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Abstract

In this work, first, three numerical methods, namely the Adams-Bashforth, the Adams-
Moulton and Predictor-Corrector methods, are discussed to solve ”fuzzy initial value
problem”. The Predictor-Corrector method is obtained by combining the Adams-
Bashforth and the Adams-Moulton methods. In addition, we propose an Improved
Predictor-Corrector (IPC) method to solve the "fuzzy initial value problem”. The
IPC method is obtained by combining the explicit three-step method and the implicit
two-step method. These methods, i.e. the IPC, the explicit and the implicit methods
were compared with the Predictor-Corrector and the Adams-Bashforth methods, the
former three proved to have more accuracy. The convergence and stability of the
proposed methods are also presented in detail.

Also, in this thesis we propose numerical methods for hybrid fuzzy differential equa-

tions by an application of the Predictor-Corrector method .



Chapter 1

Preliminaries

1.1 Introduction

In the sciences and engineering, mathematical models are developed to aid in the
understanding of physical phenomena. These models often an equation that contains
some derivatives of an unknown function. Such an equations is called a differential
equations.

After the above process and introducing a differential equation, we are now prepared

to consider numerical methods for integrating differential equations.

1.2 Formulation of the Euler method
Consider a differential equation system

y'(t) = Fty®),  ylte) = v, (1.1)

where f : [a,b] x RY — RY is continuous and satisfies a Lipschitz condition ||f(t,y) —

f(t,2)|| < L|ly — z||, for all ¢ in a neighborhood of ¢y and y and z in a neighborhood



of yy. For simplicity, we assume that the Lipschitz condition holds every where; this
is not a serious loss of generality because the existence and uniqueness of a solution
to (1.1) is known to hold in a suitable interval, containing .

(1.1), is required to be approximated at a point ¢, and that a number of intermediate
step points are selected. Denote these by t,ty,--- ,t, = t. Define a function, ¢, on

[to, ] by the formula

g(t) = 9(te—1) + (¢ = ti1) f(te—1, 9(ti=1)), ¢ € (tron,ti], (1.2)

for k =1,2,---n. If it is assumed that §(ty) = y(to) = yo, then § exactly agrees with
the function computed using the Euler method at the points t =t;,, k=1,2,--- n.
The continuous function ¢, on the interval [y, t], is a piece-wise linear interpolate of
this Euler approximation.

7, as an approximation to ¥, clearly depends on the values of the step points ¢y, ts, - -,
and especially on the greatest of the distances between a point and the one preceding

it.

1.3 Multi step method

The methods discussed in this chapter are called multi-step methods because these
methods use the approximation at more than one of the previous mesh points to

determine the approximation at the next mesh point.



An m-step method for solving the initial value problem

dy _

o = fty), a<t<b yla)=a

is one whose difference equation for finding the approximation y(t;;1) at the mesh

point ¢;,1 can be represented by the following equation, where m > 1 is an integer:

Y(tiv1) = am1y(ti) + am—2y(ti1) + ... + aoy(tig1—m) (1.3)

b f(tiv 1, Yig1) + bmoa f (i, ys) + oo+ bof (tiv1—ms Yig1-m) }s

fori=m—1,m,...,N—1,suchthata =ty <t; <...<ty=0b, h="2 =t~

and ag,ay,...,am_1,b9,01,...,b, are constants with the starting values

Yo = o, Y1 =01, Y2 =0Q2, ..., Yn-1= Qp_1.

When b,, = 0, the method is known as explicit, since Eq.(1.3) gives y;;1 explicitly
in terms of previously determined values. When b,, # 0, the method is known as

implicit, since ;11 occurs on both sides of Eq.(1.3) and is specified only implicitly.
Definition 1.3.1. Associated with the difference equation
Yirl = G 1Yi + Gm2Yi 1+ o+ QoYig1m + hE (s by Yir1, Yis -3 Yir1-m), (1.4)

Y=,y =0Q1,...,Ym—1 = QUmp—1,

the following relation is called the characteristic polynomial of the method is

p<)\) = Am - a’m—l)\m_l - am—Z)\m_2 — ... alA — Q.



Assume \;,i =1,--- ,m are root of p(\) = 0.
If |\i] <1 for each i = 1,2,...,m, and all roots with absolute value 1 are simple

roots, then the difference method is said to satisfy the root condition.

Theorem 1.3.1. A multi step method of the form (1.4) is stable if and only if it

satisfies the root condition.

Proof. See [17].

1.3.1 Explicit Multi-Step Methods

Some of the explicit multi-step methods together with their required starting values

and local truncation errors are as follows.

e Adams-Bashforth two-step method:
Yo = g, Y1 = O,

Yit1 = Yi + %[3f(tmyi) — f(tic1,9i—1)],  wherei=1,2,... N — L

e Adams-Bashforth three-step method:

Yo = o, Y1 = Q1, Y2 = U2,

Yier = Yi+ 15123 f (i, i) — 16 f(tim1, yim1) +5f (tim2, Yi—)], wherei=2,3,...,N—1.
The following table shows the coefficients and the error constants for the Adams-

Bashforth methods.



k bm—l bm—? bm—S bm—4 bm—5 bm—6 bm—7 bm—S Error
1
1| 1 L
3 1 5
2 2 ) 12
23 _4 5 _3
3 12 3 12 8
4] 5 59 37 3 251
24 24 24 8 720
5 | 1901 _ 1387 109 _ 637 251 _ 95
720 360 30 360 720 288
6 4277 2641 4991 3649 959 95 19087
1440 480 720 720 480 288 60480
7 198721 _ 18637 235183 10754 135713 __ 5603 19087 5257
60480 2520 20160 945 20160 2520 60480 17280
8 16083 1152169 242653 296053 2102243 115747 32863 5257 1070017
4480 120960 13440 13440 120960 13440 13440 17280 3628800

Table 1.1: Coefficients and error constants for Adams-Bashforth methods.

