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Abstract

Starting with the work of Abel in the 1820’s, analysts have had a continuing interest in in-
tegral equations. The names of many modern mathematicians, notably Cauchy, Fredholm,
Hilbert, Volterra, and others, are associated with this topic. There are basically two reasons
for this interest. In some cases, as in the work of Abel on tautochrone curves, integral equa-
tions are the natural mathematical model for representing a physically interesting situation.
The second, and perhaps more common reason, is that integral operators, transforms, and
equations, are convenient tools for studying differential equations. Consequently, integral
equation techniques are well known to classical analysts and numerical analyst and many
elegant and powerful results were developed by them.

In practice, parameters of a mathematical model are uncertain and a good tool for
modeling such problems is fuzzy set theory. Fuzzy systems are useful to study a variety of
problems ranging from fuzzy metric spaces , population models , the golden mean , particle
systems , quantum optics and gravity , synchronize hyperchaotic systems , control chaotic
systems, medicine, to bioinformatics and computational biology.

In this work we propose numerical methods for solving nonlinear Volterra fuzzy integral
equations. First some basic definitions and results on fuzzy numbers and fuzzy integral, a
metric on the space of fuzzy numbers and an existence theorem for fuzzy Volterra integral
equations is given. Then we propose a general quadrature method for solving nonlinear
fuzzy Volterra integral equations of the second kind and prove convergence of the quadrature

method. We also give two other numerical methods with numerical examples in the following



chapters. The first one is explicit Runge-Kutta method and the second one is predictor-

corrector method.



Chapter 1

Introduction to Fuzzy Mathematics

1.1 Introduction

Most of our traditional tools for formal modeling, reasoning, and computing are crisp,
deterministic, and precise in character. By crisp we mean dichotomous, that is, yes-or-no
type rather than more-or-less type. In conventional dual logic, for instance, a statement
can be true or false and nothing in between. In set theory, an element can either belong
to a set or not; and in optimization, a solution is either feasible or not. Precision assumes
that the parameters of a model represent exactly either our perception of the phenomenon
modeled or the features of the real system that has been modeled. Generally, precision also
implies that the model is unequivocal, that is, that it contains no ambiguities.

Certainty eventually indicates that we assume the structures and parameters of the
model to be definitely known, and that there are no doubts about their values or their
occurrence. If the model under consideration is a formal model [51], that is, if it does not
pretend to model reality adequately, then the model assumptions are in a sense arbitrary,

that is the model builder can freely decide which model characteristics he chooses. If,



however, the model or theory asserts factuality that is, if conclusions drawn from these
models have bearing on reality and are supposed to model reality adequately, then the
modeling language has to be suited to model the characteristics of the situation under
study appropriately.

The usefulness of the mathematical language for modeling purposes is undisputed. For

factual models or modeling languages, two major complications arise:

1. Real situations are very often not crisp and deterministic, and they cannot be de-

scribed precisely.

2. The complete description of a real system often would require far more detailed data

than a human being could ever recognize simultaneously, process, and understand.

Fuzzy sets were introduced in 1965 by Lotfi Zadeh with a view to reconcile mathematical
modeling and human knowledge in the engineering science. Since then, a considerable body
of literature has blossomed around the concept of fuzzy sets in an incredibly wide range of
areas, from mathematics and logics to traditional and advanced engineering methodologies
(from civil engineering to computational intelligence). Applications are found in many
contexts, from medicine to finance, from human factors to consumer products, from vehicle
control to computational linguistics; and so on. Fuzzy logic is now currently used in the
industrial practice of advanced information technology. L. Zadeh referred to the second
point when he wrote, ” As the complexity of a system increases, our ability to make precise
and yet significant (or relevance) become almost mutually exclusive characteristics”. Let us
consider characteristic features of real-world systems again: Real situations are very often
uncertain or vague in a number of ways. Due to lack of information, the future state of a
system might not be known completely.

Sugeno has used the word fuzziness in a radically different context. Fuzziness can be

found in many areas of daily life, such as in engineering , medicine , meteorology and others.



It is particularly frequent, however, in all areas of decision-making, reasoning, learning, and
so on. Some reasons for this fuzziness have already been mentioned. Others are that most
of our daily communication uses "natural languages”, and a good part of our thinking is
done in it. In these natural languages, the meaning of words are very often vague.

Fuzzy set theory is composed of an organized body of mathematical tools particularly
well studied for handling incomplete information, the unsharpness of classes of objects or
situations, or the gradualness of preference profiles, in a flexible way. It offers a unify-
ing framework for modeling various types of information ranging from precise numerical,
interval-valued data, to symbolic and linguistic knowledge, with a stress on semantic rather
than syntax (some misunderstanding with logicians).

The structure of the thesis is organised as follows. The present chapter is meant to pro-
vide to the historical emergence of fuzzy sets and the main components of fuzzy set theory,
as it stands now. Most basic concepts and formal notations are briefly introduced. In chap-
ter 2 we give an existence theorem from [46] and propose a general quadrature method for
solving nonlinear fuzzy Volterra integral equations of the second kind and prove convergence
of the proposed method. In chapter 3 some explicit Runge-Kutta method is proposed with
some numerical example. In chapter 4 another family of numerical methods for nonlinear
fuzzy Volterra integral equations, called predictor-corrector method, is proposed along with

convergence proof.

1.2 The Historical Emergence of Fuzzy Sets

About a hundred years ago, the American philosopher Charles Peirce was one of the first
scholars in the modern age to point out, and to regret, that ”Logicians have too much ne-
glected the study of vagueness, not suspecting the important part it plays in mathematical

thought [23]”. Bertrand Russel (1923) also expressed this point of view some time later.



Discussion on the links between logic and vagueness are not usual in the philosophical liter-
ature in the first half of the century (Copilowish, 1939; Hempel, 1939). Even Wittgenstein
(1953) pointed out that concepts in natural language do not possess a clear collection of
properties defining them, but have extendable boundaries, and that there are central and
less central members in a category. In spite of considerable interest for multiple-valued
logics raised in the 1930s by Jan Luckasiewicz (1910a, b; 1920, 1930) and his school who
developed logics with intermediary truth value(s) it was the American philosopher.

Max Black (1937) who first proposed so-called ”consistency profiles” (the ancestors of
fuzzy member ship functions) in order to ”characterize vague symbols”. H. Weyl (1940),
who explicitly replaces it by a continuous characteristic function, has first considered the
generalization of the traditional characteristic function. Kaplan and Scott (1951) further
proposed the same kind of generalization in 1951. They suggested Caculi for generalized
characteristic functions of vague predicates, and the basic fuzzy set connectives already
appeared in this thesis. Karl Menger (1951a), who, in 1951, was first to use the term
"ensemble flou” (the French counterpart set of ”fuzzy set”) in the title of a paper of his.
The notation of a fuzzy set stems from the observation made by Zadeh (1965a) that ”more
often than not, the classes of objects encountered in the real physical world do not have
precisely defined criteria of membership”. This observation emphasizes the gap existing
between mental representation of reality and usual mathematical representations , which
are based on binary logic, precise numbers, differential equations and the like.

Classes of objects referred to in Zadeh’s citation exist only through such mental repre-
sentations through natural language term such as high temperature, young man, big size,
etc., and with nouns such as bird, chair, etc. Classical logic is too rigid to account for such
categories where that membership is a gradual notation rather than all-or-nothing matter.
The power of expressivity of real numbers is far beyond the limited level of precision found

in mental representations. The latter are meaningful summaries of perceptive phenomena



that account for complexity of the world. Analytical representations of physical phenomena
can be faithful as models of reality, but are sometimes difficult to understand because they
do not explain much by themselves, and may remain opaque to the non-specialist. Mental
representations make more sense but are pervaded with vagueness,which encompasses at the
same time the lack of specificity of linguistic term, and the lack of well-defined boundaries
of the class of objects they refer to.

