mapping itself can be fuzzy, thus blurring the image of a crisp argument.
This we shall call a fuzzy function. These are called fuzzifying function by Dubois

and Prade.

3. Ordinary functions can have fuzzy properties or be constrained by fuzzy con-

strains, [90].
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Definition 1.2.8. A classical function f : X — Y maps a fuzzy domain A in X into

a fuzzy range B in Y if and only if
Ve e X,B(f(x)) > A(x).

Given a classical function f : X — Y and a fuzzy domain A in X, the extension

principle yields the fuzzy range B with the membership function
B(y) = supzes-1,)Alz),
hence f is a function according to the above definition, [90].

Denote by " the set of all nonempty compact subsets of R™ and by & the subset
of k™ consisting of nonempty convex compact sets.

An open e-neighborhood of A € k" is the set
N(A,¢) ={z e R": inf1 |z —al| < ¢} = A+ eB",
ac
where B" is the open unit ball in R", [32].

Definition 1.2.9. A mapping F' : R" — k" is upper semicontinuous (usc) at o if

for all € > 0 there exists 0 = d(€, zp) such that
F(x) C N(F(x9),€) = F(zo+ eB")

for all z € N(zo,9).

1.3 Hausdorff metric

In this section we define a metric space by Hausdorff separation. Recall that

p(z, A) = inf [z —af
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is the distance of a point x € R" from A € ™ and that the Hausdorff separation
p(A, B) of A, B € k™ is defined as

p(A, B) = sup p(a, B).

acA

Note that the notation is consistent, since p(a, B) = p({a}, B). Now, p is not a
metric. In fact, p(A, B) = 0 if and only if A C B. The Hausdorff metric dg on " is
defined by

dr(A, B) = max{p(A, B), p(B, A)}

and (K",dy) is a complete metric space. Let D™ denote the set of usc normal fuzzy
sets on R™ with compact support. That is, v € D", then u : R" — [0, 1] is usc,
supp(u) is compact and there exists at least one £ € supp(u) for which u(§) = 1. The

(B-level set of u, 0 < B <1 is

[ulg = {x € R" : u(z) > 5}.

Clearly, for a < f3,[u]l, 2 [u]g. The level sets are nonempty from normality and

compact by usc and compact support. The metric dy is defined on D" as
doo(u, v) = sup{dy ([u], [v];) : 0 <r <1}, wove D"

and (D",d) is a complete metric space. Denote by E" the subset of fuzzy convex
elements of D". The metric space (E",d,) is also complete, [32].
The following properties are well-known [86]):
(D)doo(u + w, v+ w) = doo(u,v), Vu,v,w € E,
(11)d (ku, k) = |kldoo(u,v), Vk € R,u,v € E,

(1i1)doo (u + v,w + €) < dy(u, w) + ds(v,€), Vu,v,w,e€ E.
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Definition 1.3.1. Let [ be a real interval. A mapping z : [ — FE is called a fuzzy

process and its r—level set is denoted by
[#(O)]r = [wa(t;r), 22(t;7)], tEL

Now we have the following corollary for algebraic operations with r—level sets.

Corollary 1.3.1. Let v,w € E and s be a scalar, then for r € [0,1];

[0+ w]r = [v1(r) + wi(r), va(r) + wa(r)],

[0 = wlr = [01(r) — wa(r), va(r) — wi ()],

[v-w], = [min{v; (r).wy (r), v1(r).wa(r), va(r) wi (1), va(r).wa(r) },
max{vy (r).wy (1), vy (7). (r), va(r).av (), va(r).wa(r) }],

[sv], = s[v],., [78].

If f: R" x R" — R" is a function, then, according to Zadeh extension principle,

we can extend f to E™ x E™ — E" by the equation

fu,0)(2) = sup.—s(yymin{u(z), v(y)}.

It is well known that
[f(u,v)], = f([ul, [v];)

for all u,v € E™, r € [0, 1].

1.4 Fuzzy derivatives

Here, we state some previously reported fuzzy derivative of a given fuzzy function x.
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1.4.1 Hwukuhara derivative

The Hukuhara difference between two fuzzy numbers A and B defines as follows:

Definition 1.4.1. [75] If there exists a fuzzy number C so that C + A = B, then C

is called the Hukuhara difference between B and A and we write this as B& A = C.

Definition 1.4.2. A mapping x : I — E" is Hukuhara differentiable at ¢ € I if there

exists 2/(t) € E™ such that the limits

(t + h) © 2(t)

t t+h
limp,_o+ A ;o limy_o- :c( )@x( - )

h

exist and are equal to 2'(t). Here the limit is taken in the metric space (E™, D).

At the end points of I we consider only the one-side derivatives, [48].
Let x : I — E™ be a fuzzy process and differentiable on I, for each r € [0, 1];.
[z(t)], = [z1(t;7), 22(t;7)], 7 € [0, 1].
The Hukuhara derivative 2’(t) of a fuzzy process x is defined by
[2'(1)], = [ (t; ), 25(t )], t €T,

provided that this equation defines a fuzzy number for the partial of z;(¢;r) with
respect to ¢, = 1,2. [78].

Let x(t) be a fuzzy number for each ¢ € I. Some kind of derivatives are de-
fined namely Goetchel-Voxman derivative, the Seikkala derivative, the Dubois-Prade
derivative, the Puri-Ralescu derivative, and the Kandel-Friedman-Ming derivative
of x(t). The other derivatives of fuzzy function, approaches are more abstract and

therefore not directly applicable to solving the fuzzy initial value problem.
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1.4.2 Goetchel-Voxman derivative

Definition 1.4.3. The Goetschel-Voxman derivative of x(t), written GV Dx(t), was

defined in [41]. The derivative of x(t) at tq is defined as

GV Dx(to) = limpy_o - ,

provided that the limit exists with respect to the metric D. However the subtraction

is not standard fuzzy subtraction because
[2(to + h) © z(to)], = [w1(to + hir) — 1 (to; 1), @2 (to + hi ) — @2 (to; )],
for all t,r. Standard fuzzy arithmetic would produce
(1 (to + h; 1) — 22(to; r), za(to + hs 1) — 21 (t0; 7).

If GV Dz(t) exists then [GV Dz(t)], = [21(t;r),a4(t;r)], for all ¢ € I,r € [0,1].

However GV Dz(t) may not be a fuzzy number for some ¢ in I.

1.4.3 Seikkala derivative

Definition 1.4.4. The Seikkala derivative of z(t), written SDz(t), was defined in
[78]. This definition is as follows: if [« (t; ), z5(t; r)] are the r—cuts of a fuzzy number
for each t € I, then SDx(t) exists and [SDx(t)], = [z (¢;r), 25 (¢;7)]. Notice that this
is the definition of derivative of a fuzzy function that we use in this work. That is, if

d’é—gt) exists, then SDx(t) = dz:l_it)' Also, SDx(t) is a fuzzy number for all t € I.

1.4.4 Dubois-Prade derivative
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Definition 1.4.5. The Dubois-Prade derivative of x(t), written DPDzxz(t), was de-

fined in [37]. DPDx(t) always exists and its membership function is given by
DPDx(t)(z) = sup{r| z =z} (t;r),x = x5 (t;7)}.

However, DPDz(t) may not be a fuzzy number. We may have to add something to

the definition of DPDx(t) to obtain a fuzzy number.

1.4.5 Generalized Hukuhara differentiability

Definition 1.4.6. [9].

Let f : (ty,T) x Ex E — E and xy € (ty, 7). We say that f is generalized
differentiable of the second-order at zg, If there exists an element f”(zq) € E, such
that
(i) for all A > 0 sufficiently small, 3f"(zo + h) & f'(x¢), f'(x0) © f'(xo — h) and the

limits (in the metric d)

. f(wo+h)O fl(x)
hm e
R\.0 h RN\0 h

or
(ii) for all h > 0 sufficiently small, 3f'(x¢) & f'(xo+ h), 3f'(xo — h) & f'(x) and the

limits (in the metric d)

lim f(20) © f'(ao + 1) = lim f'(xo — ) © f'(20)
AN —h AN —

= f”(xo)v

or

(iii) for all A > 0 sufficiently small, 3f'(zo+ h) S f'(xg), 3f (xo — h) © f'(x) and the
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limits (in the metric d)

i £ o TR O Fxo) _ e o= 1) © (o)
AN h AN 5

= f”(xo)a

or
(iv) for all A > 0 sufficiently small, 3f'(zo) © f'(zo + L), 3f'(x0) © f'(xo — h) and the

limits (in the metric d)

lim f'(@o) e fllxo+h) _ lim f'(z0) © f'(w0 — h)
AN —h NG h

— f”(fﬂo)-

Definition 1.4.7. [8]. Let f: (to,T) x Ex...x E — FE and g € (to,T). We Define
the Nth—order differential of f as follow: Let f : (to,T) — E and xy € (to,T). We
say that f is strongly generalized differentiable of the nth—order at xy. If there exists
an element f®(zy) € E, Vs =1,...,n, such that

(i) for all h > 0 sufficiently small, 3f ¢~ (zg+h)O fED (20), IFEV (@) 0 fED (29—

h) and the limits (in the metric dy,)

S D (xo) & fEV (o — h)
= 111m
AN h AN h

= % (x0)

or

(ii) for all A > 0 sufficiently small, 3£~V (zo) © fE V(2o + R), IfED(zg — h) ©

fe=Y(x0) and the limits (in the metric da.)

j @) ST H) _ y, SU@0 =R @) _ g

RN\O —h AN —h

or

(iii) for all A > 0 sufficiently small, IfC~Y(zo + h) © fEY(zg), 3fCV(xg — h) ©
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fe=Y(20) and the limits (in the metric d)

lim JE D (@o + h) © fO D (xo) ~ im JE D (@ —h) © fe V() — ) ()

r\0 h RN\0 —h

or

(iv) for all h > 0 sufficiently small, 3£~V (x0)o fCV (2g+h), IfEV (20)O D (20—

h) and the limits (in the metric dy,)

o P00 © F @+ ) L FO @) © £ D — )

— (s
h\0 —h A\.0 h 1 (o),

(h and —h at denominators mean % and %, respectively Vs =1...n)

1.5 Fuzzy differential equation

In this section we define Fuzzy Initial Value Problem (FIVP) or Fuzzy Cauchy Prob-
lem. Differential equation in a fuzzy environment has been suggested as a way of
modeling uncertain and incompletely specified systems. Formulation of the concept
usually interprets the solution as flow on some appropriate space of fuzzy sets and

has been largely concerned with existence and uniqueness problems.

Definition 1.5.1. Fuzzy initial value problem is defined as

2(t) = f(tz(); a<t<b, (1.5.1)

Assume that f: T x E™ — E™ is continuous and xy € E". The following theorems

and lemmas show that the system (1.5.1) has solution.
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Lemma 1.5.1. [/7]. A mapping x : T — E™ is a solution to (1.5.1) if and only if it

is continuous and satisfies the integral equation
t
z(t) = xg —I—/ f(s,x(s))ds (1.5.2)
forallt eT.