1.3.2 Implicit Multi-Step Methods

Implicit methods are derived by using (¢;;1, f(ti11,%:+1)) as an additional interpola-
tion node. Some of the more common implicit multi-step methods together with their
required starting values and local truncation errors are as follows.

e Adams-Moulton two-step method:

Yo = o, Y1 = Oa,

Yisr = Yi + 25 [5f (tiv1, yir1) + 8F (6, y:) — f(ti1,9io1)],  wherei=1,2,... N — 1.

¢ Adams-Moulton three-step method:
Yo = Qp, Y1 = 1, Y2 = Q,

Yier = Yi + =[9f (tigr, yir1) + 19f (6, y:) — 5 (tim1, yim1) + f(tiza, yima)], where

i=23,...,N—1.



The following table shows the coefficients and the constants error for the Adams-

Moulton methods.

k bm bm—l bm—2 bm—3 bm—4 bm—5 bm—6 bm—7 Error
1
0] 1 L
1 1 1
1 2 2 12
5 2 1 1
2 12 3 T 12 24
3| 3 19 _5 1 _ 10
8 24 24 24 720
A 2L 32 _11 s _ 19 3
720 360 30 360 720 160
5| 95 1427 133 241 173 3 863
288 1440 240 720 1440 160 60480
6 | 19087 2713 15487 586 6737 263 863 275
60480 2520 20160 945 20160 2520 60480 24192
7 5257 139849 _ 4511 123133 88547 1537 11351 275 33953
17280 120960 4480 120960 120960 4480 120960 24192 3628800

Table 1.2: Coefficients and error constants for Adams-Moulton methods.

1.4 Fuzzy Mathematics

Fuzziness is not a priori an obvious concept and demands some explanation. ”Fuzzi-
ness” is what Black calls ”vagueness” when he distinguishes it from ”generality” and
from "ambiguity”. Generalizing refers to the application of a symbol to a multiplicity
of objects in the field of reference, ambiguity to the association of a finite number of
alternative meanings having the same phonetic form. But, the fuzziness of a symbol
lies in the lack of well-defined boundaries of the set of objects to which this symbol
applies.

More specifically, let X be a field of reference, also called a universe of discourse

or universe for short, covering a definite range of objects. Consider a subset A where



transition between membership and nonmembership is gradual rather than abrupt.
This ”fuzzy subset” obviously has no well-defined boundaries. Fuzzy classes of objects
are often encountered in real life. For instance, A may be the set of tall men in a
community X. Usually, there are members of X who are definitely tall, others who
are definitely not tall, but there exist also borderline cases. Traditionally, the grade
of membership 1 is assigned to the objects that completely belong to A-here the men
who are definitely tall, conversely the objects that do not belong to A at all are
assigned a membership value 0. Quite naturally, the grades of membership of the
borderline cases lie between 0 and 1. The more an element or object x belongs to A,
the closer to 1 is its grade of membership  ;(x). The use of a numerical scale such as
the interval [0, 1] allows a convenient representation of the gradation in membership.
Precise membership values do not exist by themselves, they are tendency indices that
are subjectively assigned by an individual or a group. Moreover, they are context-
dependent. The grades of membership reflect an "ordering” of the objects in the
universe, induced by the predicate associated with A; this "ordering”, when it exists, is
more important than the membership values themselves. The membership assessment
of objects can sometimes be made easier by the use of a similarity measure with
respect to an ideal element. Note that a membership value p;(x) can be interpreted
as the degree of compatibility of the predicate associated with A and the object x. For
concepts such as "tallness”, related to a physical measurement scale, the assignment

of membership values will often be less controversial than for more complex and



subjective concepts such as "beauty”.

The above approach, developed by Zadeh (1964), provides a tool for modeling
human-centered systems. As a matter of fact, fuzziness seems to pervade most human
perception and thinking processes. Parikh (1977) has pointed out that no nontrivial
first-order-logic-like observational predicate (i.e., one pertaining to perception) can
be defined on an observationally connected space; the only possible observational
predicates on such a space are not classical predicates but "vague” ones. Moreover,
according to Zadeh (1973), one of the most important facets of human thinking is the
ability to summarize information ”into labels of fuzzy sets which bear an approximate
relation to the primary data”. Linguistic descriptions, which are usually summary
descriptions of complex situations, are fuzzy in essence.

It must be noticed that fuzziness differs from imprecision. In tolerance analysis
imprecision refers to lack of knowledge about the value of a parameter and is thus
expressed as a crisp tolerance interval. This interval is the set of possible values of
the parameters. Fuzziness occurs when the interval has no sharp boundaries, i.e., is
a fuzzy set A. Then, p;(x) is interpreted as the degree of possibility (Zadeh, 1978)
that = is the value of the parameter fuzzily restricted by A.

The word fuzziness has also been used by Sugeno (1977) in a radically different
context. Consider an arbitrary object x of the universe X; to each nonfuzzy subset
A of X is assigned a value g,(A) € [0, 1] expressing the "grade of fuzziness” of the

statement "z belongs to A”. In fact this grade of fuzziness must be understood as



a grade of certainty: according to the mathematical definition of ¢, g.(A) can be
interpreted as the probability, the degree of subjective belief, the possibility, that x
belongs to A.

Generally, ¢ is assumed increasing in the sense of set inclusion, but not necessarily
additive as in the probabilistic case. The situation modeled by Sugeno is more a
matter of guessing whether & € A rather than a problem of vagueness in the sense of
Zadeh. The existence of two different points of view on ”fuzziness” has been pointed
out by MacVicar-Whelan (1977) and Skala. The monotonicity assumption for g seems
to be more consistent with human guessing than does the additivity assumption. For
instance, seeing a piece of Indian pottery in a shop, we may try to guess whether it
is genuine or counterfeit; obviously, genuineness is a fuzzy concept. Hence x is the
Indian pottery; A is the crisp set of genuine Indian artifacts; and g¢,(A) expresses,
for instance, a subjective belief that the pottery is indeed genuine. The situation is
slightly more complicated when we try to guess whether the pottery is old: actually,

the set A of old Indian pottery is fuzzy because ”old” is a vague predicate.