In the literature of fuzzy sets, the word fuzzy often stands for the word vague. Some
comments on the links between vagueness and fuzziness are useful. In common use, there is
a property of objects called ”fuzziness”; from the Oxford English Dictionary we read that
”fuzzy” means either not firm or sound in substance, or fringed into loose fibers. Fuzzy
means also covered by fuzz, i.e., with loose volatile matter. ”Something is fuzzy”. For
example, "a bear is fuzzy”. It may sound strange to say, "bald is fuzzy”, or that ”young
is fuzzy”. Words (adjectives in this case) bald and young are vague (but not fuzzy in the
material sense) because their meanings are not fixed by sharp boundaries. Similarly, objects
are not vague. Here however, the word ”fuzzy” is applied to words, especially predicates,
and is supposed to refer to the gradual nature of some of these words, which causes them
to appear as vague. However, the term ”vagueness” designates a much larger kind of ill
definition for words (including ambiguity), generally.

The specificity of fuzzy sets is to capture the idea of partial membership. The charac-
teristic function of a fuzzy set, often called membership function, is a function whose range
is an ordered membership set containing more that two (often a continuum of) values (typ-
ically, the unit interval). Therefore, a fuzzy set is often understood as a function. This has
been a source of criticism from mathematicians (Arbib, 1977) as functions are already well
known, and a theory of functions already exists. However, the novelty of fuzzy set theory,
as first proposed by Zadeh, is to treat functions as if they were subsets of their domains,

since such functions are used to represent gradual categories. It means that the classical



set-theoretic notations like intersection, union, complement, inclusion, etc. are extended to
combine functions ranging on an ordered membership set. In elementary fuzzy set theory,
the set-union of functions is performed by taking their point wise maximum, their intersec-
tion by their point wise minimum, their complementation by means of an order reversing
automorphism of the membership scale, and set-inclusion by the point wise inequality be-
tween functions. Mathematicians had not envisaged this point of view earlier, if we except
some pioneers, mainly logician.

Fuzzy set theory is indeed closely connected to many-value logics that appeared in the
thirties, if degrees of membership are understood as degrees of truth, intersection as conjunc-
tion, union as disjunction, complementation as negation and set-inclusion as implication.
This chapter is meant to account for history of how the notation of fuzzy sets could become
known, and it presents a catalogue of basic notations, which are presented in details in the

other chapters of this thesis.

1.3 Fuzzy Sets-Basic Definitions

A classical (crisp) set is normally defined as a collection of elements or objects x € X
that can be finite, countable, or overcountable. Each single element can either belong
to or not belong to a set A, A C X. In the former case, the statement ”x belong to
A” is true, whereas in the latter case this statement is false. Such a classical set can be
described in different ways: one can either enumerate (list) the elements that belong to the
set analytically, for instance, by stating conditions for membership; or define the elements
by using the characteristic function, in which 1 indicates membership function and 0 non-
membership function. For a fuzzy set, the characteristic function allows various degrees of

membership for the elements of a given set.

Definition 1.3.1. (Membership function) If X is a collection of objects denoted generically



by x, then a fuzzy set A in X is a set of ordered pairs:

A={(z,A(z))| v € X} (1.3.1)

A(z) is called the membership function or grade of membership (also degree of compat-
ibility or degree of truth) of z in A that maps X to the membership space M (when M
contains only the two points 0 and 1, A is non-fuzzy and A(z) is identical to the charac-
teristic function of a non-fuzzy set). The range of the membership function is a subset of
the non-negative real numbers whose spermium is finite. Elements with a zero degree of
membership are normally not listed. It should be noted membership functions enable the
notation of a class to be extended to categories that have no clear-cut boundaries, as often
encountered in linguistic information.

A more convenient notation was proposed by Zadeh [48]. When X is a finite set

{z1,...,x,} a fuzzy set on X is expressed as

A= A(x1) bt A(zn) _ i A(.’E,) (1_3.2)

x T xX;
1 i—1 7

A= /IA(I')

1.3.1 Characteristic of Fuzzy Sets

When X is not finite, we write

Fuzzy sets are characterized in more detail by referring to the concept of support, core,
normality, convexity, etc. Let f(X) denote the set of all possible fuzzy sets defined on the

universe of discourse X. For a fuzzy set A € F/(X) we can give the following definitions.

Definition 1.3.2. (Support) The support of a fuzzy set A is the ordinary subset of X:

supp A= {z € X, A(z) > 0} (1.3.3)



Definition 1.3.3. (Core) The core of a fuzzy set A is the set of all points with the mem-
bership degree one in A:

coreA ={x € X| A(z) = 1}. (1.3.4)

Definition 1.3.4. (Height of a fuzzy set) The height of A is the least upper bound of A(z)
ie.,

hgt(A) = 51612 A(x). (1.3.5)

Definition 1.3.5. (Universal fuzzy set) A is a universal fuzzy set if A(z) =1, V z € X,

that is if core(A) = X.

Definition 1.3.6. (Empty fuzzy set) A is an empty fuzzy set if A(z) =0, V z € X, that

is if supp(A) = ¢.

Definition 1.3.7. (Fuzzy singleton) Let A be a fuzzy set. Ifsupp(A) = {x¢} then A is

called a fuzzy point and we use the notation A = x.

Definition 1.3.8. (Normal fuzzy set) A is said to be normal if and only if Fz € X, A(z) =

1; this definition implies hgt(A4) = 1.

A more general and even more useful notion is that of an a—cut or a—level set.

Definition 1.3.9. (a—Levels) The set of elements that belong to the fuzzy set A at least

to the degree v € (0, 1] is called the a—cut or a—level set:

Al ={z e X : A(z) > a}. (1.3.6)

10



If non-equality is hold strictly then [A], is called "strong a—level set”, also for o = 0 we

have

Definition 1.3.10. The m — th power of a fuzzy set A is a fuzzy set with membership
function

A™(z) =[A(x)™ , YzeX , VmeR™. (1.3.7)

Convexity also plays a role in fuzzy set theory. By contrast to classical set theory,
however, convexity conditions are defined with reference to the membership function rather
than the support of a fuzzy set.

The membership function of a fuzzy set A can be expressed in terms of the characteristic

functions of its a—cut according to the formula

A(z) = sup min(a, Aq(2)),

a€(0,1]
where
1, x € [A]?,
An(z) = [4]
0, otherwise.

It is easily checked that the following properties hold:

[AUB]® = [A]*U[B]*, [ANB]*=[A]"N[B]~

Definition 1.3.11. (Convexity) A fuzzy set A of X is called convex if [A]* is a convex
subset of X for each o € [0,1]. We now state a useful theorem that provides us with an
alternative formulation of convexity of fuzzy sets. For the sake of simplicity, we restrict the

theorem to fuzzy sets on R, which are of primary interest in this text.

11



Theorem 1.3.1. A fuzzy set A on R is convex if and only if

A(Az1 + (1 — N)ze) > min{A(z1), A(z2)} (1.3.8)

for all x1,x9 € R and all X € [0, 1], where min denotes the minimum operator.

Proof. See [20]

1.3.2 Basic Relationships Between Fuzzy Sets

As in set theory, we can define generic relations between two fuzzy sets, such as inclusion

and equality. Let A € F(X) and B € F(X) be fuzzy sets.
Definition 1.3.12. (Inclusion) We say that A is included in B, denoted by A C B, iff

A(z) < B(z), Vz € X.