Note that we cannot extend lemma (1.5.1) for ¢ < a. If f is Lipschitz continuous

then (1.5.1) has a unique solution on 7.

Theorem 1.5.2. Let f: T x E™ — E" be continuous and assume that there exists a

k >0 such that
D(f(t,2), f(t,y)) < kD(z,y)
forallt € T,x,y € E". Then (1.5.1) has a unique solution on T, [47].
Furthermore, the solution depends continuously on the initial value. Seikkala in
[78] have solved (1.5.1) as follows:

The extension principle of Zadeh leads to the following definition of f(¢,z) when

x = x(t) is a fuzzy number

f(t,x)(s) = sup{z(7)| s = f(t,7)}, s€R
It follows that

[f(t, o)l = [fi(t, ), folt, )], € (0,1].

where
filtoair) = min{f(t.0)] w e loaltir), vt )], -
fat wir) = max{f(t,u)] u € [x1(t;7), 22t 7)), }-
The function x : R, — E is a fuzzy solution of (1.5.1) on I, if
wi(tr) = mind f(L,u)] w e [a1(r), 22(r)]}, 21(0;7) = 2oi(r), (15.4)

h(t;r) = max{f(t,u)| u € [x1(r), z2(r)]}, x1(0;7) = xe1(r),
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for any t € [ and r € [0,1]. Thus for fixed r, we have an initial value prob-
lem in R?. If we can solve it (uniquely), we have only to verify that the intervals

[z1(t;7), x2(t;7)], 7 € [0,1], define a fuzzy number z(t) in E.
Theorem 1.5.3. Let f satisfy
‘f(t,?)) o f(t?6)| < g(tv |U o 6|)7 t>0, v,v€ R?

where g on Ry X Ry is a continuous mapping such that r — g(t,r) is nondecreasing,

the initial value problem

d(t) = g(t,u(t), u(0) = uo, (1.5.5)

has a solution on Ry for ug > 0 and that u(t) = 0 is the only solution of (1.5.5) for

up = 0. Then the fuzzy initial value problem (1.5.1) has a unique fuzzy solution.

The other solution is introduced by Buckley and Feuring in [?]. They solve the
FIVP (1.5.1) by fuzzifying the crisp solution to obtain fuzzy solution using the ex-

tension principle.

Remark 1.5.1. [22]. In the case of strongly generalized differentiability, to the fuzzy
differential equation y' = f(x,y) we may attach two different integral equations,
while in the case of differentiability in the sense of the Definition of H-differentiable,

we may attach only one. The second integral equation can be written in the form
y(x) =yo o (=1). [ f(t,y(t))dt.
The following theorems concern the existence of solutions of a fuzzy initial-value

problem under generalized differentiability.
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Theorem 1.5.4. [22]. Suppose that the following conditions hold: (a)Let Ry =
[zo, 20 + p] X B(yo,q), p,q > 0, yo € E, where B(yo,q) = {y € E: D(y,3) < q}

denote a closed ball in E and let f : Ry — E be a continuous function such that
do (0, f(,9)) = | f(x,9)ll < M for all (x,y) € Ro (b) Let g : [wo, wo+p]x [0, 4] — E.
such that g(z,0) = 0 and 0 < g(xz,u) < M, Yo € [rg,z0+p], 0 < u < gq,
such that g(x,u) is non-decreasing in w and g is such that the initial-value problem
u (z) = g(z,u(x)),u(re) = 0 has only the solution u(zx) = 0 on [xg,zo + p|. (c) We

have doo (f (2, ), f(7,2)) < 9(z,dw(y, 2)), Y(2, ), (2,2), (y,2) € Ry and dw(y, 2) < q.

(d) There exists d > 0 such that for x € [xy,xo+d] the sequenceq,, : [xg, zo+d] — E

given by 5y(z) = Yo, py1 () = 10 © ( f f(t,5,)dt is defined for any n € N.

Then the fuzzy initial -value problem

y' (@) = f(z,y),

y(0) = Yo

has two solutions (one (1)-differentiable and the other one (2)-differentiable) y,7 :

[x0, w0 + 7] — B(yo,q) where r = min{p, -, T d} and the successive iterations

90() = Yo, Ysa (7) = o + / £t yat))dt
and
Jo(2) = Yo, Un41(x) = Yo © ( / f(t,

converge to these two solutions respectively.

According to Theorem 1.5.4, we restrict our attention to functions which are (1)-
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or (2)-differentiable on their domain except for a finite number of points (see also

[22]).

Lemma 1.5.5. Let u,v € E be such that u(1l) — u(0) > 0, u(0) — u(l) > 0 and
len(v) = (9(0) — v(0)) < min{u(1) — u(0),u(0) — u(1)}. Then the H-difference u © v

exists.

The following corollary gives simple sufficient condition for the existence of fuzzy

differential equations under generalized differentiability.

Corollary 1.5.6. Let f : Ry — E where Ry = [z, xo+p] X (B(y0, ¢)NE), and yy € E
such that y(0,1) —y(0,0) and 7(0,0) —y(0,1). Let m = min{y(0, 1) —y(0,0),7(0,0) —
y(0,1)}. Under the assumptions (a)-(c) of Theorem (1.5.4), the fuzzy initial-value

problem
y' = f(z,y),
y(xo) = vo
has two solutions y,7 : [xo, 2o + 1] — B(Yo,q) where r = min{p, i, T 317 and the

successive iterations in theorem (1.5.4) converge to these two solutions.



Chapter 2

Fuzzy Differential Equations of
Natural Order

In this chapter, we firstly express the fuzzy Lalpace transform and then some its
well-known properties are investigated. In addition, an existence theorem is given for
fuzzy-valued function which possess the fuzzy Lalpace transform. Consequently, we
investigate the solutions of FDEs. Then, an operator method has been applied to
solve FDEs using the equivalent integral form of original FDE. At the end stagem a
novel approach based on the 1-cut expansion approach has been proposed. In each

section, several examples have been stated to demonstrate the approach, clearly.

2.1 Second Order FDEs

In this section, we are going to review the definition of fuzzy initial value problems,
particularly, the second order fuzzy differential equation under generalized differen-

tiability which has been proposed in [9].

26
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We define a general second-order fuzzy differential equation as follows:

y'(t) +g(t,y(t),y'(t) = f(t,yt),y'(t))
y(xo) = Yo, (2.1.1)
v (o) = o

y(t) = ((y(t; ), y(t; o)) is a fuzzy function of t and f(t,y(t),y'(t)) and g(t,y(t),y'(t))

are continuous fuzzy-valued functions.

Now, we state a useful result states the parametric forms of second order deriva-
tives for a given fuzzy-valued function F.

Theorem 2.1.1. Let F and F' are two differentiable fuzzy-valued functions. More-

over, we denote a-cut representation of fuzzy-valued function F(t) with [F(t)]" =

[f(t7 T), g(t7 T)]; then:
(a) Let F and F' are (1)—differentiable, or, let F' and F' are (2)—differentiable,

then: f,qg have first-order and second-order derivatives and

[F"@)]" = [f"(t,r).g"(t,7)],

(b) Let F' is (1)—differentiable and F' is (2)— differentiable, or, let F' is (2)— differentiable
and F' is (1)—differentiable, then: f,g have first-order and second-order derivatives

and
[F"(#)]" = [g"(t,r), f7(t,7)].

Proof (a). Let F and F’ are (1)—differentiable, then:
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Since F' is (1)—differentiable, we have [F'(t)]" = [f'(t,r), ¢'(t,7)], and
{ [F/(t + h) © F/(t)]r = [f,(t + h7 T’) - f/(tv 'r)vg,(t + h7 T’) - g/(ta T)]»
[F'(t) e F'(t = h)]" = [f'(t,r) = f'(t = h,7),g'(t,r) — g'(t = h,7)]
and, multiplying by %, h >0, we get:

[F'(t+ h) o F'(t)]" _ [f’(t-l—h,r) —f't,r) ¢t+h,r) —g’(t,r)]
h h ’ h ’

and

[F'Q) o Ft=n]" _ [ftr)=f{t=hr) gtr)—gt—hr)
h B h ’ h
Finally, by using the fact that h — 0 on both sides of above relation, the proof is

completed.

Additionally, consider F' and F’ are (2)—differentiable fuzzy-valued functions,
then, [F'(t)]" = [¢'(t, ), f'(t,7)], and
[F'(t) © F'(t+ h)]" = [g'(t, ) = g'(E+ hyr), f(E,7) = [/(E+ Ry )],
{ [F'(t —=h) e F'(1)]" = [g'(t = h,r) = g'(t,7), f'(t = h,r) = f(t,7)]
and, multiplying by _ih, h >0, we get:

[F'(t) e F'(t+h)]" [f({t+hr)—f(t,r) ¢+ hr)—gtr)]
“h _ h ! h

and
[F't—ho @] [ftr)-fE-hr) ¢tr)—gt-"hr)]
—h i h ’ h

Then, by applying h — 0 on both sides of above relation, the proof is completed.

Proof (b). Let F'is (1)—differentiable and F” is (2)—differentiable, then, [F'(t)]" =
[f/(t7 r)? gl(t7 r)]? and

{ [F'(t) © F/(t+h)]" = [f'(t,r) = ['(t+ h,r), g'(t,7) — g'(E+ b, 7)],
[F'(t =h) e F'(0)]" = [f'(t = h,r) = f'(t,r),g'(t = h,r) — g'(t,7)]
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and, multiplying by _ih, h > 0, we get:

Y

[F'(t)© F'(t+ h)]" _ {g’(t +h,r)—g.(t,r) f({t+hr)— f’(t,r)]
—h h ’ h

and

[F'(t=h) o F'@)]" _ {9’(75,7”) —gt=hr) fi(t,r) =t hﬂ”)]
—h h ’ h ’

Then, by applying h — 0 on both sides of above relation, the proof is completed. [

2.1.1 The fuzzy Laplace transforms
Suppose that f is fuzzy-valued function and s is a real parameter. We define the

fuzzy Laplace transform of f as following:

Definition 2.1.1. The fuzzy Laplace transform of fuzzy-valued function f is defined

as follows:

F(s) =L(f(t)) = /Oooe‘Stf(t)dt (2.1.2)

= lim ' e " f(t)dt, (2.1.3)

T—00 0

ie., for a € [0, 1] we have:

F(s;a) = [ lim /T e f(t;a)dt, lim ' e St a)dt} (2.1.4)
0

T—00 - T—00 J

whenever the limits exist.
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Consider the fuzzy-valued function f, then the lower and upper fuzzy Lapalce
transform of this function are denoted based on the lower and upper of fuzzy-valued

function f as follow:

F(sir) = L(f(t;7) = [I(f (7). 1(F(t:7))]

where,
-

I(f(t;r)) = /OOO e_Sti(t;r)dt = lim e‘“i(t;r)dt,

T—>00 0

T

I(f(t;r)) = /000 e S f(t;r)dt = lim e S F(t;r)dt.