1.5 Fuzzy Sets

Let X be a classical set of objects, called the universe, whose generic elements are
denoted x. Membership in a classical subset A of X is often viewed as a characteristic

function, a4 from X to {0,1} such that

10



1 A
=ty s

If the valuation set, i.e., 0 and 1, is allowed to be the real interval [0, 1], A is called a
fuzzy set (Zadeh, 1965), and 4 (x) is the grade of membership of x in A. Sometimes
we denoted pa(z) by A(x). The closer the value of pi4(x) is to 1, the more = belongs
to A. Clearly, A is a subset of X that has no sharp boundary. Hence A is completely

characterized by the set of pairs

A= {(z, pa(2))r € X}.

A more convenient notation was proposed by Zadeh [36]. When X is a finite set

{x1,...,x,}, a fuzzy set on X is expressed as

When X is not finite, we write

A= / a(x) /.

Definition 1.5.1. (Equality of fuzzy sets) Two fuzzy sets A and B are said to be
equal (denoted A = B ) iff

VaeX, pa(x) = pp(w).

Definition 1.5.2. (Support) The support of a fuzzy set A is the ordinary subset of
X:

supp A ={x € X, pa(z) > 0}.

11



Definition 1.5.3. (Core) The core of a fuzzy set A is the set of all points with the

membership degree one in A:

coreA={x € X| pa(x)=1}.
Definition 1.5.4. (Height of a fuzzy set) The height of A is hgt(A) = supyex pa(x),
i.e., the least upper bound of p4(x).

Definition 1.5.5. (Normal fuzzy set) A fuzzy set A is called normal if there exists a

x € X such that pa(z) = 1, otherwise A is subnormal.

Definition 1.5.6. (Empty fuzzy set) The empty set ¢ is defined as Vo € X, pg(x) =

0.

Definition 1.5.7. (o — Cuts) An a-level set of a fuzzy set A of X is a non-fuzzy set
denoted by [A]* and is defined by

P REEE PP CET Y .
cl(suppA) if a=0

where cl(suppA) denotes the closure of the support of A.

The membership function of a fuzzy set A can be expressed in terms of the char-

acteristic functions of its a — cuts according to the formula [12]

pa(z) = sup min(q, pae«(z)),

a€]0,1]
where
1, x e A”
fige () = _ (1.7)
0, otherwise.

It is easily checked that the following properties hold:

[AUB]® = [A]U[B]°, [AnB]*=[A]"n|[B]" (1.8)

12



Definition 1.5.8. (Convexity) A fuzzy set A of X is convex if and only if a—cuts
are convex. An equivalent definition of convexity is: A is convex if and only if

Vo, € X, Vay € X, VA € [0,1],

pra(Ary + (1 — N)ag) > min{pa(wr), palzs)} (1.9)

Definition 1.5.9. (Fuzzy number) The space E™ is all of fuzzy subsets U of R" which
satisfy the following conditions:

1. U is normal,

2. U is fuzzy convex,

3. U is upper semi-continuous,

4. [U]° is bounded subset of R™,

when n = 1, elements of E! are Fuzzy numbers.

In this thesis, we will write simply A(z) instead of pa(z), also family of fuzzy

numbers will be denoted E.

Definition 1.5.10. (Triangular fuzzy number)A fuzzy number A is called Triangular
fuzzy number with center a, left width m > 0 and right width » > 0 if its membership

function has the following form:

1 — (=t if a—m<t<a

At)=q 1-C2 if a<t<a+n
0 otherwise

and we use for it the notation A = (a,m,n).

Definition 1.5.11. (Trapezoidal fuzzy number) A fuzzy number A is called trape-

zoidal fuzzy number with tolerance interval [a, b], left width m > 0 and right width

13



n > 0 if its membership function has the following form:

(1D a—m<i<a
A®) = 1 if a<t<b
1- 0 f p<t<b+n
0 otherwise

and we use the notation A = (a, b, m,n). It can easily be shown that
[A]* =]a— (1 —a)m,b+ (1 —a)n],Ya € [0,1].

The support of A is [a — m, b+ n|.

Definition 1.5.12. Any fuzzy number A € E can be described as

;

L(%=t) if  tela—m,d
A) = 1 if  té€a,b]
R(EL) if  te[bb+n]

0 otherwise

\

where [a, b] is the core of A,
L:[0,1] —[0,1], R:[0,1] — [0,1]

are continuous and non-increasing shape functions with L(0) = R(0) = 1 and R(1) =

L(1) = 0. We call this fuzzy interval of LR-type and refer to it by

A= (a,b,m,n)g.

The support of A is (a — m,b+ n).

Definition 1.5.13. (Fuzzy point) Let A be a fuzzy number. If supp(A)= {z¢} then

A is called a fuzzy point and we use the notation A = 7.

14



1.6 The extension principle

In order to use fuzzy numbers and relations in any intelligent system we must be
able to perform arithmetic operations with these fuzzy quantities. In particular, we
must be able to add, subtract, multiply and divide with fuzzy quantities. The process
of doing these operations is called fuzzy arithmetic.

We shall first introduce an important concept from fuzzy set theory called the
extension principle. We then use it to provide for these arithmetic operations on
fuzzy numbers.

In general the extension principle plays a fundamental role in enabling us to extend
any point operations to operations involving fuzzy sets. In the following, we define
this principle.

Definition 1.6.1. (extension principle) Assume X and Y are crisp sets and let f be

a mapping from X to Y,
f: X—=Y,

such that for each x € X, f(x) =y € Y. Assume A is a fuzzy subset of X, using

extension principle, we can define f(A) as a fuzzy subset of Y such that

SUpgep1y Alr) i fTH(y) # 0,

0 otherwise,

f(A)(y) =

where f!(y) = {o € X|f(x) = y}.