Definition 1.3.13. (Equality) A and B, are said to be equal, denoted by A = B, iff A C B,

and B C A.

1.3.3 Fuzzy Number

Definition 1.3.14. (Fuzzy number) A fuzzy subset A of the real line R with membership
function A(x), A: R — [0,1], is called a fuzzy number if

(a) A is normal, i.e., there exists an element z( such that A(zg) = 1,

(b) A is convex, i.e., A(Ax1 + (1 — A)z2) > min{A(z1), A(x2)},

(¢) A(z) is upper semi-continuous,

(d) supp(A) is bounded, where supp(A) = cl{x € R : A(x) > 0}, and ¢l is the closure

operator.

12



A fuzzy number A is called positive (negative) if its membership function is such that
A(z) =0, Yz <0 (Vx > 0).

Dubois and Prade [20] suggest a special type of representation for fuzzy numbers of the
following type: They call L (and R), which map RT™ — [0,1], and are decreasing, shape
functions or reference functions if L(0) = 1, L(z) < 1 for x > 0; L(z) > 0 for = < 1;
L(1)=0or [L(z) > 0, Yz and L(+o0) = 0]. The most useful type of fuzzy numbers is LR
type as follows :

A fuzzy number is a convex fuzzy subset like of the real line is completely defined by
its membership function. Let A be a fuzzy number, whose membership function A(z) can
generally be defined as [19]

Ly(z) a<az<hb,

w b<z<e,
A(z) = (1.3.9)
Ra(z) c¢<uz<d,

0 otherwise,

where 0 < w < 1 is a constant, La(z) : [a,b] — [0,w] and Ra(x) : [c,d] — [0,w] are
two strictly monotonic and continuous mapping from R to closed interval [0,w]. If w =1,
then A is a normal fuzzy number; otherwise, it is trapezoidal fuzzy number and is usually
denoted by A = (a,b,c,d;w) or A = (a,b,c,d) if w = 1. In particular, when b = ¢, the
trapezoidal fuzzy number is reduced to a triangular fuzzy number denoted by A = (a, b, d;w)
or A= (a,b,d) if w = 1. So triangular fuzzy numbers are special cases of trapezoidal fuzzy
numbers.

Since La(z) and R4(x) are both strictly monotonic and continuous functions, their
inverse functions exist and should also be continuous and strictly monotonic. Let Ay, :
[0,w] — [a,b] and AR : [0,w] — [c, d] be the inverse functions of L4(z) and Ra(z), respec-
tively. Then Ap(y) and Ag(y) should be integrable on the close interval [0,w]. In other

words, both fow Ar(y)dy and fow Ag(y)dy should exist. In the case of trapezoidal fuzzy

13



number, the inverse functions Ay (y) and Ar(y)dy can be analytically expressed as
Ap(y) =a+(b-a)y/w 0<y<w, (1.3.10)

Ar(y)=d—(d—c)y/w 0<y<w. (1.3.11)

The functions La(z) and Ra(x) are also called the left and right side of the fuzzy number
A, respectively [19, 20].
In this thesis, we assume that

+oo
/ A(z)dr < +00.

—0o0

According to the definition of a fuzzy number, it is seen at once that every a—cut of a

fuzzy number is a closed interval. Hence, for a fuzzy number A, we have
Ao = [A1(), Az(a)], (1.3.12)

where

Ai(a) =inf{z e R: A(z) > a},
Asz(a) =sup{zr € R: A(z) > a}. (1.3.13)

If the left and right sides of the fuzzy number A are strictly monotone, obviously, Ay
and As are inverse functions of L4(x) and R4(x), respectively.

If r = 1, we obtain trapezoidal fuzzy number. When r = 1, b = ¢ we obtain triangular
fuzzy number, and it is denoted by A = (a,b,d).
In case that b —a =d — b, A is a symmetrical triangular fuzzy number.

Since the trapezoidal fuzzy number is completely characterized by » = 1 and four real
numbers a < b < ¢ < d, it is often denoted in brief as A = (a, b, ¢, d).

The conditions r = 1, a = b and ¢ = d imply the close interval and in case r =1, a =
b = c = d =t we have the crisp number ¢.

Note 1: A normal trapezoidal fuzzy number A = (a, b, ¢, d) is also denoted by (b, ¢, o, 3),

where a and 3 are left and right spread, respectively. Moreover, « =b—a, =d — c.

14



Note 2: In this thesis, a family of fuzzy numbers and trapezoidal fuzzy numbers will be

denoted by F(R) and F”(R) respectively.

Definition 1.3.15. (Quasi fuzzy number) A quasi fuzzy number A is a fuzzy set of the
real line with a normal, convex and continuous membership function satisfying the limit

conditions

lim A(t) =0, lim A(t) = 0.

t—+o0 t——o0

Remark 1.3.1. Let A be a fuzzy number. Then A, is a closed convex (compact) subset of

R for all « € [0,1].

Definition 1.3.16. We represent an arbitrary fuzzy number by an ordered pair of functions

(ui (), uz()), 0 < a < 1, which satisfy the following requirements [?]:
1. ui(a) is a bounded left continuous non-decreasing function over [0, 1],
2. uz(«) is a bounded left continuous non-increasing function over [0, 1],
3. up(a) <ug(a),0 <a <.

A crisp number A is simply represented by uj(a) = uz(a) = A,0 < a < 1.

Definition 1.3.17. Let v and w be fuzzy numbers and s be a real number. Then for

15



w = v if and only if u1(e) = v1(a) and us(a) = va(c),
v+w = (vi(a) +wi(a),vz(a) +wz(a)),
v —w = (v1(a) — wa(a),va(@) — wi(e)),
vaw = (minfvr (@).wi (@), vi(a).wa (@), vi(e).wz(a), va(a).wa(a)},

max{vy (). wy (), vi(a).wa(a), va(a).wy (), va(ar).wa(a)}),

Definition 1.3.18. The space F"(R) is all of fuzzy subsets U of R™ which satisfy the
following conditions:

1. U is normal,

2. U is convex,

3. U is upper semi-continuous,

4. [U]° is a bounded subset of R™,

when n = 1, elements of F!(R) are Fuzzy numbers.

1.4 The Extension Principle

One of the most basic concepts of fuzzy set theory that can be used to generalize crisp
mathematical concepts to fuzzy sets is the extension principle. In this elementary form, it
was already implied in Zadeh’s first contribution (1965). In the meantime, modifications

have been suggested [Zadeh 1973a; Zadeh et al. 1975; Jain 1976]. Following Zadeh [1973a]

16



and Dubois and Prade [1980a], we define the extension principle as follows:

Definition 1.4.1. [52] (extension principle) Assume X and Y are crisp sets and let f be a

mapping from X to Y,

f: X =Y,

such that for each z € X, f(z) =y € Y. Assume A is a fuzzy subset of X, using extension

principle, we can define f(A) as a fuzzy subset of Y such that

supge 1) A() if fH(y) £ 0,
FAy) =] T ’

0 otherwise,
where f~'(y) = {z € X[f(z) = y}.

Definition 1.4.2. (sup-min extension n-place functions) Let X, Xs,...,X,, and Y be a
family of sets. Assume f is a mapping from the Cartesian product X; x Xo X --+ x X,
into Y. Let Ay, As,...,A, be fuzzy subsets of X1, Xo,...,X,,, respectively, then we use the

extension principle for the evaluation of f(A1, Ag, ..., 4,). f(A1, Ag, ..., Ay) is a fuzzy set

such that
sup{min{A;(z1), A2(2), ..., An(zn)} | 2 € f7(y)}
f(AlaAQa"'aAn)(y) = if f_l(y) #wa
0 otherwise,

where x = (21,22, ..., Tp).