T—00 0

2.1.2 Convergence

Although the fuzzy Laplace operator can be applied to a large number of fuzzy-valued

functions, there exist some examples that integral (2.1.2) does not converge.

Example 2.1.1. Let the fuzzy-valued function f(t) = ce”, where ¢ € E. Then, we

get:

T

lim ce
T—00 0

_ 2
steldt — oo,

for any choice of the variable s, because the integrand grows without bound as T — o0.

Now, we define a special types of convergence of the fuzzy Laplace integral.

Definition 2.1.2. The integral (2.1.2) is said to be absolutely convergent if:

T

lim [ de (e_St f(t),6> dt (2.1.5)

T—00 0

exists.
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Now, we consider another type of convergence as follows:

Definition 2.1.3. The integral (2.1.2) is said to be converge uniformly for arbitrary

s in domain §2, if for any € > 0, there exists some number 7y such that if 7 > 7y, then

do (/OO e—stf(t)dtﬁ) <e

Now, we investigate the continuity requirement for some fuzzy-valued function

which will be possesses the fuzzy Laplace transform

Definition 2.1.4. A fuzzy-valued function f has a jump discontinuity at the point

to if both limits

lim f(t) = | lim f(¢,7), lim f(¢,7)
t—ty t—sty t—ty

= [fltg,r), fty.7)],

lim f(t) = | lim f(¢r), lim+7(t,r)

t—td t—td t—t]

= [£t5. ), 75, )],
exist and

ftg) # Jtg).

Here, t — 1, and t — {} mean that ¢ — {; from the left and the right,

respectively.

Definition 2.1.5. A fuzzy-valued function f is piecewise continuous on the interval

[0, 00) if:
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(1) limy__g+ f(t) = f(0T) ewists.

(1) f is continuous on every finite interval (0,b) expect possibly at a finite num-
ber of points 71,7y, ..., 7, in (0,0) at which f has jump discontinuity.

Also, considered fuzzy-valued function f is also bounded which means that:

doo(f(t),()) < Mi.l, T <t< Tit1, 1= 1,2,3,...,TL— 1

for finite positive constants M,;.

In order to integrate piecewise continuous fuzzy-valued functions form 0 to b, one
simply integrates f over each of the subintervals and takes the sum of these integrals,

that is,

/Obf(t)dt _ /071 f(t)dt + /T:Z fO)dt+ ...+ /ij(t)dt

Now, we consider the definition of exponential order of fuzzy-valued functions

which is necessary for future purpose.

Definition 2.1.6. A fuzzy-valued function f has exponential order p if there exist

constants M > 0 and p such that for some ty > 0, doo(f(£),0) < MePt ¢t > t.

Consequently, we show that a large class of fuzzy-valued functions can possesses

the fuzzy Laplace transform.
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Theorem 2.1.2. If fuzzy-valued function f be bounded piecewise continuous on [0, 00)
and of exponential order p, then the fuzzy Laplace transform ﬁ(s) = L(f(t)) exists
for s > p and converges absolutely.

Proof. Since f is assumed has exponential order property, we get:
dao(f(1),0) < Mie?,

for some real p and ¢t > ty. Also, f is piecewise continuous on [0, to] is bounded, we

obtain:
doo(f(1),0) < My, 0 <t < t.

Since e’ has a positive minimum on [0, fo], a constant M can be chosen sufficiently

~

large as M = max{Mj, M5} so that dw(f(t),0) < MeP*, ¢ > 0. Therefore,

/OTdoo (e f(t))dt < M/

e
0
M Me—(@=p)T
a <w —p  x—p > '

By passing 7 — o0 and since s = x > p, we get:

/0 T <e_5t f(t),ﬁ) < M

T—p

Pl

Thus, the fuzzy Laplace integral converges absolutely and hence converges for s >

p. O

2.1.3 Basic properties

Here, we investigate the important properties of the fuzzy Laplace transforms.
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Linearity. One of the most basic useful properties of the fuzzy Laplace operator
L is that of linearity, namely if f; € L for s > p, fo € L for s > ¢, then f; + fo € LL
for (s) > max{p,q} and L(cifi + cafa) = c1L(f1) + c2L(f2) for arbitrary constants

C1,Co.

Uniformly convergence. We have already seen that for fuzzy-valued function f
which is piecewise continuous on [0, 00) and of exponential order, the fuzzy Laplace

integral (2.1.2) converges absolutely, that is,

/OOC Ao (e—stf(t),ﬁ) dt

converges. Moreover, for fuzzy-valued function f, the fuzzy Laplace integral (2.1.2)

is uniformly converges. Since, if d(f(t),0) < MeP* t > t,, then we have

do (/OOO e‘“f(t)ﬁ) < /: e d(f(t),0)dt

< M / e~ @P)t gy

to
Me_(x_p)to
- ( z—p )
provided x = s > p. Considering x > xy > p, gives an upper bound for the last

expression:
Me—@—pto  pNfe—(zo—p)to
< .

r—p —  To—p

(2.1.6)

By choosing t, sufficiently large, we can make the term on the right-hand side of
(2.1.6) arbitrarily small; that is, for a given ¢ > 0, there exists a positive value T' > 0
such that:

doo (/Oo e“”f(t)dt,ﬁ) < e whenever to > T

to
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for all values of s with s > x¢ > p. This is precisely the condition required for the

uniform convergence of the Laplace integral in the region s > xy > p.

Theorem 2.1.3. If fuzzy-valued function f is piecewise continuous on [0,00) and has

exponential order p, then F(s) = L(f(t)) — 0, as s — o0

Proof. In fact, by using previous results, we have

o0 ~ M
n (/ e‘Stf(t),O) <M sy
0 xr—p

and then, x — oo gives the result.

2.1.4 Inverse of fuzzy Laplace transform

In order to application of the fuzzy Laplace transform in physical problems, it is nec-

essary to invoke the inverse transform.

~

If L(f(t)) = F(s), then the inverse of fuzzy Laplace transform is denoted by
L-Y(F(s)) = f(t), t > 0 which maps the fuzzy Laplace transform of a fuzzy-valued

function f back to original fuzzy-valued function f.
Note that L~! is linear, that is,

L™ YaF(s) + bG(s)) = af(t) + bg(t)

if L(f(t)) = F(s), L(g(t)) = G(s) and a,b € R. This follows from the linearity of L

and holds in the domain to F and (A? )
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2.1.5 Translation theorems

Now, we present two useful results for determining the fuzzy Laplace transforms and

their inverses.

An important function occurring in electrical system is the (delayed) unit step

function

Ua(t) = { Ltz (2.1.7)

0, t<a.

Theorem 2.1.4. (First translation theorem) If F(s) = L(f(t)) for s > 0, then
F(s —a) = L(e"f(t)), a real and s > a

Proof. For s > a,
F(s—a) = / et f (1)
0

00
— / B_St atf
0

= L(e"f(t))
Theorem 2.1.5. (Second translation theorem) If F\(s) = L(f(t)) then
L(ua(t)f(t —a)) = e “F(s), a>0
Proof. This follows from the fact that:

/0 e’ (ua(t)f(t—a))dt:/a e f(t —a)dt

and setting 7 =t — a, the right-hand integral becomes

> —s(t+a) ANdr = —sa = =T £ (VT
| essmar = e [T e
= e F(s).
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2.1.6 Fuzzy Laplace transform of derivative

In order to solve fuzzy differential equations, it is necessary to know the fuzzy Laplace
transform of the derivative of f, f’. The virtue of L(f’(t)) is that, it can be written

in terms of L(f(t)).

Theorem 2.1.6. (/8/). (Derivative theorem) Suppose that [ is continuous fuzzy-
valued function on [0, 00) and exponential order o and that f" is piecewise continuous

fuzzy-valued function on [0, 00), then

if fis (1)—differentiable,

if fis (2)—differentiable

Moreover, we need to the fuzzy Laplace transform of second-order derivative of
fuzzy-valued function for solving second-order fuzzy differential equation. So, we do

this under generalized H-differentiability as follows:

Theorem 2.1.7. Suppose that f and f' are continuous fuzzy-valued function on
[0,00) and of exponential order and that f” is piecewise continuous fuzzy-valued func-

tion on [0, 00), then:

L(f"(t) = s"L(f(t)) © s£(0) & f(0), (2.1.8)



if f and f are (1)—differentiable,
L(f"(t)) = —f'(0) © (=s")L(f(1)) — s£(0),
if f is (1)—differentiable and f' is (2)— differentiable,
L(f"(t)) = —sf(0) & (=s")L(f(t)) & f(0),
if f is (2)—differentiable and f' is (1)—differentiable,
L(f"(t)) = s"L(f(1)) © s£(0) — f'(0),

if f and f" are (2)—differentiable.

Proof (2.1.8). For arbitrary fixed r € [0, 1] we have:

sS’L(f(t)) & sf(0) & f'(0) =

38

(2.1.9)

(2.1.10)

(2.1.11)

(SQZ(i(t’ T)) - Si(ov T)) - L’(O, T‘), 82[(?@? T)) - 8?(0’ T)) - 7(07 T)) :

and by applying linearity of L, we get:

SL(f() e sf(0) & f1(0) = (Uf"(tr), I(f(tr)



Proof (2.1.9). For arbitrary fixed r € [0, 1] we have:

—f'(0) & (=s*)L(f(t)) — sf(0) =
(=F/(0,7) + $*U(f(t,r)) = sF(0,7), = f'(0,7)) + s*1(f(t, 7)) — s£(0,7)),

get:

—f(0) & (=" )L(f(t)) = sf(0) = (I(f"(t,r)), I(f"(t,7)))
= L(f"(t.r), f(t,7))
= L(f"(t)).

Proof (2.1.10). For arbitrary fixed r € [0, 1] we have:

—s/(0) & (=s*)L(f(1) & ['(0) =
(=sf(0,r) + s*U(f(t,r) = f'(0,r), =s£(0,r) + s"U(f(t, 7)) — ['(0,7)),

t,r)) —sf(0,7) — f(0,7),
t

7)) = s7(0,7) =T (0,7),

39
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get:

—sf(0)& (= )L(f(t) & f'(0) = (S (t.n), I(f(t.7)))

= L(f"(t.n), ["(t,7))

= L(f"(1)).