Definition 1.6.2. (sup-min extension n-place functions) Let Xy, X,....X,, and Y
be a family of sets. Assume f is a mapping from the Cartesian product X; x X, X

- x X, into Y, that is, for each n-tuple (zy,29,---,x,), such that x; € X;, we

15



have f(zy, 29, -+ ,x,) =y € Y. Let Ay, Ay....,A, be fuzzy subsets of Xy, Xy,....X,,
respectively, then we use the extension principle for the evaluation of f(A;, A, ..., A,).

In particular f(Ay, As, ..., A,) = B where B is a fuzzy subset of Y, such that

sup{min{A;(a1), Ao(s), ..., Ap(xn)} | 7 € f_l(y)}
f(AL Ay, A (y) = it f~'(y) #0,

0 otherwise,

Definition 1.6.3. Let X # 0 and Y # 0 be crisp sets and let f be a function from
E(X) to E(Y). Then f is called a fuzzy function ( or mapping) and we use the

notation

f:E(X)— E(Y).
Theorem 1.6.1. Let X # 0 and Y # (0 be crisp sets. Then every fuzzy mapping

[ E(X)— E(Y) defined by the extension principle is monotonic increasing.

Proof. Let A, A" € E(X) such that A C A’. Then using the definition of sup-min

extension principle we get

f(A)(y)= sup A(x) < sup A'(x) = f(A)(y)

z€f~(y) zef~y)
forally e Y. O
Let A = (a1, a2, a1,a3) g and B = (by, by, 1, fo)r be fuzzy numbers of LR — type.
Using the (sup-min) extension principle, we can verify the following rules for addition

and subtraction of fuzzy numbers of LR — type.
A+ B = (a1 +by,a3 + by, a1 + fr, 0 + B2) LR

A—B=(a; —by,ay — by, + Pa, 00 + 1) LR

16



furthermore, if A € R is a real number then AA can be represented as

A — ()\al,/\az, /\041, )\OzQ)LR if A Z O,
()\CLQ,)\G17|)\|062,|)\|041)LR if A\ <O.

In particular, it A = (ay,as,a1,a3) and B = (by, by, 1, F2) are fuzzy numbers of

trapezoidal form, then
A+ B = (a1 +bi,as+ by, 01 + 1,0 + 33)

A—B = (a1 — by, a3 — b1,00 + Ba, 0 + ).

If A= (a,aq,ay) and B = (b, 1, 32) are fuzzy numbers of triangular form, then
A+ B=(a+b,aq+ p1,as + ()

A—=B=(a—ba+ Py ay+ ),
and if A = (a,a1) and B = (b, 1) are fuzzy numbers of symmetrical triangular form,
then
A4+ B=(a+b,a+p)
A—B=(a—"b,a;+ ),
A = (Aa, | A | ay).
The above results can be generalized to linear combination of fuzzy numbers.

Let A and B be fuzzy numbers with [A]* = [a1(«), az(a)] and [B]* = [b1(«), ba ()],

0 < a < 1. Then it can easily be shown that

[A+ B]* = [a1(a) + bi(a), az(a) + by(a)],

17



[=A]" = [—as(a), —ar (@),

[A = B]” = [a1(a) = by(a), azx(a) — bi(a)],

[AA]Y = [Aai(«), Aaz(a)] if A >0,

[AA]* = [Aaz(@), Aai(a)] if A <O,
for all @ € [0,1]. The following two theorems show that this property is valid for any
continuous function.

Theorem 1.6.2. [37] Let f : X — X be a continuous function and let A be a fuzzy

number. Then,
LF(A)]* = F(IA]Y),

where f(A) is defined by the extension principle and
FAA]Y) = {f(2) | = € [A]"}.

If [A]* = [a1(«), as(a)] and f monotone increasing then from the above theorem

we get

[F(A* = F[A]") = flan(@), ax(a)]) = [flar(a)), flas(@))].

Theorem 1.6.3. [37] Let f : X x X — X be a continuous function and let A and B

be fuzzy numbers. Then
[f(A, B)]* = f([A]*. [B]")
where,

FUA]Y [B]Y) = {f (w1, 22) | 21 € [A]", 2 € [B]"}.
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Let f(x,y) = xy and let [A]* = [a1(a), az(«)], [B]* = [b1(«), b2(a)] be the a—level

sets of two fuzzy numbers A and B. Applying above theorem we get
[F(A, B)]" = f([A]", [BI") = [A]"[B]"
However the equation
[AB]* = [A]*[B]" = [ax()b1(a), az(a)ba(a)]

holds if and only if A and B are both nonnegative, i.e. A(x) = B(z) =0 for z < 0.

If B is nonnegative then we have
[A]*[B]* = [min{a (a)bi (@), ar(a)by(a) }, max{as(@)by(ev), az(@)ba()}]-

In general case, we obtain a very complicated expression for the a-level sets of the

product AB
[A]*[B]* = [min{ai(a)bi(a), ar(a)ba(a), az(a)bi (), az(a)ba ()},

max{ai(a)by(a), a1(a)bs(a), az(a)by (@), as(a)by()}].

1.7 Metric for fuzzy numbers

Let A and B be fuzzy numbers with [A]* = [a;(a), az(a)] and [B]* = [by(a), by(a)].

Definition 1.7.1. (Hausdorff distance) The Hausdorff distance between two (nonempty)

sets X, Y C R is given as

dp(X.Y) = max{f(X,Y), B(Y, X)},
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where S(X,Y) = sup,cy p(2,Y) and p(z,Y) =inf ey | © — y |. The generalization
dw(A,B) = sup dy([A]%,[B]*) YA, B€E,
ac(0,1]

defines a distance measure. It is clear that

(A, B) = S max{| a;(a) = by(a) |, ] az(a) = ba(a) |},

ie. dy(A, B) is the maximal distance between a-level sets of A and B.