Example 1.4.1. Let f : X x X — X be defined as

f(l‘l,xQ) =Mzl + )\2.7}2, )\1, A2 € R.

17



Suppose A1 and As are fuzzy subsets of X. Then using the extension principle we get

f(A1,A2)(y) = sup  min{Ai(21), Aa(22)}
A1z1+Aexe=y

and we use the notation f(A1, A2) = A\ A1 + A2 As.

Theorem 1.4.1. If f : R™ — R™ is continuous, then the Zadeh’s extension f : F(R") —

F(R™) is well defined,is continuous and

[f @] = (@) vaep.

Note that this relation is valid if f: U — R™ ,where U is an open sub set in R™.

Proof. See [44]

By the extension principle we can define fuzzy distance in the following.

Definition 1.4.3. The fuzzy distance function on F(R), ¢ : F(R) x F(R) — F(R), is defined
by

0(A,B)(z) = sup min(A(z), B(y)). (1.4.1)

jo—yl—z
Definition 1.4.4. Let X # () and Y # () be crisp sets and let f be a function from F(X)

to F(Y). Then f is called a fuzzy function (or mapping) and we use the notation

f:F(X) = F(Y).

It should be noted, however, that a fuzzy function is not necessarily defined by Zadeh’s
extension principle. It can be any function which maps a fuzzy set A € F(X) into a fuzzy
set B:= f(A) e F(Y).

Definition 1.4.5. Let X # () and Y # () be crisp sets . A fuzzy mapping f : F(X) — F(Y)
is said to be monotonic increasing if A, A’ € F(X) and A C A’ imply that f(A4) C f(A).
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Theorem 1.4.2. Let X # () and Y # O be crisp sets. Then every fuzzy mapping [ :

F(X) — F(Y) defined by the extension principle is monotonic increasing.

Proof. Let A, A" € F(X) such that A C A’. Then using the definition of sup-min

extension principle we get

f(A)y) = sup A(x)< sup A(z)= f(A)(y)

z€f~1(y) zef 1 (y)

forally e Y. O

Let A and B be fuzzy numbers with [A]* = [a1(a),az2(@)] and [B]* = [b1(«), ba(a)],

0 < a < 1. Then it can easily be shown that
[A+ B]* = [a1(a) + b1 (), az(a) + ba()],

[—A]* = [—az(), —ax ()],

[A = B]* = a1 () = ba(e), az(a) = bi(a)],

[AA]Y = [Aa1(a), Aaz(a)] if A>0,
[AA]Y = [Aaz(a), Aar ()] if A <0,

for all a € [0, 1], i.e. any a-level set of the extended sum of two fuzzy numbers is equal to
the sum of their a-level sets. The following two theorems show that this property is valid

for any continuous function.

Theorem 1.4.3. [41] Let f : X — X be a continuous function and let A be a fuzzy number.

Then,
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where f(A) is defined by the extension principle and

F(A%) = {f(z) | = € [A]*}.
If [A]* = [a1(@),az2(a)] and f is continuous and monotone increasing then from the

above theorem we get
[F(A) = f([A]7) = f(lar(e), az(a)]) = [f(ar(e)), f(az(a))]-
Theorem 1.4.4. [41] Let f : X x X — X be a continuous function and let A and B be
fuzzy numbers. Then
[f(A, B)]* = f([A]* [B]?)
where,
F([A17, [B]?) = {f(x1, x2) | 21 € [A]*, z2 € [B]"}.

Let f(z,y) = zy and let [A]* = [a1(a), az(a)], [B]* = [b1(a), b2(c)] be the a—level sets

of two fuzzy numbers A andB. Applying above theorem we get
[f(A, B)]* = f([A]% [B]") = [A]*[B]".
The equation
[AB]* = [A]*[B]* = [a1(a)bi(a), az(a)ba(av)]
holds if and only if A and B are both nonnegative, i.e. A(z) = B(z) =0 for = < 0.

In general, we obtain a very complicated expression for the a-level sets of the product AB
[A]*[B]* = [min{a1(a)bi(a), a1(a)ba(a), az(a)bi(a), az(a)ba ()},
max{aj(a)br(a), ai(a)ba(a), az(a)bi(a), as(@)ba()}].

If f: R"x R™ — R” is a continuous function, then, according to Zadeh extension principle,

we can extend f to F™"(R) x F*"(R) — F"(R) by the equation

f(u,v)(z) = sup min{u(z),v(y)}. (1.4.2)
z=f(zy)
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1.5 Operation on Fuzzy Numbers

In order to use fuzzy numbers and relations in any intelligent system we must be able to
perform arithmetic operations with these fuzzy quantities. In particular, we must be able
to add, subtract, multiply and divide with fuzzy quantities. The process of doing these

operations is called fuzzy arithmetic.

1.5.1 Addition and Multiplication

Addition: Addition is an increasing operation. Hence, the extended addition (&) of fuzzy
numbers gives a fuzzy number. Note that —(A @ B) = (—A) @ (—B). The operation (&)
is commutative and associative but has no group structure. The identity of (®) is the non-
fuzzy number 0. But A has no symmetrical element in the sense of a group structure. In
particular, A @ (—A) #0, VAecFR)-R.

Multiplication: Multiplication is an increasing operation on R* and a decreasing opera-
tion on R™. Hence, the product of fuzzy numbers (®) that are all either positive or negative
gives a positive fuzzy number. Note that —(A) © B = —(A ® B), so that the factors can
have different signs. The operation (®) is commutative and associative. The set of positive
fuzzy numbers is not a group for (®): although VA, A®1 = A, the product A® A~ # 1

as soon as A is not a real number. A has no inverse in the sense of group structure.

1.5.2 Subtraction

Subtraction is neither increasing nor decreasing. However, it is easy to check that
Ao B=A®(-B), VY(4,B)cF(R)?sothat AS B is a fuzzy number whenever A and B

are.
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1.5.3 Division

Division is neither increasing nor decreasing. But, since Ao B=A® (B™!),VAVB, A €
F(R),B € F(R —{0}), A @ B is a fuzzy number when A and B are both positive or both
negative fuzzy numbers. The division of ordinary fuzzy numbers can be performed similar

to multiplication, by decomposition.

1.6 Hausdorff Metric

Denote by <" the set of all nonempty compact subsets of R” and by ' the subset of k"

consisting of nonempty convex compact sets.
In this section, we define a metric space by Hausdorff separation. Recall that
z,A) =min |z —a 1.6.1
p(z, A) = min | | (1.6.1)

is the distance of a point z € R™ from A € k" and that the Hausdorff separation p(A, B)
of A, B € k™ is defined as

p(A,B) = rgleaj(p(a,B). (1.6.2)

Note that the notation is consistent, since p(a, B) = p({a}, B). Now, p is not a metric. In
fact, p(A, B) = 0 if and only if A C B.

An open e-neighborhood of A € x" is the set
N(A,e) ={z e R" : p(z,A) <e} =A+eB", (1.6.3)
where B" is the open unit ball in R”, [17].

Definition 1.6.1. A mapping F : R" — k" is upper semi-continuous (usc) at xg if for all

€ > 0 there exists § = (e, zp) such that

F(z) € N(F(xo),€) = Flxo) + B, (1.6.4)
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for all x € N(zo,0).