Proof (2.1.11). For arbitrary fixed r € [0, 1] we have:

Since,
{ U(F7(t7)) = U(F"(t,7)) = 2U(F(t,7)) = sF(0,7) = F (0.7),
Wf" () = 1(f"(t,r) = s*U(f(t. 7)) — s£(0,7)) — £(0,7),
and, since, 7/(0,7’) = f'(0,7), f(0,r) = 7(0,7) and by applying linearity of L, we
get:

which completes the proof. [

2.1.7 Examples

Now, some second order FDEs are solved under generalized differentiability. Notice
that in the first example, we found that all four solutions are valid, but in the next

example we found that only two of them are valid.
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Example 2.1.2. ([51]) Consider the following second- order FDE:

;

y'(t) =09, 0o = (r—1,1—r),
y(0,7) = (r—1,1—r),

y(0,r)=(r—1,1—r)

Now, we consider this example in four cases as following:

Case(l). Let us consider y and ¢y’ are (1)—differentiable, then by applying (2.1.8),

we get:

SL(y(1) © sy(0) 0.¢/(0) = 22,

Then, we get the r—cut representation of solution as following for all t € D, = [0, o0]:

y(t,r) =(r—1) (S +t+1),
g(t,r)=(1—r) (5 +t+1

Case(II). Let us consider y is (1)—differentiable and ¥’ is (2)—differentiable, then by

taking Laplace transform for both sides of the original problem and using (2.1.9), we

get:
0o

—y'(0) © (=s*)L(y(t)) — sy(0) = <

Then, we get the r—cut representation of solution as following for all ¢t € D, = (0, 1):

(tr)=(r=1) (-5 +t+1),
t,r)=01—r) (-5 +t+1

Case(III). Let us consider y is (2)—differentiable ¢’ are (1)—differentiable, then by
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taking Laplace transform for both sides of the original problem and using (2.1.10),
we get:

—sy(0) & (=*)L(y(1) & y/(0) = =2

Then, we get the r—cut representation of solution as following for all t € D, =

(07\/3—1):
y(t,r) =@ -1 (-5 —t+1),
y(t,r) = (1—r) (-5 —t+1

Case(IV). Let us consider y and y' are (2)—differentiable, then by taking Laplace

transform for both sides of the original problem and using (2.1.11), we get:

—/(0) & sy(0) + S’L(y(1) = .

Then, we get the r—cut representation of solution as following for all t € D, = (0,1):

g(t,'r’):(r—l) %—t—kl ;
gt,r)=(1—r) (L —t+1

Example 2.1.3. (/51]). Consider second- order FDE:

(

y'(t) +y(t) = o0, 09 = (r,2—7),

y y(0,7)=(r—1,1-7),

y(0,7)=(r—1,1—r)

\

Similarly, we consider the example in four cases.

Case(I). Let us consider y and 3" are (1)—differentiable, then by applying (2.1.8),
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we get:
s’L(y(t)) © sy(0) ©3/(0) + L(y(1)) = —,
Then, we get the r—cut representation of solution as following:
y(t,r) =7 (1 +sin(t)) — sin(t) — cos(t),
{ y(t,r) = (2—=7r) (1 +sin(t)) — sin(t) — cos(t),
Clearly, 3/ is not (1)-differentiable. Hence, there is no solution in this case. For more

details see [51].

Case(II). Let us consider y is (1)—differentiable and ¢ is (2)—differentiable, then
by taking Laplace transform for both sides of the original problem and using (2.1.9),

we get:

0o

—y/(0) & (=5")L(y (1)) — sy(0) + L(y(t) = —-

Then, we get the r—cut representation of solution as following:
y(t,r) = r (1 +sinh(t)) — sinh(t) — cos(t),
y(t,r) = (2 —=r) (14 sinh(t)) — sinh(¢) — cos(t),

Since, ¥’ is not (2)-differentiable, there is no solution in this case (see [51]).

Case(III). Let us consider y is (2)—differentiable ¢’ are (1)—differentiable, then by
taking Laplace transform for both sides of the original problem and using (2.1.10),

we get:
g0

—sy(0) © (—s")L(y(1)) ©/(0) + L(y(t)) = .

Then, we get the r—cut representation of solution as following for all ¢ € D, =
(0,In(1 4+ v2)):

{ y(t,r) = r (1 —sinh(t)) 4 sinh(t) — cos(t),
y(t,r) = (2 —r) (1 — sinh(t)) + sinh(¢) — cos(t),
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Notice that, in this case, since y is (2)—differentiable and g’ is (1)—differentiable, such

solution is acceptable.

Case(IV). Let us consider y and y' are (2)—differentiable, then by taking Laplace

transform for both sides of the original problem and using (2.1.11), we get:

00

=3/(0) © sy(0) + S"L(y(1)) + Ly(#) = .

Then, we get the r—cut representation of solution as following for all ¢t € D,, = (O, %)

{ y(t,r) = r (1 —sin(t)) + sin(t) — cos(t),
y(t,r) = (2—=7r) (1 —sin(t)) + sin(t) — cos(t),

Also, obtained solution is valid, since, both y and y" are (2)—differentiable.

Remark 2.1.1. We point out that for an FDE, there exist at most 4 solutions, but
may be all the obtained solutions did not acceptable. It is important result in the
theory of FDEs for higher-order which was not discussed previously, only in [51].
Notice that by applying Khastan et al.’s approach [51], the original second-order fuzzy
differential equation is transformed to four ordinary differential systems based on its
r-cut representations. However, by applying fuzzy Laplace transform method, each
solution can be obtained directly. Clearly, if the order of fuzzy differential equations
increases, the assumed time will be increased in the Khastan et al.’s method, on the

other hand, the highest order the most time.
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2.2 Operator Method

In this section, we suggest a new method to solve fuzzy linear differential equations
which is constructed based on the equivalent integral form of original problems. By
using the lower and upper functions of obtained integral equations, we can determine
the lower and upper functions of solutions. So, we construct a closed form of solutions

by solving corresponding fuzzy Volterra integral equations, analytically.

The condition for determining the integral form of Eq. (2.1.1) in each case can

now be stated as following (which is a direct generalization of Theorem 3.1 in [10]):

Theorem 2.2.1. Let zy € |a,b] and assumed that f : |a,b] x E X E — FE s
continuous. Also, suppose that y(x) and y'(x) are continuous. Then, Eq. (2.1.1) is

equivalent to one of the integral equations:

(1) if y and y' are (1)-differentiable, then:

// g(s,y(s),y (s))dsdz = ki + ko(z — x0) //fsy '(s))dsdz,

(2) if y is (1)-differentiable and y' is (2)-differentiable, then

// 9(s,9y(5),y (s))dsdz = ki + ko(z — x0) & //fsy '(s))dsdz,

(3) if y is (2)- differentiable and y' is (1)-differentiable, then

// 9(s,9y(s),y(s))dsdz = ki & (— )(kga:—xo //fsy ))dsdz)
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(4) if y and y' are (2)-differentiable, then:

/ / s,9(),y(s))dsdz = ki ©
(—=1) (k‘g(x—:z:o //fsy ))dsdz)

where k1 = y(xg) and ks = y'(xo).
Here the equivalence between two equations means that any solution of an equation is

a solution too for the other one.

Proof. Since f is a continuous fuzzy-valued function, then it is integrable (see
[22]). Now, we determine the equivalent integral forms of fuzzy linear differential

equation (2.1.1) under each type of strongly generalized differentiability as following:

(1) let us consider y and y' are (1)-differentiable fuzzy-valued functions, then the
equivalent integral form of Eq. (2.1.1) can be written under (1)-differentiability of

y'(z) as follows:

Y (@) + /zg(s,y(S),y’(S))dS = ko + /z f(s,y(s),y/(s))ds, (2.2.1)

o

and then based on (1)-differentiability of y, we get the following:

// g(s,y(5),y/(s5))dsdz = ky + ky(x — x0) + //fsy '(s))dsdz.

(2) let us consider y is (1)-differentiable and y' is (2)-differentiable, then the equivalent

integral form of Eq. (2.1.1) can be written under (2)-differentiability of ¢’ as follows:

y(2) + /zg<s,y(s> (())ds = ko & (— / F(s.9(s), 9/ ())ds (2.2.2)

0
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and then based on (1)-differentiability of y, Eq. (2.2.2) is converted to:

/ / s5,9(5),y'(s))dsdz = ky + ko(x — 10) / / f(s,y(s),y'(s))dsdz.

(3) let us consider y is (2)-differentiable and ¢’ is (1)-differentiable, then the equivalent

integral form of Eq. (2.1.1) can be written under (1)-differentiability of y’ as follows:

ym+/lwm&wm@=@+/VQM$wmw, (2.23)

Zo

and then based on (2)-differentiability of y, Eq. (2.2.3) is converted to:

// 9(s,y(s),y'(s))dsdz = ky © (— )(kgx—xo //fsy ))dsdz)

(4) let us consider y and y' are (2)-differentiable fuzzy-valued functions, then the
equivalent integral form of Eq. (2.1.1) can be written under (2)-differentiability of 3/

as follows:

ww+/%um><»@—@e /fsy /())ds (2.2.4)

0

and then based on (2)-differentiability of y, we get:

// 9(s,y(s),y/(s))dsdz = ki ©
(1) (hafe =) (- /t/fsy (s)dsdz).

Here, we describe the proposed method in order to solve fuzzy linear differential

which completes the proof. [

equations through some examples both first and second order fuzzy linear differential

equations.
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2.2.1 First order FDEs

Here, we explain our new method through solving some well-known examples.

Consider the following simplest first order fuzzy linear differential equation with

fuzzy initial value:

{ (@) = y(@) .
y(0) =y € E

Taking an integral on both sides of Eq. (2.2.5) leads to obtain its equivalent integral

form under case (1)-differentiability of y as follows:
y(x) =y(0) + /Omy(t)dt. (2.2.6)
Eq. (2.2.6) can be written as follows:
(1= Dy(;r) =y(O;r), (1= Tyle;r) =y(0;r) (2.2.7)

where Jy(t;7) = [ y(t;7)dt and Jy(t;r) = [ Y(

Then, by taking inverse of (1 —J), (1 —J)~!, on both sides of Eq. (2.2.7) we get:

ylor) = (1= D7 (y(0sr), Flair) = (1= D)7 (G(0sr)). (2.2.8)

Using
A-DN'=1+J+P+FP+... (2.2.9)

under assumption ||J|| < 1, we have for r € (0, 1]

2 g8
ylar)=1+J+ P+ P +..)y0;r) = (1+m+§+§+ )g(();r),

(2.2.10)
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Ylasr) = (1+J+ P+ P+..)5(0;r) = (1+x+x—2+£—3+...>@(0;r).

ol 3l
(2.2.11)

Finally, we get the solution of Eq. (2.2.5) under (1)-differentiability as follows:
y(o;r) = y(0;r)e”,  gla;r) =7(0;r)e”, Vr e (0,1].

Also, consider another well-known example in sense of (2)-differentiability as fol-

lowing;:

y(0) =y ekl

Hence, the equivalent integral form of Eq. (2.2.12) is expressed as:

{ y(e) = —y(@), (2.2.12)

Similarly, we can express the above equation in accordance with its lower and upper

functions as following:

(1 + Dy(z;r) =y(0;r), 1+ Hy(z;r) =y(0;7)

Then, by assumption ||J|| < 1 we obtain for r € (0, 1]:

2 3
ylar)=1=J+FP = F+..)y0;r) = (1—x+%—%+...)g(0;7~),
and
r? 2P
Ylar)=1-J+ P =P +..)y0;r) = (1—x+§—§+...)y(0;r).