Definition 1.7.2. For arbitrary fuzzy quantities v = (u,u) and v = (v,7), the
quantity

Dy () = | / (u(a) — v(a))dr + / (a(a) - T(a))Pdr]} (1.10)

is the distance between w and v.

1.8 Parametric and triple form of fuzzy number

Definition 1.8.1. An arbitrary fuzzy number is presented by an ordered pair of

functions (u(a),w(e)), 0 < a < 1, which satisfies the following requirements:

e u(«) is a bounded left continuous nondecreasing function over [0,1], with respect

to any a.

e () is a bounded left continuous nonincreasing function over [0,1], with respect

to any a.

o ula) <ula), 0<a<.

A crisp number A is simply represented by u(a) =u(a) =\,0 < a < 1.
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Lemma 1.8.1. Let v and w be fuzzy numbers and s be a real number.

0<a<l

u = if and only if u(a) = v(a) and u(a) = (),

v+w = (v(e) + w(a),v(a) + W(a)),

(@) 520

Vo)
—~
|
—

e
SN—r

<

B s(v(a),v(a)) s<0

Then for

Definition 1.8.2. Triangular fuzzy numbers are those fuzzy sets in E which are

characterized by an ordered triple (x;,x., x,) € R? with x; < 2. < z, such that

[U]° = [2;, 2,] and [U]' = {x.}, then

U =lr.— (1 —a)(z.— ), z. + (1 —a)(z, — x.)],

for any o € [0,1] .

1.9 Interpolation and approximation

The problem of interpolation for fuzzy sets is as follows:

(1.11)

suppose that at various time instant ¢ information f(t) is presented as fuzzy set.

The aim is to approximate the function f(¢), for all ¢ in the domain of f. Let

to <t <.

.. < t, be n+ 1 distinct points in R and let ug, u1,...,u, be n + 1 fuzzy
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sets in E. A fuzzy polynomial interpolation of the data is a fuzzy-value continuous

function ]7: R — E satistying:

e If the data is crisp, then the interpolation polynomial f is a crisp polynomial.

A function ]7 which fulfilling these conditions may be constructed as follows. Let
C! = [u;]* for any o € [0,1], 4 = 0,1,...,n. For each x = (vg,x1,...,7,) € R"

the unique polynomial of degree < n denoted by Px such that

Finally, for each t € R and all £ € R, f(¢) € E is defined by
(f())(E) =sup{a € [0,1]:3X € C° x ... x C" such that Px(t) = £}.

The interpolation polynomial can be written level set wise as

[f)])*={yeR:y=Px(t), X € [w;]%,1=0,1,2,...,n}, for 0 <a<1.

When the data u; presents as triangular fuzzy numbers, values of the interpolation

polynomial are also triangular fuzzy numbers. Then f(¢) has a particular simple form

that is well suited to computation.

Theorem 1.9.1. Let (t;,u;),i = 0,1,2,...,n be the observed data and suppose

that each of the u; = (ul,ué,u?) is an element of E. Then for each t € [ty t,] ,

2 Y T
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fit) = Zzi(t)zogi(t)uﬁ + Zzi(t)<0€i(t)u§7
Fe(t) = Xlice lilt)us,
frt) = Zei(t)zogi(@ug + Zﬁi(t)<0€i(t)ué7

such that (;(t) = [} t_—t]]

t;—t

proof. see [18].
Let Sy denote the family of spline of order k£ with knots ¢;, ¢ =0,...,n.
That is s € S}, if
1- s € C* ! on the interval [tg, t,],

2- s is a polynomial of degree at most k on the interval [t;, ;1] for i =0,1,...,n—1.

Let © = (g, x1,...,2,) and let S,(f) be a spline in Sy which interpolates the data
(t;,x;), i = 0,1,...,n. Then the interpolating fuzzy spline of order k& which in-
terpolates the data (t;,uw;), w; € E i = 0,1,...,n is defined level setwise by
[FW]*={y eR:y=Py(t), v €[u]*} forall 0 < o < 1.

If s; € Sy interpolates the data (¢;, f;), j = 0,1,...,n, where f; = 1if j = 7 and

zero otherwise, then S,(t) = >0  a;s;(t) and f(t) = Y7 si(t)u;. Consequently, f

is continuous on [ty, t,] and if all the u; € E, then f(t) € E for all t € [to,t,].
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Example 1.9.1. Consider the case when &k = 1, which gives piecewise linear inter-

polation. Since s;(t) > 0if t € (¢; 1,t;41) and s;(t) =0 for t & [t;_1,t;41], then

=0 (tigr—t) (t—1t;) -~
T = =2 T T — )

forall t € [t;, ti1], i=0,1,...,n— 1.

Hence, in terms of level sets, writing [u;]* = [a$, b2] and [f(1)]* = [fi(t, «), f7(t, a)],

1771

I} (l+1_t) a® (t_tl) «@
flbe) = T =)

r _ (l+1_ ) (t t) o
f (tja)_ (z+1 Z)b +(z+1_t>bl+1

for all t € [t;, t;1].

1.10 Fuzzy Derivatives

Let X(¢) be a fuzzy number for each ¢ € I. Also, let [X(£)]* = [z1(f,a), z(t, )]
and write (¢, ) for the partial derivatives of x;(t, ), with respect to ¢, i = 1,2. We
assume these partial derivatives always exist in this section. In what follows, a dis-
cussion of the Goetchel-Voxman derivative, the Seikkala derivative, the Dubois-Prade

derivative, the Puri-Ralescu derivative, and the Kandel-Friedman-Ming derivative of

X (t) is provided.

Goetschel- Vorman derivative
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Let X(t) and Z(t) be two fuzzy functions for ¢ € I = [0,7]. Both X(t) and Z(t)
are fuzzy numbers for each ¢ € I. Set [X(£)]* = [21(f, @), 22(t, )] and [Z()]* =
[21(t, @), 29(t, )] for all t and . Then metric dy is

dy(X (1), Z(t)) = Slip{max[|x1(t7 a) — z1(t, )|, |xa(t, o) — 29(t, )]}, (1.12)

for all ¢t in I.

