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02,9 o0 Cesds (VYA) g (VYY) 5 (VPA) (58,5 Sl o b 1A

31021[ R ( ﬁm—p x)] =

um—l(x) - (1 - Xm)f(x) -

400
m=1

1 OMTIN[EREF u(t)p¥]
(m—1)! opm-1

[P K@) [L [t ()] +

Al

721 [tmo1 () = (1= xm) F) = f] KO, O [L s ()] + Ho_y ()] dt| =

}*n"il[um-l(x)] —f(x) -

12 K OILIEAE [y (O1] + T2 [Hom 1 (D] dE =
o[t (O] = £ = [ K, OLLIZ o[t (O] + Ti2ol[Hom (O] dt =

u(x) = F() = [ K(x O[L[u(®)] + N[u®)]] dt (1.83)
N[u(x)] a Xm=d* Hpp (1) su(x) a0 Xm=d® um () o5 oot solial aiSs ol 51 Y4 alal, o

ey 50 ) a4 (VAY) @ azgi b Sl adl oo [0

u(x) — £(0) = [ Ko O[Lu®] + N[u@®]]dt =0 (1.84)
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S oo 3 ]y p5 (e ples b 1Sl dlolee

u(x) = sinx + x — f(?xtu(t)dt (1.85)

25 O 98 Woles slp Vb 4l e (w5 dolee UX) = SINX )l cos)le YU doles 580 Clg>

395 (g0 Jol>

um(x) - Xmum—l(x) =h um—l(x) - (1 - Xm)(sjnx + x) + fogxtum—l(t)dt]

5 eolitnl b iS5l &g b Uy (X) aule 5 55kl coii flare 4 Up(X) = 0 bl b o]

Al oo Cnds 5 S50 4 VLYV L Gillae Dl (6 (o8 Slaslsz mily oo YU abad

U,(x,h) = —h(x + sinx)
U,(x, h) = —%h((48 + h(48 + m3))x + 24(2 + h) sinx)

Us(x, h) = ———h(1728 + 72h(48 + m%) + h?(1728 + 72m® + m8))x — h(3 +
3h + h?)sinx (1.86)

Slo CusS Glp = CUTVE sy ooy D> 2, Sed Cuz M slp Fge 0l 0] Canss sl
|y pine o3l oioie 8 o oyl sla Las STl .ol ol g, VY-V S5 o u”(0) 5 u'(0)
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123



) Sogar Ggd doles sl Vb 4 e (w5 Woles U(X) = SINX I cons le YU Wolas 88 Oy

595 (oo Jol>

U (x) — Xmum—l(x) =

Alu,—1(x) — (1 — xm) (sinx + %x) + f(?x( Tt ui (0) um_l_j(t)) dt]

5 eolitnl b i85l &g b Uy (X) ale 5 s5lel coii flore 4 Up(X) = 0 bl b o]

il oo Sy i D90 4 YY) b Gills lszr 5w oy Sleelsz ol (oo YL b
1 .
Ui(x, h) = —Zh(nx + 4 sin x)
1 .
U,(x,h) = —Zh(Z + h)(mtx + 4 sin x)

Us(x, h) = ﬁhn(—ZSB — 288h + h?(192 + *))x — (3 + 3h + h?) sinx

U(0) oS lp A= CUTVE sy (s gz 2150 Sz B sl gn 03l 0051 sy sl

oasS S el glp 1y e o3l Sos )0 odl adel Cewly Jaz Gl 00l o, VO-) SS o
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Error oooo
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0o 0.5 1.0 1.5

u..}d.la.m(h: —OZO)UA)Ja}(h = —015) oJ.,.:.]a>M =30 ::\.u).a)| 6.44,.5.: u‘ydUa?el;\?—\ Ji.u

(h=-0.10)
g 1,5l e sles 6-1

25 Dogar 5l o a5 w5 g5 M3y sl @¥oles (55, (25900 }.’.-M OG89y T & G (nl o
u(x) = f(x) + [ K(x, O[L[u(®)] + N[u(®)]]dt  (1.88)

F(x) sl o J,500 dolae awn K(X, 1) wgin mre b a5 03l oo Jgeome @b U(X) o] jo a5
b il oo U(L) 5y b é 5 s slo Slos oo 4 N[u(t)] s LIu(t)] wop Ll &
oS JyiS yelb A #E 0 g asb u(x) s dolas @88 Oly> sl 5l Lwas mb Ug(X) oS