Finally, we derive the solution of Eq. (2.2.12) in the closed form as follows:

T T

y(z,r) =y(0;r)e” ", F(x;r) =7(0;r)e™™.
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Consider another example [8] as following:

{ y'(z)=—y(z) +z+1,
y(0) =y € E

Taking an integral on both sides of Eq. (2.2.13) and also suppose that y(z) is (2)-
T

plar) = (L+ )7 g(0r) + (1+ )7 (x + —) ~

Hence, we obtain solution in the closed form as follows:

(2.2.13)

differentiable, then we get:

| X,

y(z;r) =1+ ) 'y0;r) + 1+ (x +

and

)

y(z;r) =y(Oir)e ™ + =z, Ylayr) =y(0;r)e™ + .

Remark 2.2.1. Please notice that we solved Egs. (2.2.12)-(2.2.13) in sense of (2)-
differentiability, since we seek the asymptotic stable solution of fuzzy linear differential
equations (for more detail see [23]). To this end, the deterministic solutions of Egs.
(2.2.12)-(2.2.13) tend to zero when z — o0, i.e., diam{y(z)} — 0. So, we should
chose an appropriate kind of differentiability in order to solve considered fuzzy linear
equations both first and second order fuzzy linear differential equations, whose the

behaviour of fuzzy solutions are as same as deterministic solutions.

2.2.2 Second order FDEs

Now, we extend the proposed method for solving second order fuzzy linear differential

equations. Analogously, we describe the method through solving some examples in
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Let us consider the following second order fuzzy linear differential equations:

y"(z) +y(x) = 00, 00 = (1,2 —7),
y(0,r)=(r—1,1—-r), (2.2.14)
y(0,r)=(r—-1,1-r)

Based on various types of differentiability, we have the following 4 cases:

Case I. Let us consider y(z) and y'(z) are (1)-differentiable, then using Theorem

2.2.1, we get:

2
/ / s)dsdz = y(0) + 3/ (0)x + 00%7

or equivalently, we get for all r € (0,1]:
(14 J?)y y(a;r) =y(0;7) + 4/ (0;7)x 0'%

and
2

(Lhﬂﬂmﬂzﬂ&ﬂ+7@ﬂx+ﬁ%

where J? y(t;r) fo fo (t;7)dtdz and J*7( fo fo (t;r)dtdz.
Then,by taking inverse of (1 + J?), (1 +J 2) , on both sides of above equations, we

get:
yla;r) = (1 + JQ)_l [Q(O;r) +3'(0;7)x + 0g %] (2.2.15)

and

v
2

Gx;r) = @+ﬂY‘F@ﬂ+7mwm+% ]- (2.2.16)
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Also, by using:

(1+7) " = (2.2.17)

1+72 N S

we get:

(l—I—JQ)_lg(O;r) = (1—J2—|—J4—J6+J8—...)Q(O;r)

(1+P) 7 (fOr)2) = Q=T+ =3+3°— ) (y(0;r)2)

2 2
1+~ <@%> = (1-FP+J-3+1-.) (@%)

1.2 1'4 gj‘6 $8 fL'lO
- <§—Z+E—§+I—O'>T

Then, by substituting obtained results into the Eq. (2.2.15) we get:
O B 22 gt 6
y(z;r)=(r—1) (1+x—§+a—ﬁ+...) + <§_J+a_'”>(2'2'18)

So, we get the lower function of solution of Eq. (2.2.14) in closed form by using Eq.
(2.2.18) as follows:

y(x;r) = r(1 +sin(z)) — sin(z) — cos(x).

Furthermore, one can easily obtained the upper function of solution of Eq. (2.2.14)

by similar procedure as follows:

y(z;r) = (2 —7r)(1 +sin(x)) — sin(x) — cos(x).
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In this case, no solution exist, since 3/’ is not (1)-differentiable fuzzy-valued func-

tion. Clearly, this is agree with the Khastan et al.’s result [51].

Please notice that the same procedure is done for determining the solutions of Eq.
(2.2.14) under three following cases:
Case II. Let us consider y is (1)-differentiable and ¢’ is (2)-differentiable, then using
Theorem 2.2.1, we get:

v+ [ [ us)istz = (0 + 0 & (Do
Then, similar to previous case we get the lower and upper functions of solution of Eq.

(2.2.14) in the closed form for r € (0, 1] as follows:

y(x;r) = r(1 + sinh(x)) — sinh(z) — cos(z),

and

y(z;r) = (2 —r)(1 + sinh(z)) — sinh(z) — cos(z).

Similar Case I, in this case no solution exists.

Case IIIL. Let us consider y is (2)-differentiable and 3’ is (1)-differentiable, then

by using Theorem 2.2.1 we get:

v+ [ [ stz =00 0 (Vo).

Then, the lower and upper functions of solution of Eq. (2.2.14) are derived for all

z € (0,In(v2+ 1)) as following:

y(z;7) = r(1 —sinh(z)) + sinh(x) — cos(z),
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and

y(x;r) = (2 —r)(1 — sinh(z)) + sinh(z) — cos(z).

In this case, since y is (2)-differentiable and ¢ is (1)-differentiable, the solution is

acceptable.

Case IV. Let us consider y and 3 are (2)-differentiable, then using Theorem 2.2.1,

we get:

v+ [ [ oastz =02 1) (Ve (uad ).

Then, the lower and upper functions of solution of Eq. (2.2.14) in the closed form are

obtained for x € (0, §) as following:

y(z;7) =r(1 —sin(z)) + sin(z) — cos(z),

and
g(x;r) = (2 —r)(1 —sin(x)) + sin(z) — cos(x).

Remark 2.2.2. Tt is easy to verify that the obtained results are agree with the previ-
ously reported solutions both first and second order [8, 51]. Also, by using Khastan
et al.’s method, we should solve 4 related systems for determining the solutions of
Eq. (2.2.14) for 4 cases. However, by using proposed method we used only the equiv-
alent integral form of original problems for obtaining the solutions. It is clear that
by increasing the order of differentiability to N, we should solve 2V related systems

when the Khatsan et al.’s method is applied.
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Also, we solve a simple example in order to show the applicability of integral form
of fuzzy linear equations which leads to obtain the solutions directly, instead of solv-

ing it by using 4 related systems [51].

Consider the following second order fuzzy linear differential equation:

y'(x) =09, oo =(r—1,1—r),
y(0,r)=(r—1,1—r), (2.2.19)
y'(0,r)=(r—1,1—r),r € (0,1]

Based on various types of differentiability, we have the following 4 cases:

Case I. Let us consider y and 3’ are (1)-differentiable, then by using case (1) in

Theorem 2.2.1, we have:

y(z) = y(0) + ¢/ (0)x + /Ow /OZ oodsdz.

Then, we can easily obtain the solution of Eq. (2.2.19) directly for all x > 0 and

r € (0,1] as follows:
2
y(z;r) =(r—=1) <1+x+‘%> )

and

y(x;r):(l—r)<1+az+%2).

Case II. Let us consider y is (1)-differentiable and y' is (2)-differentiable, then using

Theorem 2.2.1, we get:

y(z) =y(0) + ¥ (0)x © (-1) /Ow /Oz oodsdz.

Then, the lower and upper functions of solution of Eq. (2.2.19) is obtained directly



96

for all x € (0,1) as following:

ylz;r) = (r—1) <1+x—%2),
and
ylz;r)=(1—r) <1+:c—%2>.

Case III. Let us consider y is (2)-differentiable and g’ is (1)-differentiable, then using

Theorem 2.2.1, we get:

y(z) =y(0) o (-1) (y’(())a: + /Ox /OZ aodsdz) :

Then, we obtain the lower and upper functions of solution of Eq. (2.2.19) for all

z € (0,4/3 — 1) as following:

y(a:;r>=<r—1>(1—x—”§)?
and
T(ir) = (1—7) (1—:@—%2).

Case IV. Let us consider y and 3 are (2)-differentiable, then using Theorem 2.2.1,

we get:

) =10 & (1) (Y0 (1) [ [ ovisa).
o Jo
Then, for all = € (0, 1) we obtain the lower and upper functions of solution as follow-
ing:
22
y(z;r) = (r —1) (1—x+7) ,
and
72
y(z;r)=(1—r) (1—1:—1—;).

Obviously, these are agree with the Khastan et al.’s results [51].
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Remark 2.2.3. One can easily seen that the usage of integral form of original problem
in this special case leads to obtain the solution of Eq. (2.2.19) directly, but even in
this special case we should solve 4 systems of equations for determining the solutions
of Eq. (2.2.19) based on the Khastan et al.’s method [51]. It is easy to verify that
since the right hand-side of Eq. (2.2.19) is independent with respect to y and ¢/, we

could derive the solution directly, instead of using proposed method.

2.3 1-Cut Expansion Method

Here, a new approach for solving first order fuzzy differential equations with fuzzy
initial value is considered under generalized differentiability. In order to obtain so-
lution of FDE, we extend the 1-cut solution of original problem. This extension is
constructed based on the allocating some unknown spreads to 1-cut solution, then
created value is replaced in the original FDE. However obtaining solutions of FDE
is equivalent to determine the unknown spreads while 1-cut solution is derived via

previous step (in general, 1-cut of FDE is interval differential equation).

Moreover, we extend the concepts of united solution set, tolerable solution set and
controllable solution set for fuzzy differential equations. So, we will find solutions
of first order fuzzy differential equation which are placed in mentioned solution sets.
Moreover, we define three type of spreads while one of them is linear combination
of the others. Such spread and related solution has pessimistic/optimistic attitude

which is a new point of view to numerical solution of FDEs. Clearly, such property
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allows to the decision maker to inference or analyze the system in the real senses
based on the pessimistic or optimistic desires. It seems that proposed method has

flexible structure in order to obtain numerical solutions of FDEs in different attitude.

We consider the following first order fuzzy differential equation:

{ y'(t) = [t y(t)),

2.3.1
y(to) = Yo, ( :

where f : [a,b] x E — F is fuzzy-valued function, y, € E.

Now, we describe our propose approach for solving FDE (2.3.1). In the beginning,
we shall solve FDE (2.3.1) in sense of 1-cut as following:

{ ()" (&) = S (). (232)
yl(to) = ", to € [0, 7] |
If Eq.(2.3.2) be a crisp differential equation we can solve it as usual, otherwise, if
Eq.(2.3.2) be an interval differential equation we will solve it by Stefanini et al.’s
method which is proposed and discussed in [82]. Notice that the solution of differential
equation (2.3.2) is presented with notation y!!!. Then, some unknown left spread

r1(t;r) and right spread ro(t;7) are allocated to the 1-cut solution for all 0 < r < 1.