The derivative of X (t) at to, GV DX (t) written by is defined as

X(to+ h) — X(to)
) )

GVDX(ty) = lian ( (1.13)

provided the limit exists with respect to metric dy. However, the subtraction in

Eq.(1.13) is not standard fuzzy subtraction because

[X(t() + h) — X(to)]a = [.I'l(t[) —+ h, Oé) — l’l(to, a), $2(t0 —+ h, Oé) — xg(to, Oé)], (114)
for all ¢, . Standard fuzzy arithmetic would produce
[iEl(to + h, O[) - Ig(to, O[), l’g(to -+ h, O[) — l’l(to, Oé)]

However, GVD)?(t) may not be a fuzzy number for some ¢ in I, and non-standard

fuzzy subtraction is used in the definition of the derivative.

Seikkala derivative

The Seikkala derivative of X (t), written SDX (), is defined as follows: if [/ (¢, &), 2 (t, )]
are the a-cuts of a fuzzy number for each t € I, then SDX (t) exists and SDX (t)(«) =
[21(F, @), w5 (t, @)].
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SDX(t) is a fuzzy number for all ¢ € I.

Dubois-Prade derivative
The Dubois-Prade derivative of X (t), written DPDX (t), always exists and its mem-

bership function is given by
DPDX (t)(z) = sup{alz = 2\(t,a), x = 2(t,a)}. (1.15)

However, DPDX (t) may not be a fuzzy number.

Let us consider the situation where DPDX (t) can be a fuzzy number for ¢ in I. As-
sume that z) (¢, ) and 2} (¢, o) satisfy the sufficient conditions for [z} (¢, a), x5 (¢, a)]
to define a—cuts of a fuzzy number. If 2 (t,1) < 2(¢,1) for some value of ¢, then
we separately define DPDX (t) = 1 for all = satisfying o/ (f,1) < z < x4(t,1). The

DPDX (t) will be a fuzzy number.

Puri- Ralescu derivative

The Puri-Ralescu derivative of X (t) is written PRDX (t). Let X (¢) and Z(t) be two
fuzzy fuctions for t € I. Both X(t) and Z(t) are fuzzy numbers for each t € I. Set
[X(1)]* = [#1(t, @), 35(t, )] and [Z(1)]* = [z1(t, @), 2(t, )] for all ¢ and a. Then
metric dg 1S

du(X(1), Z(t)) = Sup du (X)) [Z()]"), (1.16)

for all ¢, where dy is the Hausdorff metric on non-empty compact subsets of R.
Next, the Hukuhara difference between two fuzzy numbers A and B should be defined.
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If there exists a fuzzy number C so that C + A = E, then C is called the Hukuhara

difference between B and A and is written as
B~ A=C.

X(t) is differentiable at to in I if there exists a fuzzy number PRDX (t,) so that

X(to+h) ~ X(to)

li — PRDX 1.1
I ) S PRDX() o
and
X(t) ~ X(tg— h -
Jim ( (to) h(o )):PRDX(tO). (1.18)

Both limits are taken with respect to metric dy in Eq. (1.16).

If PRDX (t) exists, then
PRDX(t)[a] = [} (1, a), 2(t, )],

forallt € I, a €[0,1]. PRDX(t) is always a fuzzy number for each ¢ € I. Although,
non-standard fuzzy subtraction is used, the Hukuhara difference of fuzzy sets is em-

ployed.

Kandel-Friedman-Ming derivative

The Kandel-Friedman-Ming derivative of X (¢) is written as KFMDX (t).

First, fuzzy numbers now do not need to have compact support. The metric D used
is

D(X(t), Z(1)) = max{] / 22(t,0) — 21 (£, @) Pda] 7, | / [2a(t 0) — 25(t, @) Pda] P
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for x1(t, ), x2(t, @), 21(t, ) and 25(¢, ) all in L,[0,1] for all ¢ in 1.

X(t) is differentiable at to € I if there is a fuzzy number K FM DX (ty) so that

}Lir%D[X(tO +h)— X(ty)

,KFMDX(t,)] = 0.

However, the subtraction X (o + h) — X (t,) in the above equation is not standard
fuzzy subtraction since it is defined as in Eq. (1.14).

When this derivative exists
KFMDX(t)(a) = [24(t, o), 2)(t, )],

for all t € I, € [0,1]. This derivative also equals a fuzzy number for all ¢t € I. Also,

non-standard fuzzy subtraction is used.

Relationshaips

Some theorems in [4], which state the relationships among the above mentioned
derivatives are presented here.

Theorem 1.10.1. 1. If GVD)?(t) exists and is a fuzzy number for each t € I, then
SDX(t) exists and GVDX (t) = SDX (t).

2. If PRDX(t) euists, then SDX(t) ewists and PRDX (t) = SDX (t).

3. If KFMD)?(t) exists, then so does SD)Z(t) and they are equal.

4. If SDX(t) exists and if 2\(t, ) and x,(t, o) are both continuous in « for each t

in I, then SDX(t) = DPDX(t).

Proof. See [4].
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Theorem 1.10.2. Assume the continuity condition holds. If SD)?(t) exists, then

SDX(t) = DPDX(t) = GVDX(t) = PRDX(t) = KFMDX(t).

Proof. See [4].

Theorem 1.10.3. Assume the continuity condition holds. If one of the derivatives
SD or GV D exists and it is a fuzzy number, PRD, or KMF D exist, then so do the

others and they are all equal.

Proof. See [4].

1.11 Fuzzy initial value problem (FIVP)

Fuzzy initial value problem is defined as

(1.19)

d(t) = [f(tat); tel=lh,T],
{ x(ty) = To.

where z is a a fuzzy function of ¢, f(t,x(t))-a fuzzy function of the crisp variable ¢,

and the fuzzy variable x, and 2’ is the fuzzy derivative of .