WJ)LMJ‘SQ)J) u)g.a.» ‘)).O.«od.u).o tsw.sb;b aJolas ol.i:" Jwal.» ob\-’l-ﬁﬁ-ﬁ-’)-&-@‘)l-’p € [0,1] SGJ‘)io.b

(1 -p)le;p) —ug(x)] = phN[@(x;p)] (1.89)
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9 g0 00l 13 &g NP D)] 5 058 Gume b a8 0l oo Jsazme &6 @) o] o &5

NG p)] = (xp) — f() — [T Kx, O[Lle(E p)] + No(& p)]] dt (1.90)
Ll o 50 25 Sy VA dolep = 0 25
0(x;0) —uy(x) = 0 (1.91)
oo e g dolbe 4 VA doleep =1 315 0w oo 4 |, @(650) = up(x) Slol & a5
25
Nlp(x;1)] =0 (1.92)

il oo (VAR doles Bids oS5T (5 1) = u(x) Sas

oST g o P & o |, QX5 D) 5L 6y dan >

P(x;p) = ug(x) + XRZT” U ()™ (1.93)
QT 4o as
_ 1 9"p(xp) _
Uy (x) = o apm o’ m=20,1,2,.. (1.94)

Sy &5 35 oo Sl 55k (o] Ked 0aisS S sl a5 sl cpl el ()53 LB eyl a5 g 455G

2y SuD =1 ,00,4
Ug(x) + XM= u,, (x) (1.95)
gy walsm (VAA) 38 ls bl o anlss ol Taw a5 jshailes & g0 ol 5o 0il [Sen

QW‘SAMLA J.:) Cﬁ@dmjsﬁobw‘yt d.u).c (5..«.06;0 aJoles )‘ um(x) Qb)gi Cawdy 6‘);
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Un = {uo(x), ug (%), uz (%), .., Up (%)} (1.96)
W] oo delal ;3 a5y johailen jho 4550 (w058 Aolie 59, 3l Ol oo [ U (X) (VAF) iy L Bollas
M & G 5 minS o oM & pe e VA Jho ape ()50 ailes byl 5l 05l oy
Clld mulym> 53 Oygar 1YL Al o cwns )50 aoles o551 =S ool p = 0 0 o551 03,5 (o
U () = XmUm—1(x) = AR, (Upy—1, X) (1.97)
QT 4o aS

sz{o, m<1

1, m> 1 (1.98)

a0 sty 5 Sz Ry (U1, X) 5

(1.99)
p=0

- 1 ™ N[p(x;p)] 1 0MTIN[ERZEC un (x)p™
Rm(um—lfx) = | — - [ : ]

(m-1)!  opm~1 p=0 "~ (m-1)! apm-1

Sole 4 (0,890) alaly 51 (0L,AY) YU a5 cwws S dolee ;o Rpp(Upo1, X) &5 aules (oo 4255
alal, S5 YL 4 pe o alolis 4 4z g byl oo S U o 0 5 990 (oo dilne
AT 45 50 5 Lled g 000 (oo Sy |, U (1) (6,503 51 G S0 (S255L g oy 0091 (2255

Ll (oo s pj &g UX) |

u(x) = Uy (x, h) = up(x) + Toi=q um (x) (1.100)
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g wibL S L oJwls s Skellu(®)] sVast<x<T:|K(xt)|<Moss o3
AINTug] = N[uplll < sllug = up D) ssly oo 5598 o gy &5 s e Slee N[u(t)]
a=L+s)MT —a) 5l pas0<a<T1e8,m0) S Oly> (VAL dlus o]

ol

olSST il (VAN e (gl calire Gl 90 U™ g U 0SS 5,8

lu —u*ll = || [T KCx, O[L[u] = L[w*] + N[u] — N[u*]] dt| <
LK G OIILIu] = Liw Tl + IN[ul = N[w Il de < [7 MLl —u*|| +
SuU—ur*dt=axMlL+su—udt=M~L+s7— au—u*=au—u*