So, this approach leads to obtain

Mﬂ=@@ﬂ@@ﬂ}=WW@—nmmjmw+mmm (2.3.3)

as unknown solution of original FDE (2.3.1), then Eq.(2.3.3) is replaced into FDE

(2.3.1). Hence, we have the following:

() = [10) = ra(t ), 5I0(0) + o) =
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(£, 508) = i (6),57008) + 7t 1), Tty 0) = ra(8), y0G8) + a(t57)

Please notice that, we assumed the considered spreads and 1-cut solution are differ-
entiable. Consequently, based on type of differentiability we have two following cases:

Case I. Suppose that y in Eq.(2.3.3) is (1)-differentiable, then we get:

y(1) = ["(0) =i (tr), Y () + )| (2:34)

6”6(;”") and r5(t,r) = ‘9’""’8—(”) for all 0 < r < 1. Consider Eq.(2.3.4)

where, 7| (t,r) = :

and original FDE (2.3.1), then we have the following for all r € [0, 1]:

() (t) =it r) = f(t () = rat,r), yl0(E) +ra(t 7)), to <t <T

(2.3.5)

(M) (t) + ri(t,r) = Ft,yM(8) = ra(t,r), gl (E) + ra(t, 7)), to <t <T
Moreover, we modified fuzzy initial value yo in terms of unknown left and right
spreads and 1-cut solution. Consider fuzzy initial value y(to) = [y(to,7), ¥(to,7)]
for all 0 < 7 < 1, then we can rewrite the lower and upper functions y(to,r) and

y(to,7), respectively as following:

y(to,r) = yM(te) — ri(to,r),

(2.3.6)

y(to, ) = yH(to) + r2(to, ),

Thus, Eq.(2.3.5) and Eq.(2.3.6) simultaneously lead to obtain the following ODEs:

4 _

(ﬁ)'(t) —ri(t,r) = [ty () — Tl(t»r)»ﬂ(t) + 7ra(t, 7)),

< (WY (8) + 5 (t,r) = F(t,yM(E) = ro(t, ), yBI(E) +ra(t, 7)), (23.7)
y(to, ) = yM(to) — ri(to, 7),

\ (to,r) = yM(to) + ra(to, 7),

Clearly, in above ODEs (2.3.7), only left and right spreads ri(¢,r) and ry(t,r) are
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unknown parameters. So, ODEs (2.3.7) can be rewritten as following:

(

(2.3.8)

\

Indeed, we will find spreads ry(¢,r) and ra(t,r) by solving ODEs (2.3.8). Hence,
solution of original FDE (2.3.1) is derived based on the obtained spreads and 1-cut

solution as follows:

y(t,r) = ly(t,r), 9, )]

where for all 0 < r <1 and ¢ € [0, T] such that

y(t7 T) = ﬂ(t) - (t’ 7“)’ g(t’ T) = W(t) + T?(tv T)

Case II. Suppose that y in Eq.(2.3.3) is (2)-differentiable, then we get:

y(tr) = |G () + ri(t ), (1) (8) = vl 2, (2.39)

Similarly, ODEs (2.3.7) can be rewritten in sense of II-differentiability as following:

4 —_

— ’ (2.3.10)

\

Since, only unknown parameters in ODEs (2.3.10) are r1(¢,r) and ry(t,7), we can
rewrite (2.3.10) in terms of 71 (¢, 7) and ro(¢, ) and their derivatives. So, we have the

following:

(2.3.11)

ra(to,r) = gltoyr) — yM(t), 0<r <1, o € [0,7]
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Finally, by solving above ODEs (2.3.11) unknown spreads are determined and follows

we can derive solution of original FDE (2.3.1) in sense of II-differentiability by using

y(t,r) = yUt) —ri(t,r), Ft,r) = yl(E) + ot 7) (2.3.12)

forall 0 <r < 1.

Notice that solution of original FDE (2.3.1) is assumed fuzzy-valued function and
under such assumption we determined the unknown left and right spreads r(¢,r)
and ro(t, ). However, we will check that obtained spreads lead to derive fuzzy-valued

function as solution of original FDE (2.3.1).

Theorem 2.3.1. Suppose that left spread r1(t,r) and right spread ro(t,r) are obtained

from ODEFEs (2.3.8) or (2.3.11). Then the following affirmations are equivalent:

(1) m(t,r) and ro(t,r) are nonincreasing positive functions for all 0 < r < 1, t; <
t<T,

(2) y is fuzzy-valued function.

2.3.1 Three new solution sets

In this section, we try to extend concepts of united solution set (USS), tolerable
solution set(TSS) and controllable solution set (CSS) to the theory of fuzzy differential

equations.

Definition 2.3.1. Let us consider FDE (2.3.1), then united solution set, tolerable
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solution set and controllable solution set are defined, respectively, as following:

Yo = {31 7)) N f(Ly(0) # 0} (2.3.13)
Yos = {71 7(0) € f(t. (1)} (2.3.14)
Yoy = {71 () 2 f(t.y(t), ¢ € [a,8]}. (2.3.15)

Subsequently, we are going to obtain solution of FDE which are placed in TSS
or CSS. To this end, some discussions are given to construct a solution of FDE such
that it has pessimistic/optimistic attitude where pessimistic attitude is happened in
TSS and optimistic attitude is placed in CSS. Clearly, in this sense, we obtain a con-
nected solution between TSS and CSS. However, this approach is coincide with real
application while decision maker can obtain interested solution and can inference the

systems in general cases.

Let us consider left and right spreads r (¢, ), r2(t, r) are derived similar to previous

section. Then, we define some spreads as following:
r=(t,r) = min{ri(¢t,r), ro(t,7)}, to <t <T, 0<r<1, (2.3.16)
rH(t,r) = max{r(¢t,r), ro(t,7)}, to<t<T, 0<r <1, (2.3.17)

M) =Xt )+ (1 =N r(tr), to<t<T, Ae[0,1], 0<r<1. (2.3.18)

Also, we define new solutions corresponding to each spreads (2.3.16)-(2.3.18), respec-

tively, as following:

y (t) = [ﬂ () — r=(t;r), yU(t) + 7~ (t; r)] , (2.3.19)
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yH (1) = g0 = () yT )+ ()] (2.3.20)

PO = [0 — ),y + )] (2.321)

Proposition 2.3.2. Let us consider the spreads (2.5.16)-(2.3.17) and corresponding
solutions (2.3.19)-(2.8.20), then we have the following:

(1) y=(t) € TSS

(2) y*(t) € css

Proposition 2.3.3. Let us consider y*(t) which is defined by (2.5.21). Also, suppose

that {\,}32, is a nondecreasing consequence with initial value Ao = 0 such that A\, —

1 when k — oco. Then
y M (t) =y~ (t) € TSS — y T (t) € €SS, Ny =0, k — 00

Proposition 2.3.4. Let us consider y*(t) which is defined by (2.3.21). Also, suppose
that {\x }32, is a nonincreasing consequence with initial value \g = 1 such that A\, —

0 when k — o0o. Then

yM(t) =yt (t) € €SS — y~(t) € TSS, N =1, k —> o0

2.3.2 Examples

In this part, some examples are given to illustrate the technique. Notice that Example
2.3.1 is solved under I-differentiability and Example 2.3.2 is considered under II-

differentiability.



64

Example 2.3.1. Let us consider the following FDE

y'(t) =y(t),
(2.3.22)
y(O;r)=[14+rb5=2r], 0<r<1
Based on the proposed approach, 1-cut system is derived as follows:
MY (4) = o1
{ W) =), (2323
y(0) = [2,3]

Above interval differential equation is solved by Stefanini et. al’s method [?] as

follows:

X (2.3.24)

get:

(2.3.25)

Hence, ODEs (2.3.25) is rewritten based on the left and right unknown spreads as

follows:
ri(t;r) =ri(t;r),
rh(t;r) = ro(t;r), (2.3.26)
TI(O;T) =1- r,
| 72(057) =2(1 =),

By solving ODEs (2.3.26), we get the spreads as following:

ri(t;r) = r(0;7) e = (1 —r)e
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ro(t;r) = 1r2(0;7) € = (2 — 2r)e’

Finally, solution of original FDE (2.3.22)
y(t) = [(1+7) €', (5= 2r)ef].

Clearly, our approach is coincide with the results of Bede et. al [?], Chalco-Cano
et.al [29] and similar papers. It seems that proposed method has new point of view
to solve FDE based on extending the 1-cut solution.

Now, we derive new solutions which are placed in CSS or TSS. Additionally, some
pessimistic/optimistic solution is obtained, that is connected solution between TSS

and CSS. So, by applying Egs.(2.3.16)-(2.3.18) we have the following:
r=(t;r) =min{(1—7) e, (2—2r)e'} = (1 —7r) e, Vtelt,T],, 0<r <1,
Tt r) =max{(1 —7) e, (2—2r)e'} = (2—2r) ", Vte[ty,T],, 0<r <1,
M) = () (L= Nr (tr) = (1 = N)(1—r)e', Ve [ty,T]

Therefore, corresponding solutions for above spreads are achieved as:

y~(tir) =[(1+r)e’, (4 —r)e’],
yT(t;r) = [2ret, (5 — 2r)e'],
P )= [T+ X+r(1=N)et, (4= X +r(A—1))ef].

It casy to sce that y~(t) € TSS, y*(t) € CSS and y*(t) is pessimistic/optimistic

solution for each A € [0, 1].
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Example 2.3.2. Let us consider the following FDE

(2.3.27)
y(O;r)=[14+rb5—7r], 0<r<1

1-cut solution of above FDE is derived via Stefanini et al’s method as yl!(¢) =

[2¢7" 4e~"]. Similar to Example 2.3.1, the original FDE is transformed to the following

ODEs
r(t;r) = —ri(t;r),
5 tv = - t7 3
raltir) = —ra(tir) (2.3.28)
741(0;7?) =1- r,
TQ(O;T) =1- r,

\

By solving ODEs (2.3.28), we get spreads
ri(t;r) =7r(0;7) e F = (1 —r)e™

ro(t;r) = 1ra(0;7) et = (1 —r)e”!

Finally, solution of original FDE (2.3.27) is derived
yt)=[1+7)e " (5—r)e .
Analogously, we determine new spreads based on Egs.(2.3.16)-(2.3.18) as following:
re(tr)y=rttr)=(1—r)e !, Vtelty,T], 0<r <1,

M) = Mt r) (L= AN (tr) = (1 —r)e™, YVt € [t, T], VA€ [0,1]

Then, we obtained relation solutions:

y () =y () =y ) = [(L+r)e ™, (5—r)e ']Vt € [to, T), YA€ [0,1],0<r < 1.



Chapter 3

Fuzzy Differential Equations of

Fractional Order

3.1 Introduction

This chapter deals with the solutions of fuzzy fractional differential equations (FFDEs)
under Riemann-Liouville differentiability by fuzzy Laplace transforms. In order to
solve FFDEs, it is necessary to know the fuzzy Laplace transform of the Riemann-
Liouville H-derivative of f, <RLD5 . f) (x). The virtue of L [(RLDf . f) (x)] is that
can be written in terms of L[f(x)]. Moreover, some illustrative examples are solved
to show the efficiency and utility of Laplace transforms method.