Definition 1.6.2. The Hausdorff metric dg on k™ is defined by
dir(A, B) = max{p(A, B). p(B, A)}. (1.6.5)

The space (k",dp) is a complete metric space. Let D™ denote the set of usc normal
fuzzy sets on R™ with compact support. That is, u € D™, then u : R" — [0,1] is usc,
supp(u) is compact and there exists at least one £ € supp(u) for which u(§) = 1. The

B-level set of u, 0 < B < 11is
[w]’ ={z e R" : u(x)> G} (1.6.6)

Clearly, for o < 3, [u]o 2 [u]g. The level sets are nonempty from normality and compact

by usc and compact support. The metric dy is defined on D" as
doo(u,v) = sup{dg ([u]®, [v]*) : 0<a <1}, u,ve D" (1.6.7)

and (D",d) is a complete metric space. F"(R) is the subset of fuzzy convex elements of

D". The metric space (F"(R), ds) is also complete, [18].
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Chapter 2

Fuzzy Volterra Integral Equations

Fuzzy systems were found useful in some problems ranging from population models [32],
particle systems [24, 25], quantum optics and gravity [26], synchronize hyperchaotic sys-
tems [50], control chaotic systems [27, 36], medicine [5, 11, 33, 42], to bioinformatics and
computational biology [10, 14].

In recent years the theory of fuzzy differential equations is well developed. The study of
initial value problems for fuzzy differential equations was initiated by Goetschel and Voxman
[31] and Kaleva [37], where the existence and uniqueness of the solution was proved using
the Banach fixed point principle, and in [38], where the fuzzy variant of Peanos theorem was
obtained. Numerical methods for fuzzy differential equations are built in [1, 2, 28] using the
fuzzy variant of the Euler and Runge-Kutta method. In [34], uncertain dynamical systems
are associated to fuzzy initial value problems and in [35], numerical methods to approximate
the fuzzy reachable sets of these initial value problems are developed. as in the crisp case,
fuzzy differential equations and fuzzy integral equations are closely related and methods for
solving them are similar. Existence and uniqueness of the solution of fuzzy Volterra integral
equations was proved in [43] and numerical methods for linear fuzzy integral equations and
nonlinear fuzzy Fredhohlm integral equations can be found in [3, 12, 29, 30]. In this thesis
we propose quadrature method for nonlinear Volterra fuzzy integral equations. In order to

do this, first we state some existence and uniqueness theorems.
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2.1 Existence Theorem
We consider the following nonlinear fuzzy Volterra integral equation
x
@/ K(z,s, f(s))ds, 0<z<a, (2.1.1)
0

where g : [0,a] — FR), K : U — FR) and U = {(z,5,9)[0 < s < z < a,y €

F(R) and D(y,g(z)) < b}. We assume that conditions of the following theorem is satis-

fied to guarantee existence of unique solution.

Theorem 2.1.1. [/6]/Let a, b and L be positive numbers and for some fixred o € (0, 1) define

¢ =«a/L. Suppose:

(i) g:[0,a] — F(R) is continuous with respect to metric D,

(i) K :U — F(R) is continuous where U = {(x,s,y)|0 < s <z <a,y € F(R) and D(y,g(x)) <

b}.

(iii) K satisfies Lipschitz condition with respect to y on U, i.e. there exist some positive

real number L such that D(K (x,s,y), K(x,s,2)) < LD(y, 2), if (z,s,y),(x,s,2) € U.

If M = maxy D(K(z,s,y),0), then there is a unique solution of (2.1.1) on [0,T] where

T = min{a,b/M,c}.

Writing equations (2.1.1) in terms of level sets we have the following system of two

integral equations with two unknowns

flair) = gla;r) /Kmsf r)ds, 0<z<a,

flz;r) = /szf r)ds, 0<z<a, (2.1.2)
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for 0 < r <1 where K and K are functions from U into R such that

K(x,s,u;r) = min{z|z € [K(z, s,u)]"},

K(z,s,u;r) = max{z|z € [K(z,s,u)]"}. (2.1.3)

2.2 Quadrature Methods for Nonlinear Fuzzy Volterra Inte-

gral Equation

Let f : [a,b] — E be an integrable fuzzy function with r-level sets [f(¢)]" = [f(x;7), f(z;7)].

In [6, 8] some quadrature methods for ff f(z)dz were given as follows
b n
/ f(z)dx =~ ij © f(x)) (2.2.1)
a j=0

where 29 = a < 1 < ... < x, = b is a partition of [a,b] and the weights w; are chosen
so that to obtain highest possible accuracy. In this thesis we only use quadrature method
with w; >0, 0 < j < n. If we use a method of order p then
b n
D(/ fl@)dz, Y w; © f(ay)) < KBP, (2.2.2)
a =0

for some fixed K. i.e.
b n
D[ fo)de 3" w; @ fla)) = 00, (2.2.3)
a =0

Therefore every quadrature method with nonnegative weights for crisp functions can be
used to approximate fuzzy integrals with the same order of approximation.

Suppose for a given stepsize h > 0 we know the solution of equation (2.1.1) at points
x; =1ih,i=0,1,...,n— 1. An approximation to f(z,) can then be computed by replacing

the integral on the right hand side of (2.1.1) by a numerical integration rule using values of
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the integrand at x;,7 = 0,1,...,n and solving the resulting equation for f(z,). Denoting
by f, an approximation to f(z,) and letting g, = g(x,), we have
n
fo = G®hOY Wk © K(n, 2k, fi), n=12,...,N, (2.2.4)
k=0

fo = go (2.2.5)
where the numbers w,; are the weights associated with the quadrature rule. If w,, # 0
then the unknown f,, is implicitly defined by (2.2.4) and for sufficiently small i the equation
has a unique solution. These equations can be solved by an iterative method for solving

fuzzy equations [4]. For example if we use trapezoidal quadrature rule then
1
Wno = Wnn = o, wer =1, k=1,2,...,n—1, (2.2.6)

0 (2.2.4) reduces to the simple form

n—1

h
fn = gn® 5 ® (K(.%'n,flf(),f()) ©20 ZK(xn7$k7fk‘) @ K(xn;xnvfn))u
k=1
n=1,2,3,...,N,
fo = g0 (2.2.7)

However the trapezoidal rule is of low order. So obtaining accurate solution requires the
stepsize h to be very small. In order to increase accuracy without choosing h too small
we can use higher order Newton-Cotes or Gregory rule. For example fifth order Gregory

formula has weights

251

299

Wn1 = Wpn-1= %7 (229)
211

Wpo2 = wn7n72 = %, (2210)
739

Wp3 = Wpn-3= %7 (2211)

wni = 1, i=4,5,... n—4. (2.2.12)
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Thus if we use (2.2.4) with these weights the values of fi, fa,..., f¢ can not be calculated
and must be computed some other way. This reflects the fact that higher order integration
rules require a minimum number of points. fy is of course always taken as f(0) = ¢g(0). The
use of the Newton-Cotes type formulas introduces a slight complication, since these rules
involve some restriction on the number of points. For example, compound Simpson’s rule
can be applied only when n is even. For odd n some adjustment has to be made. One way is
to apply the so-called three-eighths rule over points z,,_3, n—_2, Tn_1, n and the Simpson’s

rule over the rest of the interval,

/: f(z)de = /x:ns f(z)dz @ /:is f(z)dx. (2.2.13)

The first integral in the right hand side is approximated by compound Simpson’s rule and

the second by three-eighths rule. i.e.,

/wn f(z)dz ~ % O (fn3®3fn2®3fn1® fu) (2.2.14)

Thus the weights will be

n is even: Wpo = Wpp = %,

Wn2i = 3, i=1,2,...,%2-1,
Wn2i41 = 5, i=0,1,...,% -1,
n is odd: Wno = Wnp = %, n > 5,
Wn2i = 3 i=1,2,...,%°2, (2.2.15)
Wn2i41 = 5, i=0,1,...,255,

__ 17 1
Wnn—3 = 94 — §5n3a

— _9
Wpn—1 = Wnn—2 = 3,

_ 3
Wpn = g

where ;; denotes the Kronecker delta.
Later in chapter (3) a starting method will be given but first in the next section we

discuss convergence of the method.
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2.3 Convergence of the approximate solution

In order to prove the convergence of the method we consider the set of values e; =
D(f;, f(x;)) which we will call the discretization error. We are interested in the behav-
ior of this discretization error as a function of the stepsize h. The following three definitions

and lemma are taken from [40].