(1.101)

el ples Sl g U = UY s [[u — UF|| = 0 pestb adlo Wb oS10 < @ < 1 9>
(2| ySon anad) F-) aad

ls Uy, () 5 (VAR Slo 6l g5kl o b U (X) T 5o a5 asl 1S aa (1,30) (5w 2S5 8
Ly o N[u(t)] oS 6,8 crmmed ] o Cowts (VAY) YU adi o (owns 58 dolae 5 2= 1 6l

S5 9alym (VAA) Lol

ol
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oS o iy a5 42 S sl

1 9™N[ERZE% un()p"]
m! ap™

Hp(x) = (1.102)

p=0
asl oo 1Rea U(X) 4 XMET7 U () 5 il oo 3Ll N s pd Shos aSil & ax g8 b >
[37] sl oo S0 N[u ()] & X207 Hip (%) ol
o1 il | Rea U(X) b 4 (1,30) (g 2uiS 5,8

lim,, 0 Up(x) =0 fora < x (1.103)
Al b azgi b (V,3A) Gy ) ool b &gl o

?n=1[ um(x) - Xmum—l(x)] =

ug (%) + [up () = uy (O] + [uz (1) = u (O] + -+ + [un () —up 1 (0)] =

Up (X) (1.104)

Cubls punles

+ 0o

metl Um () = XmUm-1(0)] = lim U, (x) =0 (1.105)

9] oo Sowds VLY 4 az g b cpl o

A Y2a[ R (=1, 0)] = T2l i (%) = XmUm—1(x)] = 0 (1.106)

KIh+0 O
e[ Rn(Upeq,x)] =0 (1.107)

9] (oo ok (1,82) 5 (VAF) 5 (1,40) (285 )L 0 L W)



;rn021[ R ( ﬁm—l» x)] =

:-noil um—l(x) - (1 - Xm)f(x) -

. 1 dMIN[EREE w(t)p¥]
fa K(x,t) [L [tm-1 (O] + (m—1)! ap’g !

Al

2 [tm-1 () = (1= X f () = [7 K (6, O)[L[tm—1 ()] + Hpp_y (D] dt] =

me[tm-1(0)] — f(x) —
fa K (¢, ) [LIER21 [Uum—1 (O] + X1 [Hom—1 (O)]] dt =

r2o[m (0] = £ () = [ Kt O[LIZR20[um (D]] + hZo[Hom (D)]] dt =

u(x) — () = [ K@, O[L[w(®)] + N[u(®)]] dt (1.108)
N[u(x)] « XmZd* Hpp (1) su(x) a0 Ym=d® um (x) o5 ot solial aiS5 ol 51 Y4 alal, o

ey o0 ) a4 () V) 4 asg b Sl ol (o Ko
u(x) — f(x) — [ K@, O[L[u®)] + N[u(®)]]dt = 0 (1.109)
el Sl L1 g aal o (VAN GBs Olg U(X) ol
Y-y Jlo
S oo A3 | p) ens 0k ol a1y 15! dlolee
u(x) = 2\/§—f u(t)dt x € [0,2] (1.110)

3 s )l YU dlolre 380 Olg>
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u(x) =1 — e™Erfc[vrx] (1.111)
Qwsawﬁf)ujwmﬁwbwd&ébebErfC[] )045

Erfc[z] =1 — —f (1.112)
39 oo ol 15 Dygar 398 ol (6l YU adye (s )5 Alolas

Uy (%) — ¥ mUm—1(x) = R [um_l(x) — (1= xym)2Vx + fox\/%um_l(t)dt]

5 ookl b iS5l &y b Upy (X) aslos § (551 o, Glaze 4 Up(X) = 0 bl b olST
Wl o Sy 25 Sys0 4 () b llas Olszr (65m (o0)B Sledlsz olsi o0 YU abad

U,(x, h) = —2h/x

Uy(x, 1) = —h(4 + h(2 + Tv)Vx

Us(x, h) = = hy/x(18 + 9h(2 + mv/x) + h?(6 + 6mx + 4mx)) (1.113)

Gl CiaS Glp = CUTVE (g pw (o0 )8 Cloz ol Koo Cuz N ly Jse sojl 9,8] Cvy sl

Sl 00 (o ) VV-) Jg.w B u”(l) 9 u,(l) 9 u(l)
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F-) Jlo

S oo B 5o 1) ) s e 1y ISl alole

u(x) =sinx + %x — %sin 2x — [~ u?(t)dt, [0,1] (1.114)