We are going to solve FFDEs under Riemann-Liouville differentiability using fuzzy

Laplace transforms. To do so, we investigate the Laplace transform of fractional

67
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derivatives which is important tool to solve FFDEs with Laplace transforms. To
the best of our knowledge this is the first time in the literature that FFDEs are

investigated under Riemann-Liouville differentiability using fuzzy Laplace transforms.

3.2 Riemann-Liouville differentiability

In this section, we state definition of fuzzy Riemann-Liouville integrals and derivatives
under Hukuhara difference. We are giong to produce such definitions and statements
similar to the non-fractional one in fuzzy context [22].

We denote C¥[a, b] as the space of all continuous fuzzy-valued functions on [a, b]. Also,
we denote the space of all Lebesque integrable fuzzy-valued functions on the bounded

interval [a,b] C R by L"[a,b].

Now, we define a fuzzy Riemann-Liouville integral of fuzzy-valued function as

follows:

Definition 3.2.1. Let f € C¥[a,b] N LF[a,b]. The fuzzy Riemann-Liouville integral

of fuzzy-valued function f is defined as following:

(Iélf) (z) = P(lm /x (xf_(?;lf_ﬁ, r>a 0< <1 (3.2.1)

Let us consider the r-cut representation of fuzzy-valued function f as f(z,r) =
[i(x,r),?(x,r)}, for 0 < r < 1, then we can indicate the fuzzy Riemann-Liouville
integral of fuzzy-valued function f based on the lower and upper functions as follow-

ing:
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Theorem 3.2.1. [13, 18]. Let f € C¥[a,b] N LF[a,b] is a fuzzy-valued function.

The fuzzy Riemann-Liouville integral of a fuzzy-valued function f can be expressed as

follows:
(78) @ir) = (e f) @), (14F) ()] 0<r <, (322)

where
(118 wn) = 5 [ 2 (323)
(12.7) @r) = F(lﬁ) / (i(i:))flfﬁ (3.2.4)

Now, we define fuzzy Riemann-Liouville fractional derivatives about order 0 <

£ < 1 for fuzzy-valued function f.

Definition 3.2.2. Let f € C¥[a, b] N LF[a, ], zo in (a,b) and ®(z) = r(11_5) s J(t)dt

(z—t)P"

We say that f is Riemann-Liouville H-differentiable about order 0 < < 1 at xy, if

there exists an element (RLDf f ) (xo) € E, such that for h > 0 sufficiently small

: _ P(zo + h) © P(x0) . P(z0) © Pz — h)
RL 3 _ 0 o) _
(1) ( D(ﬁf) (o) = hhm0+ Y = hhm0+ h )
or
y . D(xg)©P(xo+ h) . D(xg—h) e D(x)
RL B — 0 —
(17) ( Da+f) (x0) = hhn(l)+ — = hhné+ — )
or
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or

() (PDL1) (o) — tim ISP EN) _ y, Blan) S Blay =h)

h—s0+ —h h—s0t h

)

For sake of simplicity, we say that the fuzzy-valued function f is #F[(1) — ] —
dif ferentiable if it is differentiable as in the Definition 3.2.2 case (i), and f is #L[(2)—
B] — dif ferentiable if it is differentiable as in the Definition 3.2.2 case (4i) and so on

for the other cases.

Theorem 3.2.2. [13]. Let f € C¥[a,b] N LF[a,b], z¢ in (a,b) and 0 < 3 < 1. Then:

(i) Let us consider f is ®[(1) — B]-differentiable fuzzy-valued function, then:
(RLDg+f> (xo;7) = [(RLDf+i) (@o,7), (RLD5+7> (9[:0,7’)] , 0<r<1, (3.25)
(ii) Let us consider f is ®L[(2) — B]-differentiable fuzzy-valued function, then:

(RLDf+ f) (z0:7) = [(Rﬂpfj) (z0;7), (RLDf+ i) (330,7‘)] L 0<r<1, (326)

where

(ot [ [ 8] e
and

(e[ (2] o

Theorem 3.2.3. Let f € C%[a,b] N L¥[a,b] be a Riemann-Liouville differentiable of
order 0 < 3 <1 on each point x € (a,b) in the sense of Definition 3.2.2 case (iit) or

case (). Then (RLDf+f> (r) € R for all z € (a,b).
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Proof. By substituting ® in Theorem 7 [22] instead of f, the proof is obvious. O

Remark 3.2.1. Please notice that the subjects of sum, multiplication and switching
points of fuzzy-valued functions in order to determine types of Riemann-Liouville
differentiability are out of the scope of this paper and will be studied carefully in the

future.

3.3 The fuzzy Laplace transforms of Riemann-Liouville

derivative

Theorem 3.3.1. (Second translation theorem). Let us consider F(p) = L[f(x)].
Then:
L{u,(2) © f(x —a)]=e PO F(p), a>0 (3.3.1)
Proof. This follows from the basic fact that
/000 e O (ug(7) © f(x —a))dr = /00 e PO flx—a)dt
and setting 7 =t — a, the right-hand integral becomes

/ e © f(r)dr = e O / e O f(r)dr =" OF(p). O
0 0
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In order to solve FFDEs;, it is necessary to know the fuzzy Laplace transform of the
Riemann-Liouville H-derivative of f, (RLDaﬂ f ) (x). The virtue of L [(RL Df . f ) (x)]

is that can be written in terms of L[f(z)].
Theorem 3.3.2. (Derivative theorem). Suppose that f € C¥[0,00)NL¥[0,00). Then:
L{("D2 1) @] =L ife)e (DiT) (), (3.3.2)

if fis BL[(1) — B]-differentiable, and

L{(®D} f) @)] == (*D%'f) (0) & (-p"LIf(1)) (3.3.3)

if fis BL[(2) — B]-differentiable, provided the mentioned Hukuhara differences exist.
Proof. For arbitrary fixed r € [0, 1] we have:
PLIf ()] e (D) (o) =
@] = (DI ) ), T )] = (DL ) (0]

Since f is fL[(1) — 3], we get:

(“0is) @ = [(MDL) @), (BDEf) @] 334
- [(RLDf+i) (z;7), <RLD5+7> (x;r)] : (3.3.5)

Hence, we have:

e[(FD7 1) ()] = ¢ [(D2.F) (ws0)] = e [Fleir)] = (R“DIT) (0:7),

and

(") @in)| = e[ ("Dl f) (wsm)] = pe[f )] = (D) (057).
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Then, we conclude that;
LU i) o (D) (i) = [¢[ (D) @) | (DL F) (wim)] ]
by linearity of L,

LI o (D5 ) i) = L[ (D5t ) i), ("DLT) (i)
Using Eq. (3.3.4), leads to obtain:

PLf@ir) e (D) 0r) = L | (DL f) ()]
Now we assume that f is #£[(2) — 3], then for arbitrary fixed r € [0, 1] we have:

—("D%f) i) & (—p L [f(ir)]) =
= (P02 ) ) 4+ p T ). = (FED ) (00) + pH i)

since f is BL[(2) — 3], we get:

<RLD5+ > (;57) = [(RLDf+f) (z;7), (RLDf+f> (x;r)] (3.3.6)
— (w027 @, (D5 @] (33

Thus, we have:

— (D% ) 0y & (=p°Lf(air)]) =
P [F@in)] = (D) (05,07 ()] = (D) (05

So, we have:
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= (=D ) O & (<P LIS r))) = [ (DL T) @) e[ (D) (esm)] ]
Then, we deduce:
— (D) () e (<L) = L[ (D2 ) (air)]

which completes the proof. [J

3.4 Analytical solution

Consider the following fuzzy fractional differential equation of order 0 < 3 < 1 with

the initial condition

"LDLLy) (@) = Sl y(e)]

) 3 (3.4.1)
RDITY) (w0) = Ry € E

where f € C¥(a,b) N L¥(a,b) and zy € (a,b).

3.4.1 Determining solutions

In this subsection, we provide the fuzzy Laplace transform and its inverse to derive
solutions of FFDE (3.4.1). By taking Laplace transform on the both sides of Eq.

(3.4.1), we get the following:

L|("DLy) (@)] = Lif (@ y(@)]. (3.4.2)

Then, based on the types of Riemann-Liouville differentiability we have the following

cases:
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Case I. Let us consider y is a #£[(1) — g]-differentiable function, then Eq.(3.4.2)

is extended based on the its lower and upper functions as follows:

ﬂﬂ%M@WHZﬁV@@Wﬂ—<MDﬁ@>®w%OSTSL

(3.4.3)
(T (y(w)in) = p e (i) = (FDJ7'g) (), 0<r <1,
where
fa,y(@)sr) = min {f (@, w)lu € [yla:r), )]} (3.4.4)
and
Fa,ye)sr) = max {f(,w)lu € [y(esr). i)} (3.4.5)

To solve the linear system (3.4.3), for simplify we assume that:
(y(z;r)] = Halpsr)

(y(a;r)] = Ki(p;r)
where Hy(p;r) and K;(p;r) are solutions of system (3.4.3). By using inverse Laplace

transform, y(z;r) and y(x;r) are computed as following:

yla,r) = [Hy(psr)], (3.4.6)

glayr) =0 [Ka(pir)]. (3.4.7)

Case II. Let us consider y is L[(2)] — g]-differentiable, then Eq. (3.4.2) can be

written as follows:

U f(z,y(x);r)] = plly

(wim)) = ("LD% ) (0:7),
(3.4.8)
(F (s ya); ) = pllgas )] - (PD ') (057).
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where
S, y(@);r) = min{f(z, u)lu € [y(z;r),y(z;r)]} (3.4.9)

and

f(@,y(x)ir) = max{f(z, u)lu € [y(z;r),y(z;r)].} (3.4.10)
to solve the linear system (3.4.8), we for simplify:
y(w; )] = Ha(ps ),

(y(w;r)] = Ks(ps ),

where Hy(p;r) and Ks(p;r) are solutions of system (3.4.8). By using inverse Laplace

transform, y(z;7) and 7(z;r) are computed as follows:
y(z;r) = 0 [Ha(p; 7)), (3.4.11)

glwr) = CHEKa(pi)]- (3.4.12)

3.4.2 Examples
In this section, we consider two examples in details to solve FFDEs under Riemann-

Liouville H-differentiability.

Example 3.4.1. (Fuzzy fractional nuclear decay equation). Let us consider the fol-

lowing FFDE:

(RLDg+y> ()= oyx), 0<B,z<1

("D5y) )= ") eE



7

where, y is the number of radionuclides present in a given radioactive, \ is a decay

constant. We solve this example according two following cases for A € R.