Definition 2.3.1. A method of the form (2.2.4) is said to be a convergent approximation

method (for some equation or class of equations) if

max e; — 0
0<j<N

as h — 0, N — oo such that Nh = a.

Definition 2.3.2. If, for all admissible h, there exists a number M < oo, independent of
h, such that

max e; < Mh? (2.3.1)
0<j<N

and if g is the largest number for which such an inequality holds, then ¢ is called the order

of convergence of the method.

We will see in the following that the order of convergence is closely connected with the

accuracy of the numerical integration employed.

Definition 2.3.3. Let f be the solution of (2.1.1). Then the function
0 -
j=o

is the local consistency error for (2.2.4).
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Lemma 2.3.1. If & is a sequence of real numbers satisfying

n—1
el <AD &+ By mn=rr4l,.., (2.3.3)
=0
where
r—1
A>0, B <B, ) &<u. (2.3.4)
i=0
Then
€n] < 1+ A" (B+ An), n=rr+1,.... (2.3.5)

In particular, if A= hM, M >0, and x = nh, then

€l < (B + An)™* (2.3.6)

Now we employ this lemma to prove the convergence theorem and the fact that order

of accuracy of the method is the same as the order of quadrature method.
Theorem 2.3.2. Consider the approximate solution of (2.1.1) by (2.2.4) and assume that

(i) the quadrature formula is such that there exist a constant C' (independent of h ) such

that

max 0(h,z,) < ChY, (2.3.7)

0<n<N
(ii) the weights satisfy

max Wy < W < oo,
0<i<n<N

iii) the starting errors satisfy e; < Mh9™', j =0,1,...,r—1, where M > 0 is a constant.
g Y€ J

Then the method is a convergent approximation method and the order of convergence is at

least q.
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Proof. Putting = x, in (2.1.1) and considering (2.2.4), we get forn =r,r+1,...

€n = D(fnyf(xn))

= D h oY wy© K@ £,) gn@/ K (itn, 5, £(s))ds

] =0

= D h@Zwm@K:Un,x],fy / K(xn,s, f(s))ds

] =0

D hQanjQK(xnaxj7fj)vh®anjQK(xnvxj7f(xj))
=0 j=o

IN

+D / K(zp,s, f(s))ds, h@ang@K(»’Una%af(%))

j=o
< hzwnjD(K(xmxjvfj)?K(wmxjvf(xj»)+5(h7$n)'

Using the Lipschitz conditions and assumption (i7) we have

en SIWLY ej+0(h,zn). (2.3.8)
j=o
Hence choosing h < 1/LW,
n—1
(1= hWL)en, <hWLY ej+ 6(h,zy), (2.3.9)
j=o
n—1
hW L O(h,zn)
ST awE Z ST Thwr (2:3.10)

Applying lemma (2.3.1) and (2.3.6) it follows that

1 = WL —hWL
én < 1_mWL Olil]aX o(h, .T]) + hWLJZ_:O ej|e wn/(1 ), (2.3.11)
assumptions (i) and (ii7) gives
< ————(C 4 rWLM)hdeWLen/A=hWL), 2.3.12
S N A Jhe (2:3.12)
This proves that the method is convergent and the order of convergence is at least ¢. [
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Chapter 3

Runge-Kutta method

In the solution of fuzzy (or crisp) ordinary differential equations, a class of algorithms called
explicit Runge-Kutta methods is popular in practice and has been studied in great depth
[1, 13, 40]. These methods are self-starting and they can also be used to produce starting
values for the methods of section (2.3). In this chapter we develop explicit Runge-Kutta
Method for nonlinear fuzzy Volterra integral equations and discuss their convergence and

accuracy as a special case of quadrature methods.

3.1 Explicit Runge-Kutta method

The advantage of explicit methods is that they doesn’t lead to nonlinear fuzzy equations.
To develop such methods, one first writes down a general form for computing the solution
at x, + h in terms of the solution at previous points. A similar idea can be used for integral

equations. To present the discretization of (2.1.1) by explicit Runge-Kutta method we

define
q—1
frg = on(Tn +0,0) DY Ag; © K(xp + dgjh, oo + cih, ), q=1,2,...,p, (3.1.1)
=0
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where

n—1 p—1
on() =g(2) ©Y h© Y Ay © K(xk + dysh, tn + 5, fj). (3.1.2)
k=0 j=0

These equations present a p-stage explicit Runge-Kutta method for (2.1.1). Using ¢, (0) =
foo = g(0), these equations can be used to determine the sequence of values foo, fo1, ..., fop =
fio, fi1s- -+, fips - ... We consider f,, as an approximation to f(z, 4+ 6,h) and the value f,
is taken as an approximation to f(z, + h); also fr410 = fnp. The quantity ¢(z) is a

numerical approximation to the lag term
Tn
F(z)=g(z)® / K(x,s, f(s))ds, x>zp,(n=0,1,...,N —1), (3.1.3)
0
So the second term in (3.1.1) is an approximation to
Tn+0gh
/ K(zyp, + 64h,s, f(s))ds. (3.1.4)
Tn

Actually, (3.1.1) is so general and we can add some restriction on the parameters. For
example, by setting 6, = d4; = ¢4 we obtain a set of formulas sometimes called Pouzet-
type method. The parameters of a Pouzet-type formulae can be displayed conveniently in

tabular form as [9]

0o Ago

01 Ao

0 Aao Az (3.15)
Op—1 | Ap—10 Ap—11 ... Ap_1p-2
0,=1| Ao Ap1 ... Appo Ay

Once we have chosen a set of 6; with 0 < #; < 1, we can use standard quadrature
rules to get the parameters Ag;. In this way, Runge-Kutta method can be considered as a
quadrature method of the form (2.2.4) and according to theorem (2.3.2) it is convergent of

the same order of the quadrature rules. For example one possible choice for 6; with p = 3
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is 0; = 5,1 =0,1,2,3 with the quadrature rules
3 h
/ f(s)ds =~ N ® f(0), (3.1.6)
0
2h
k2 2h h
f(s)ds ~ 3 ® f(g), (3.1.7)
0
h
h 3h 2h
0