25 O §98 Woles slp Vb 4 e (50 dolae UX) = SINX )l cosjle YU doles 380 Clg>
S9b (oo Jeol>

U (X) = XmUm-1(x) = h [um_l(x) — (11— xm) (sinx +-x —-=sin Zx)
(1.115)
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U,(x,h) = Zh(Z + h)(—2x — 4 sinx + sin 2x)
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w™(x) =

H, (x, u,(x), ..., ugm)(x), o Up (), ...,u,(lm) (x)) +

2w, (x, tuy (8), e, u™ (), oo Un (D), ...,u,([")(t)) dt +
N (x t,uy (), oo, ™ (), oo tn (O, e, u,(lm)(t)) dt
ul™ (x) =

H, (x, uq (%), ..., ugm)(x), o Up (), ...,u,(lm) (x)) +
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2w, (x £ g (6), e, ™ (6), oo Un (D), ...,u,gm)(t)) dt +

[1 K, (x t,uy (8), oo, (), ooy upn (B), ...,uf{”)(t)) dt
(1.116)

w (x) =
H, (x, uq (%), ..., ugm) (%), oo, U1 (%), ...,u,(l"f)l(x)) +
W (26U (), oo ™ (©), o U (8), . ul™ (1) ) dt +

X
13 K (2,623 (6), e, u™ (), o U (6), -, w0 (8)) it
lo U (X) 3l ooy ools 4 axiwn oy diz dtwgn @l Kj g Wi Hi g gt as,em ] o oS

Ngd oy b aS Jogore (omlgs

O-) JLe
Ay ks oy gy e e easlias LS S sles Ko

u'(x) =v'(x) + %x - %fgxtv(t)dt

0 (1.117)
v (x) = —u(x) + x — [Z xtu(t)dt
3has,le Y e gl (s5lel bl a8
1(0) = v(0) = 0, v'(0) = 1 (1.118)
5 a5 le Yo c¥olee gl 5do Lly>
u(x) = v(x) = sinx (1.119)
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0x2
Wil so o Ty 5 leSg a5
Lilco] =0, Ly[eo +¢1x] =0
pled (oo i yad ) Oy |y s 8 sl Slee (V1Y) olSiws 4 az g5

0 ; 5] ; 1 1 =
M3 [91 (D), (3 p)] = TR — 208D _ 2 4 2 [ty (£ p)dt (1.121)

92 ; T
Nyl1 (), 9206 )] = 25D 4 o, (i p) — x + [Z xtgpy (Gp)de (1.122)

25 g |y Gl e wly uien oS o bl H(X) = =11, S5 ab 15 Solw &Iy

W‘*’S = ol
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Ron (1, %) = i 1(2) = Vi1 () = (1 = ) 1 + 5 [ 601 (e (1.127)
S (m-1,%) = Vpo 1 () + 1 () = (1= ) + [Z 30 (O (1.128)
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% Nonlinear boundary value problems
% predictor homotopy analysis method
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Abstract:

The purpose of the thesis is to introduce a method to predict the multiplicity of the solutions of the
nonlinear boundary value problems so that it could be easily applied on nonlinear ordinary differential
equations with boundary conditions. Our goal is to introduce a method not only to anticipate
multiplicity of the solutions of the nonlinear differential equations but also to calculates effectively the
all branches of the solutions (on the condition that, there exist such solutions for the problem)
analytically at the same time. In this manner, for practical use in science and engineering, such method
might give new unfamiliar class of solutions which is of fundamental interest. Body structure of the
thesis is as follows: In chapter 1, an introduction to the homotopy analysis method (HAM) is described
due to this fact that the HAM is basis of our method. In chapter 2, we introduce the predictor homotopy
analysis method (PHAM) and fully discuss the convergence analysis and other mathematical properties
of the method. We give some applications in chapter 3 which confirm the authority of the method. In
chapter 4, we introduce a method based on pseudo-spectral collocation method to obtain multiple
solutions and then apply on a model of mixed convection in a porous medium with boundary conditions

on semi-infinite interval which admits multiple (dual) solutions.

Key Words:

Homotopy analysis method, predictor homotopy analysis method, prescribed parameter, convergence
controller parameter, forcing condition, Multiple solutions, Multiplicity of solutions, nonlinear boundary
value problems, nonlinear differential equations, finite boundary conditions, infinite boundary

conditions, pseudo-spectral collocation method.
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