Case I. Suppose that A € RT = (0, +00), then applying Laplace transform on the

both sides of above equation, we have:

L[Cﬂpgy)cm]=14x@y@gy (3.4.13)
using *L[(i) — B]—differentiability, we get:

Mly(z; )] = p° [y(z;r)] — (RLD(leg) (0;7),

(3.4.14)
Mg(w; )] = p*¢ (i r)] — (DG '7) (057),
Then, after some manipulations we get the following:
(7 = Nily(:n)) = (F2DYy) (0:r),
(3.4.15)

(v = Nfy(a:n) = (F2DY7g) (0:r),

Consequently, applying inverse of Laplace on the both sides of Eq. (3.4.15) we have:

y(air) = ("Dl ) Ot [ 0 <<,

(3.4.16)
glair) = (D5g) (0[] 0<r <
Finally, we determine the solution of FFDE as following:
y(a;r) = RLyéﬁ_l)(r)(x)ﬂ_lEﬁﬂ AP, 0<r <1, (3.4.17)
glasr) = FLge () (@) Eap [M¥], 0<r < 1. -

Case II. Suppose that A € R~ = (—00,0), then using #¥[(ii) — (]—differentiability
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and Theorem 3.3.2 the solution will obtain similar to Eq. (3.5.11).

For special case, let us consider 8 = 0.5,A =1 and (#“D;?y) (0;r) = [L+r,3 — 1],

then we get the solution for Case I as following:

y(osr)=[1+nr3—-70 (\/% + exerfc(—\/E)) : (3.4.18)

and for Case II with A\ = —1 is as following:

y(z;r)=[1+73-r 0O (\/% — exerfc(\/f)) : (3.4.19)

where erfc(x) = % [ e ¥dt.

Now, let us consider another example which is solved in non-fractional case in [8].

Example 3.4.2. Let us consider the following FFDE
(RLD§+y> (@)= (- oyx)+z+1, 0<Bo<1
(mD5y) ) = ) eE
Applying Laplace transform on the both sides of above equation, we obtain:
L [(RLDZy) (a:)] —L{(-1) ® y(z) + + 1]. (3.4.20)

Applying #F[(2) — 3]—differentiability and Theorem 3.3.2, we have the following:

—y(; )]+ fla] + 1] = p¢ [y(w; )] = (D) (030),
(3.4.21)
—(fg(a: )] + L) + 1] = p¢ (s )] — (4D]7'g) (O:r),
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After some manipulations, we get:
(0 + Vfly(a )] = fla] + (1) + (2D y) (0.7,
(3.4.22)
¥ + Vs )] = da) + 1] + (*D7T) (0:r),

Applying inverse of Laplace transform on the both sides of Eq. (3.4.22), we get the

following:
, :
o — 1 - ("D ) (0r)
(o) = (g |+ [ | + O e
4 (3.4.23)
=N = 1 _ 1 _ (RLD" g )(07’)
(@i 7) = g |+ [t + 0 ||
\ L i

Solving Eq. (3.4.23), leads to determine the lower and upper functions of solution as

following:
{ y(air) = By D) (@) Ep g [Nal] + [ (@ — 1) Bg g [Max — 1)7] (¢ + 1)dt,
plair) = A (@) B ] + [ ﬂ B M@ — 7] (¢ + 1)dt.

For special case, let us consider 3 = 0.5 and (#4D * y) (0;7) = 1 +r,3—7r], then

we get the solution as following:

z)

y(a;r) = %xmhypergeom ([1],[2.5], =)
—0.52%hypergeom([1], [3], z) + 2—\/0_5hypergeom([1] [1.5], ) — xhypergeom([1], [2],
+  (1+7) (\/% — e"‘erfc(\/i)) ,0<r <1,
and
- 4 15
y(z;r) = ﬁx “hypergeom([1], [2.5], )
—0.52%hypergeom([1], [3], z) + j: hypergeom([1], [1.5], ) — zhypergeom([1], [2], z)

+oB-n (% _ e“’erfc(\/E)) 0<r<l,
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where hypergeom is defined as following:

hypergeom(n, d, z) is the generalized hypergeometric function F'(n,d, z), also known
as the Barnes extended hypergeometric function. For scalar a, b, and ¢, hyper-
geom([a, b, ¢, z) is the Gauss hypergeometric function o F}(a, b;c; z). The Gauss hy-
pergeometric function 5Fi(a,b;c; z) is defined in the unit disc as the sum of the

hypergeometric series

oFi(a;b;¢;2) = Z )e(O)e 2 (3.4.24)

o
— ()

k=0

where |z| < 1 and (a)y is the Pochhammer symbol, defined by

(a0 = 1,

(@), = ala+1)---(a+n—-1), neN.

For more details see MATLAB Help and [55].

3.5 Explicit Solutions

We give the explicit solutions of fuzzy fractional differential equations under Riemann-

Liouville differentiability by using Mittag-Leffler functions.

Lemma 3.5.1. [f0 < 5 < 1 and f(x) € Lg(a, b), 1 < p < oo, then the following

equality is hold almost everywhere on [a,b] for case of 'F[(1) — B]-differentiability:

("D 1% f) (wir) = [flase), F@in)] . 0<r <1, (3.5.1)
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and the following equality is hold almost everywhere on [a,b] for case of #¥[(2) — B]-

differentiability:

(RLD5+ 1% f) (w3r) = [flasr), foir)], 0<r <1 (3.5.2)

Proof. Using Definition 3.2.2 and Theorem 3.2.2, the proofs for both cases are

straightforward. [

The composition of the fuzzy fractional integration operator [ f . with the fuzzy

fractional differentiation operator RLDf . is given by the following result.

Lemma 3.5.2. Let f(z) € Ly(a,b), fi_s(z) € AC¥[a,b] and 0 < 3 < 1, then we

have

L . fio (a) -1
(£ ™DLs) @) = ) & = a) (3.5.3)

for case BE[(1) — B]-differentiability and we have

(i w0t 0 = (T a2 ) e (rw). By

for case L((2) — B]-differentiability, where fi_g(a) = ([;:6 ) (a) and provided that

the mentioned Hukuhara differences exist. Also, —f(z) = [~ f(z), —

[~

()],
Proof. Indeed, we have by direct computation for case of #£[(1)—f]-differentiability:

(12 702 ) sy = [(12 P00 f) i), (12, ®2DLT) (i)

il_g(a) 8-1 F/ . fl—ﬂ(a) 8-1
rg ¢ = gy

= [i(fm") -
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and for fF[(2) — g]-differentiability:
(]f+ RLDngf) (z;7) = [(ff+ RLD5+7> (w;7), (If+ RLDS+£> (5C§T)]
- ?1— (a) 1 il— (a)
= [f(ﬂc;r) - F(ﬂﬂ) (x—a)”", flz;r) — F(ﬂﬂ)

for all 0 < r <1 which complete the proofs. [J

o]

Now, we derive the explicit solutions to the fuzzy linear fractional differential equa-
tions under Riemann-Liouville differentiability. To this end, consider the following

FFDE:

(D) @) =)+ 5@ (UDEY) @ = i @55)

where A > 0 and we use #*[(1) — f]-differentiability. So, Eq. (3.5.5) is equivalent to

the following Volterra integral equation:

e A [ e 1 [
ye) = —33 *rw)/a <m_t>ﬁ—1+r<ﬁ>/a w-pr1 (350

In order to solve mentioned fuzzy Volterra integral equation, we adopt successive ap-

proximations method. So, based on this approach we set:

My Hx —a)”

Z/O(JU): F(ﬂ) )
- ATyt L fd
y"“(x)‘y(’(a’”r(ﬁ)/a (as—t)ﬁ—1+r<ﬁ>/a (@~ 1y

Then, we find for y; that

(@) = (@) + A (1) @) + (121) @)

that is,

p) = RL,0-1 SR ) N S o z — )F1
nw) = Mt S | o
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continuing this process, we find y,(z) as following:

n k—1

I'(Bk)

n+1 _ _
3 )\k 1($_a)ﬁk 1 T
mie) = My «f
L T(Bk) ;

(:c—t)ﬁk—ll f(tydt (3.5.7)

Then, taking the limit n — oo and by replacing the index of summation k by k —1,

we obtain:

y li/\kx_aﬂkﬁl /x
[(Bk + B)

k=0

(3.5.8)

Finally, by applying definition of Mittag-LefHler function Es s(z) we get the following:

a) = "o = @) B e - )] + (o= ) B Mo — 1)) F(b)de
' (3.5.9)
So, this yields an explicit solution to the fuzzy Volterra integral equation and hence
to the original FFDE (3.5.5).
Please notice that, one can easily extend this explicit solution under #[(2) — f]-

differentiability and assumption A < 0 such that:

y(x) = RLyg_l(x—a)ﬂ_lEﬁﬂ [A(x — a)ﬁ} @/z(—l).(:v—t)ﬁ_lEgﬁ [)\(l‘ - t)ﬁ] f(t)de,
(3.5.10)

provided that the H-difference exists.

Remark 3.5.1. Please notice that, one can easily establish the convergence of men-
tioned successive approximation method by extending Theorem 2.1 in [64] to the

fuzzy literature.
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3.5.1 Examples

Now, we present two examples to solve FFDEs under Riemann-Liouville differentia-
bility in order to show the application of obtained explicit solutions. The first and the
second examples are the homogeneous and non-homogeneous nuclear decay equations

with decay parameter A\, respectively.

Example 3.5.1. Let us consider the following FFDFE

<RLDg+y> () =Xy(z), 0<pB <1
(Dgy) ()= "y e

We solve this example according to two following cases for A € R.

Case 1. Suppose that A € Rt = (0, +0c0), then using #¥[(1) — f]—differentiability

and Eq. (3.5.9), we get the solution as following:

() — RLz(6-1) B-1 8 o (3.5.11)
y(x;r) U () (@) B [Aa’], 0 < <1

{ y(a;r) = RLgéﬁ_l)(r)(x)ﬁ_lEﬁﬂ A7), 0<r<1

Case II. Suppose that A € R~ = (—o0,0), then under #4[(2) — B]—differentiability
and applying Eq. (3.5.10), the solution will be obtained by Eq. (3.5.11).
For special case, let us consider # = 0.5, A = 1 and (RLD;B‘5Q) (0;7) = (1+7%8—

r3), then we get the solution for Case I as following:

y(x) = (1+7r%8—1%). (\/% + e””erfc(—ﬁ)) : (3.5.12)

and for Case II with A = —1 is as following:

y(z) = (1+1%,8— %), (% - e“erfc(ﬁ)) , (3.5.13)
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where erfc(x) = % [ e ¥dt.

Example 3.5.2. Let us consider the following FFDE

("Dg.y) (2) = M(@) + fl2), 0< B <1
(D3 ty) (0) = RV eE
where y(z) and f(z) arc fuzzy-valued functions. Then, similar to Ex. 3.5.1, we
consider two cases for A € R.

Case I. Suppose that A € Rt = (0, +00), then using #£[(1) — f]—differentiability

and Eq. (3.5.9), we get the solution as following:

{gmw=mwﬂmmﬂﬂm[]+g 0P B [Ma — )°] f(t;r)
glair) = By (r) (@) By s [Aa®] + [ (@ — )P Epg [Na — t)°] F(tir)dt

Case II. Suppose that A € R~ = (—00,0), then under #£[(2) — 3]—differentiability

33 5.14)

and applying Eq. (3.5.10), solution will be obtained by Eq. (3.5.14).
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