The above formulae are (3.1.6) a rectangle (Euler) rule, (3.1.7) the mid-point rule, and
(3.1.8) a Radau rule. These methods are of order one, two and three respectively. Using

these formulae to replace the integrals in (3.1.1), we are led to the formulas

n—1
h h h h 2h
fa1 = glan+35)®— E <K($n + 5 Tis fi0) O 3K (vn + o, 2 + 3 ’f¢2)>

3 4i:0 3 3
h h
@gK(:UTL + ga » Ly fn,O)a (319)
n—1
2h h 2h 2h 2h
n - n o - K n o Ly Ji K n 4 o 0 Ji
O e LM (O N DEL N )
2h 2h h
S K(@n + 50+ 3, fa1), (3.1.10)

n

h 2h
fnz = g(l'n“‘h)@42(K($n+h7$iafi,0)@3K(zn+h7$i+3afi2)>a

=0
(3.1.11)
with fo0 = ¢(0) and f;0 = fi—1,3. The associated table for this method is
0 0
1 1
3 3
; ; . (3.1.12)
3 3
1 1 0o 3
Order of the quadrature rules (3.1.6)-(3.1.8) and theorem (2.3.2) show that
en3 = D(fn3, f(nh)) = O(h), n=1,2,... (3.1.13)

i.e. this method is of order three.
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We can write Eqs. (3.1.9-3.1.11) in terms of r-level sets as follows

n—1
h h h h 2h
fu(r) = glen + g;r) +7 ;_0 <K(l‘n + 3% fio;r) + 3K (wy + o, @i + 3 7f1'2;7“)>

37
h h
+§K(I’n + ga-rn? fn,O;T)7 (3114)
n—1
_ h h — h — h 2h
fai(r) = g(:pn+3;r)+4;<K(m’n+3,xi,fi,o;r)+3K(xn+3,xi+3,f¢2;r)>
h— h
K (@n + 5520, faoi ), (3.1.15)
n—1
2h h 2h 2h 2h
Jn2(r) = glxn+ —57) + — K(xn + 24, fio;r) + 3K (vn + —, 2 + —, fio;7)
n2 7 3 4 3 3 3
2h 2h h
— K(vn + — 20 + 5, fa157), 1.1
+37(x+3x+3f1r) (3.1.16)
n—1
—_— 2h h — 2h — 2h 2h
fn2(r) = glzn+ —57) + K(zn + —, i, fio;r) + 3K (2 + —, 2 + —, fios7)
3 4L 3 3 3
2h 2h h
h — 2h
fu3(r) = g(a:n—l-h;r)—i-z K(xn‘i‘haxi?fi,O;T)+3K($n+haxi+?>fi2;r) ;
i=0
(3.1.18)
— _ h~ (— — o%h
fu3(r) = g(xn+h;r)+1 K(H?n-i-h,ivi,fi,o;?“)+3K(ﬂ?n+h7l’i+§7fi2;?“) ,
i=0

(3.1.19)

for 0 < r <1 with @(r) = g(O; T), pr(r) = g(0;7), fio(r) = fi—13(r) and fT@(r) =
fi—l,S(T)'

3.2 Numerical Examples

Example 3.2.1. Consider fuzzy integral equation
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Figure 3.1: Exact vs. Numerical solution of example 3.2.1

where g(x) is a fuzzy function with level sets

z? z?

- 9
72 _gr+10° " | 2242

lg(@)]" = [g(a;r), gla; )] = [r - I

The exact solution is f(t) = A where A is triangle fuzzy number (0,1,2). The approzimation
of f(1) using formulae (3.1.14-3.1.19) with h = 0.5 is compared with the exact solution in

Fig.5.1
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Figure 3.2: Exact vs. Numerical solution of example 3.2.2
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Example 3.2.2. Consider fuzzy integral equation

/ °1+f 0<z<5h

1+¢2 %
with
[g(m)}T:[Q—i—r—xQ 54+ 4r + 12 4_T_$2 1778’F+T‘2]
2+ 212 ’ 2 + 222 ’

The ezact solution is f(t) = B where B is triangle fuzzy number (2,3,4). The approzimation
of f(5) using formulae (3.1.14-3.1.19) with h = 1 is compared with the exact solution in

Fig.3.2
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Chapter 4

Predictor-Corrector method for

fuzzy Volterra integral equations

In this chapter we consider predictor-corrector methods using Newton-Cotes quadrature

formulas along with a discussion on the discretization error.

4.1 Predictor-corrector method using Newton-Cotes formu-

las

In previous chapters we obtained some explicit and implicit methods for approximate so-
lutions of fuzzy integral equations. Implicit methods have higher order of accuracy but as
we mentioned before these methods require solving a nonlinear algebraic fuzzy equation at
each step. An implicit method is as follows
n
fo = m®hOY wu © K(n, 2k, fr), n=12... N, (4.1.1)

k=0
fo = go (4.1.2)
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where wy, # 0.

The following iterative method for determining f,, suggests itself naturally:

n—1

fj;rl :gn@h<zwnkK(xn7xk7fk)@wnnK(xnvxkafriL)>u ZZO,l, (413)
k=0

For given fo, f1, fo, - -, fn_1 a good initial value f° for the iteration (4.1.3) can be found

with the aid of an explicit method. For this reason, one also calls explicit methods predictor
methods, and implicit methods corrector methods [through the iteration (4.1.3) one corrects
it

The iterative method (4.1.3) converges for sufficiently small h. In order to obtain a

criteria for convergence, from equations (4.1.1) and (4.1.3) and Lipschitz condition we have

n
DU ) = D(snah 3 Ko 0
k=0
n—1

» On @ hzwnkK(wm T, fk) S wnnK(xm Tk, fé))
k=0

= hwnnD(K(JUnv Lk, fk)v K(Jjna Lk, fTZL)

< hWLD(fu, i) (4.1.4)
and hence
D(f3h ) < (WWLYHLD(fus f)- (4.1.5)

Thus if A < ﬁ, then f! — f, as i — oc.
A predictor-corrector method using Newton-Cotes formulas in the predictor and correc-

tor formulas takes the following form:

s n—1
Pn = Gn® h(z Wi K (2, 2k, f1) © > Wi K (2, i, fk:)) (4.1.6)
k=0 k=s
n—1
Cn = gn@h(zwnkK(xmmkafk) @wnnK(xmxkapn)>7 Wnn 7é 0 (4-1'7)
k=0

where p,, is a predicted value for f,, ¢, is a corrected value for f,, and the numbers W,
are a set of weights associated with a quadrature rule. Corrections can be made more than

once and the value that is finally accepted is denoted by f;,.
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In order to obtain an example of such a method using Simpson’s rule we should consider
two cases separately.
First suppose n is even. Using Simpson’s rule over the interval [xg, z,—2] and midpoint

rule over the interval [z,_2,x,] we have

/Mf(x)dx ~ g(f0@4f1@2f2€94f2@...@4fn—3@fn_2), (4.1.8)
/wn f(x)dz =~ 2hfn_1. (4.1.9)

Hence

h
P = gn® 3 (K(wn,:vo, fo) @ AK (zy, x1, f1) & 2K (zp, 22, f2)
PAK (zy, 23, f3) D ... DAK (2, Tn—3, fn-3)

OK (2, T2, fn_Q)) @ 20K (29, Tt fao1). (4.1.10)

This predicted value p,, can be corrected using Simpson’s rule over the interval [zg,z,] as

follows

h
Chn = gn®D § (K(ﬂfna Zo, fO) @ 4K(ﬂ£‘n, x1, fl) ® 2K(35na x2, f2)
@4K($n, 3, fg) D...H 4K($n, Tn—3, fn,'g,)

B2 (@, Tn-, fu2) & 4K (20, B0t fo1) © K @0y, pa) ). (41.17)

Now suppose n is odd. Using Simpson’s rule over the interval [z¢,z,_3] and open

Newton-Cotes formula over the interval [x,,_3, z,] we have

Q

/M f(z)dx g(fo DAf1 ®2fo DAfa D ... DAfu_a ® fros),  (4.1.12)