If a fuzzy initial value x(tq) = ¢ is given, we obtain the fuzzy initial value problem.

S. Seikkala in [33], solved (1.19) as follows:

The extension principle of Zadeh leads to the following definition of f(¢,z) when x(?)

is a fuzzy number

f(t,x)(s) = sup{a(7)| s = f(t,7)}, s €R.

It follows that
[f(t,2)]* = [fi(t,z;0), fo(t,2;0)], a € (0,1].
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where

At e a) =mind f(t,u)] u € e (t; o), w2t )]},

(1.20)
falt,z; ) =maz{f(t,u)] v € [z1(t; ), 22(t; )], }
The function x : R™ — E' is a fuzzy solution of (1.19) on I, if
2y (t; ) =min{f(t,u)| u € [x1(t, @), x2(t, )]}, 1(0; ) = xo1(av), (1.21)
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for any t € I and « € [0, 1]. By following theorem [x1(¢; &), 5(t; )], « € [0, 1], define

a fuzzy number Z(t) in E.
Theorem 1.11.1. Let [ satisfy
(o) — F(6T)] < gltlo—7]), >0, v,T€R,

where g on RT X R is a continuous mapping such that o« — ¢(t, ) is nondecreasing,

the initial value problem

u'(t) = g(t,u(t)), u(0) = ug, (1.22)
has a solution on R for ug > 0 and that u(t) = 0 is the only solution of (1.22) for
ug = 0. Then the fuzzy initial value problem (1.19) has a unique fuzzy solution.

Proof: see [33].

J. Buckley and T. Feuring in [4], solved the FIVP (1.19) by fuzzifying the crisp
solution to obtain fuzzy solution using the extension principle.
In next section, we present two numerical methods for solving fuzzy initial value

problem.
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1.12 Numerical solution of fuzzy differential equa-

tions

Now we are going to discuss about numerical method for solving differential equations.

1.12.1 Euler method for solving fuzzy differential equations

M. Friedman, M. Ma, A. Kandel in [21] define a first-order fuzzy differential equation
by 2'(t) = f(t, x(t)) where x is a fuzzy function of ¢, f(¢,x(t)) a fuzzy function of the
crisp variable ¢t and the fuzzy variable x, and 2’ is the fuzzy derivative of x. If an

initial value x(ty) = ¥y is given, they obtain a fuzzy initial value problem:

w(t) = f(t,x(),  w(t) = To. (1.23)

Sufficient conditions for the existence of a unique solution to Eq.(1.23) are that f is

continuous and that a Lipschitz condition

1f(t2) = ftyll <Lz —yll, L>0 (1.24)
is fulfilled. They replace Eq. (1.23) by the equivalent system

2(t) = f(to) = F(t,z.7), z(to) =z (1.25)

T(t) = f(t.a) = G(t,z,7), T(ty) =T

which possesses a unique solution (z,T) which is a fuzzy function, i.e. for each t, the

pair [z(t; ), T(t; )] is a fuzzy number.
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The parametric form of Eq. (1.25) is given by
z'(t;a) = Flt,z(t ), Tt 0)], - a(to; o) = zo(a), (1.26)
T'(t;a) = Flt,z(t; ), T(t; )],  T(to; ) = To(a),

for aw € [0,1]. A solution to Eq. (1.26) must solve Eq. (1.25).

To integrate the system given in Eq. (1.26) from ¢y to a prefixed T' > ¢y, the interval
[to, T] is replaced by a set of discrete equally spaced grid points ¢y < t; < ty <
... <ty =T at which the exact solution (Y (t;),Y (¢;)) is approximated by some
(y(t; @), y(t; ). (Note that throughout each integration, o is unchanged.) The exact
and approximate solutions at t,, 0 < n < N are denoted by Y, () = [Y,(a),Y . (a)]
and yo(r) = [y (@), Y,(@)], respectively. The grid points at which the solution is

calculated are

t, =to+nh, h=((T—ty)/N; 1<n<N\.

The Euler method is based on the first-order approximation of Y'(¢;a) and Y (¢; a)

and is given by

Z(t+ h;a) — Z(t; «)

Z'(t; ) &~ - (1.27)
where Z(t;a) is Y(t;a) and Y (¢; o) alternatively. By virtue of Eq. (1.27)
Y, (o)=Y, (a)+ hF,(a), (1.28)
Yo(a) =Y, (a) + hG,(a),
where
Fo(a)=Fty, Y, (), Ya(a)], (1.29)
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Gn(a)EG[tn,Xn(a),Yn(a)].
By Eq. (1.28) the following equations is obtained:
Y (@) =y (a) + hF[tn,y, (@),7,(@)], (1.30)

Yur1(@) =7, () + hGltn, y, (@), 7, ()],

where y (@)=zy(a), Yo(a)=To(a). The polygon curves
Q(tQ h; O‘>£[t07£0(a)]7 [tlagl(@)]v cee [thgN(O‘)]

y(tQ h; O‘>£[t07 y0<a)]v [tla yl(@)]a SEER) [tNa ZN(O‘)]

are the Buler approximates to Y (#;a) and Y (t;a), respectively, over the interval

to <t <ty.

Theorem 1.12.1. Let F(t,u,v) and G(t,u,v) belong to C'(K) and let the partial
derwatives of F,G be bounded over K. Then, for arbitrary fixzed r : 0 < a <1, the

Euler approvimates converge to the evact solution Y (t; ) and Y (t; ) uniformly in t.

Proof: see [21].

1.12.2 Taylor method of order p

In this section we are going to study Taylor method of order p for solving fuzzy initial

value problem proposed by S. Abbasbandy and T. Allahviranloo in [1].
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Let the exact solution [Y'(¢)]* = [V1(¢; o), Y2(¢; )] is approximated by some [y(¢)]*

[y1(t; ), y2(t; a)]. The Taylor method of order p is based on the

Yit1 :yz+hT(tzayz)a iZO,l,...,N—l,

and
p—1 i
tisyi) Z tis Yi),
1=0
where
(b—a)
a:togtlggt]v:bandh: N :ti+1
The following equations are defined:
1 7
F[t7x;a]: fo<z+1uf1 (t$ a)

Glt,z;0) = V) 25 .fg’ (t, 25 ).