Zo

L

/n flz)dr ~ %(fnf2@fnfl)' (4.1.13)
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Hence

h
o= (K(xm 20, f0) ® 4K (2n, 21, f1) ® 2K (20, 2, f2)

@4K(xn7 €3, f3) D...D 4K(xn7 Tn—4, fn—4) S¥ K(l’n, Tn—3, fn—3>>

3h

3

(K (xn, Tp—2, fn—2) ® K(Tpn, Tn-1, fn-1))- (4.1.14)

This predicted value p,, can be corrected using Simpson’s rule over the interval [zg, ;3]
and three-eighths rule over the interval [z,,_3, x,]

h
Cn = g(K(l’n,xo,fo)@4K(mn,$1,fl)@QK(xn,l'Q,fQ)

@4K($n, X3, f3) D...D 4K($n7 Tn—4, fn—4) S K(l?n, Tn—3, fn—3)>
3h
8
3K (2n, Tnt, fao1) ® K (n, Tn, fn)). (4.1.15)

7 (K(Cﬂn, Tn-3, fn—S) 7 3K($n7 Tn—2, fn—2)

Thus weights for this method is as follows

niseven: s§s=mn—2,

1
Wno = Wnn = 3,

Wn,2i = 3, i=1,2,...,2-1, (4.1.16)
wn72i+1:§, i:O,l,...,%—l,
w;kL,n—l = 27
iy = W, = 0.
nisodd: s=mn—-3,

wnO:wnn:%a n =9,

Wn,2i = 3, i=1,2,...,55

wn72i+1:§, i:O,l,...,”T_E’,

Wpmn—3 = % - %571,37 (4.1.17)

_ _9
Wnn—-1 = Wnn—-2 = g,

_ 3
Wn,n = 8
* ok _ 3
wn,n—Z - wn,n—l R
* %
wn,s wn,n -
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We should know f; as starting value which could be obtained by some other method of the

same order, say Runge-Kutta method.

4.2 Convergence of Predictor-Corrector Method

In previous section we saw that in the case of correcting until we obtain the exact value f,
for equation (4.1.1) the predictor-corrector method is convergent. In practise only a finite
number of iterations are performed. The accuracy of the result is then dependent on the
accuracy of the predicted value. In particular, we shall discuss the discretization error of

the method when only one correction is made.

Definition 4.2.1. Let z, denote the predicted value for f(z,) which would have been
obtained if the exact values f(x,), ¢ = 0,1,...,n — 1 were used in an approximating
method of the form (4.1.6). Then the local discretization error d,, at x, is defined by

dy, = D(Zna f(wn))

Assuming the conditions required for a unique solution of equation (2.1.1) hold, we shall

state the following theorem dealing with error bounds.
Theorem 4.2.1. Assume
(i) d, < ChI™L for all n, where ¢ > 1 and C # 0 is a constant (independent of h),
(ii) the starting errors satisfy e, < Mhi7t k=0,1,...,m—1, where M > 0 is a constant,

(117) equation (4.1.7) with Wy, # 0 satisfies

o(h,xy) = D(/Omn K($n,S,f(S))dS,hzwnkK(l’n,l‘k,f(l‘k))> < Cpht

k=0
n=mm-+1m+2 ... (4.2.1)
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where C,, > 0 is a constant.

Using (4.1.7) as a corrector only once there exists a constant My > 0 such that e, < Mjh?

form=m+1,m+2, ...

Proof. The proof is by induction. From (i) e, < Mh9™!, k=0,1,...,m —1. Let n =m
Using the predictor, there exists a constant M* > 0 such that D(f(x,), pm) < M*h47L.

Equations (4.1.7) and (4.2.1) and Lipschitz condition yield

Em = D(f(l‘m))fm)
= D(g(azm) ) /xm K(zm, s, f(s))ds

-1
ffm @h Zwka xmaipk»fk)@wmmK($maxkapm))>
k=0

m m—1
= D(/ K(zp, s, f(s))ds,h( Z Wik K (T, g, fr) © wmmK(xm,xk,pm)))
k=0

IN

/ K(xzp,s, f(s))ds hzwka xm,xkaf(ffk)))
k=0
m—1 m—1

+D (Y wkK (s £ (1)) B S S (s, f)
k=0 k=0

+D (hwmmK(xm) T, f(xm))p hwmmK(fEmv L, pm))

IN

m—1
k=0

—|—hwmmD(K(:Um, x,f(xm))y K(xmy LTy pm))

IN

m—1
Crnh® + hWL( Y ek + D(f(xm), pm))
k=0

IN

Ch? + hW L(mChI™! + MyhI™1)

IN

(Cr + aW LC + My )h1.
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Hence there exist My such that

€m S Mghq.

Assume there exists a constant M3 > 0 such that e, < M3h?, n=m+1,m+2,...,r —
1, (r < N). Let n = r. By (i), we have D(2,, f(z,)) < Chi~!. Using the definitions of z,

and p,, we may write

r—1 r—1

Diprzr) = D(gr @0 Y wipK (@, an, fi) gr © b Y wiph (y wx, f(ar)) )
k=0 k=0
r—1 r—1
= D(hY wiK (e, wps fi) b S wi K (@, f (1))
k=0 k=0
r—1
< n( D Wi DK @,k fi), K (@i, [ (1))
k=0
r—1
< WWLY  D(fx, f(xr))
k=0
r—1
= hWL) e
k=0
< rWLMyhtH!
< WLMyNhIt!
= aWLMsh?

Thus there exists a constant B > 0 such that D(p,, z,) < Bh?. Moreover

D(pm f(wr)) < D(pr, Zr) + D(Zr, f(xr))

Bhi 4+ Chi™!

IN

Therefore there exists a constant Bs such that D(p,, f(z,)) < Bah? 1. To complete the
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proof

Er

IN

IN

IN

IN

IN

D(f(xr), fr)
D(g(xr) @ /Ox K(zr,s, f(s))ds
r—1

7g(x7“) S2) h( Z wrkK(mm T, fk) D wrrK(xrv xkaPr)))

i
D(/Oxr K (x5, f(s))ds,h(;i:;wrkK(wr,:vk, fr) ® wrrK(wm%pr)))
D(/O K (@, s, f(s))ds, thOwTkK(xhxk, f(:ck)))
D (hSwTkK(:rr,xk, Fa)hS ke )
4D (hZJZOK(x 2, f (@), hwrr;(i;)T, l'mpr))
§(h, ) + h;i:wrkD<K(l'ra$ka Flaw), K(zr, fk))
+hwer(K(1:_T, z f(zr)), K(zr, 27, pr))
Crh? + W L( i ex+ D(f(ar),pr))

k=0

Crh® + hWL(rMsh?™" + Boh?™)

(Cr + aW LMs + Bg)hq.

Hence there exist M™ such that

e, < M*hi.
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Figure 4.1: Exact vs. Numerical solution of example 4.3.1

4.3 Numerical Example

Example 4.3.1. We consider again example 3.2.2 of chapter 3 with exact solution f(t) =
B where B is triangle fuzzy number (2,3,4). The approxzimation of f(5) using formulae

(4.1.10-4.1.14) with h = .5 is compared with the exact solution in Fig.4.1
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Conclusion

In this thesis we developed quadrature methods for solving nonlinear fuzzy Volterra
integral equations. Convergence of the proposed method was proved and some explicit
Runge-Kutta method developed as an especial case of quadrature method. We also devel-
oped a predictor-corrector method for solving nonlinear fuzzy Volterra integral equations

numerically. The convergence of the numerical methods was illustrated with some examples.
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