(1.31)

(1.32)

(1.33)

(1.34)

The exact and approximate solutions at ¢,,0 < n < N are denoted by [Y(¢,)]* =

[Vi(tu; @), Ya(ta; @)] and [y(t,)]* = [y1(tu; @), ya(ta; )], respectively. The solution is

calculated at points ¢,. By Taylor method of order p and substituting Y; and Y5 in

(1.31) and considering (1.34) they obtained

Yi(tpy; ) & Yi(te; ) + hE[t,, Y (t,); o,

Yo(tni;a) & Ys(tn; o) + hG[t,, Y (t,); al.
Hence

Yo(tnit; ) = yoltn; ) + hGlty, y(t,); al,
where

y1(0; ) = 21(0; ), 2(0; ) = 22(0; ).
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Let F*(t,u,v) and G*(t,u,v) be the functions F' and G in (1.34), where u and v

are constants and v < v. In other words

p—

1 .
. h' o
F (tvuvv) :Z (Z_i_l)'mzn{fl()(tv’r)h = [U,U]},
1=0
p—1 hl

G*(t,u,v) = maa:{fl(i>(t,7')|7' € [u,v]},

7

i+1)

Il
=)

ie. F*(t,u,v) and G*(t,u,v) are obtained by substituting [x(¢)]* = [u,v] in (1.34).

Theorem 1.12.2. Let F*(t,u,v) and G*(t,u,v) belong to C?~Y(K), K = {(t,u,v)|ty <
t<T,—o0 <v<o00,—00 < u< v}, and let the partial derivatives of F* and G*
i terms of w and v be bounded over K. Then, for arbitrary fived o : 0 < a < 1,
the approzimate solutions (1.19) converge to the exact solutions Y1(t; ) and Yy(t; @)

uniformly in t.

Proof: see [1].

1.13 Numerical solution to hybrid fuzzy systems

The problem of stabilizing a continuous plant governed by differential equation through
the interaction with a discrete time controller has recently been investigated. This
study leads to the consideration of hybrid systems. In this section, we study two
numerical methods to hybrid fuzzy differential equations.

Consider the hybrid fuzzy differential system

{ a'(t) = f(tx(t), \e(x)), T € [t trral, (1.37)

.I(tk) = Tk,
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where 0 <tg <t; <-- <t < ,t, > 00, f€C[R" x ExX E,E|, \, € C[E,E]. It
is assumed that the existence and uniqueness of solution of the hybrid system hold

on each [tg, tr.1]. To be specific the system would look like:

;

.CC{)(t) = f(t,l’o(t),)\o(l'o)), I’Q(to) = T, t() S t S tl,

vy (t) = f(t,1(t), M(x1)), i(t) =21, 1 <t <ty

a'(t) =< - (1.38)
.I?C(t) = f(t,xk(t), )\k(ﬂjk)), xk(tk) = Xk, tk S t S tk+17

\
The following function is meant by the solution of (1.37),
[ w(t), to<t<t,
xl(t)7 tl StStQa
x(t) = x(t, to, x9) = --- (1.39)
wi(t), th <t <ty

-

The solution of (1.37) are piecewise differentiable in each interval for ¢ € [ty tx14] for

a fixed ry, € F and £ =0,1,2,....

Similar to [21], system (1.37) can be replaced by an equivalent system:

(1.40)

=

{ 2(t) = f(t, o \elan)) = Fiult, 2, @), a(t) =z,
fl(t) = 7(t7$7 )‘k('rk)) = Gk(t7lv f)? (tk> = Tg,

which possesses a unique solution (x,7) which is a fuzzy function. That is for each ¢,
the pair [z(t, ), Z(t, )] is a fuzzy number, where z(t, «), Z(t, ) are respectively the

solution of the parametric form given by:

2’(@ Oé) = Fk(taz(ta O{)af(ta &>)7 i(tka Oé) = Ek(&)a (1 41)
Tt a) = Gt z(t,a),T(t,a)), Z(te,a) = Ti(a), '
For a € [0, 1].
For a fixed a, to integrate the system in (1.41) in [to, t1], [t1, t2], -, [ty thga]s - -
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each interval is replaced by a Ny + 1 discrete equally spaced grid points (include
the endpoints) at which the exact solution (z(¢, a), T(t, o)) is approximated by some
(y,(t, @), Yy(t, ). For the chosen grid points on [ty t;1] at tg, = tx + nhy, by =

W, 0<n < Nglet (Y(ta),Yit a) = (zta),z(t,a). (Y(ta)Yi(t o)

and (y, (t. @), 7, (¢, a)) may be denoted respectively by (Y, (a), Yin(a)) and (¥, (@), Ty (@)

1.13.1 The Euler method for hybrid fuzzy differential equa-

tions

The Euler method is the first order approximation of Y (¢, «) and Y (¢, ), which

can be written as:

{ Vi i2(0) % Y @) + BiFaftn Yy @), Vi (0], )
Yinii(a) = Yia(a) + i Filtn, Yy (@), Yia(a)].
therefore
() = 5, (0) F Wil g, () ()] i
Ui 1(@) = Y (@) + heFi[tn, y, | (), G ()]

However, (1.43) will use QO’O(O{) = z¢(@), Yoola) = To(ar) and gk’o(a) = gk_l;Nk—l(a)7
Urola) =7y 1 n,_,(a) if & > 1. Then (1.43) represents an approximation of Y, (t, a)

and Yk(t, «) for each of the intervals tg <t <y, &1 <t <to,--- b <t < tpyr, - .

Theorem 1.13.1. Consider the systems (1.40) and (1.43), for a fived k € Z* and
a € [0,1],
hmho’...’hk_,o gk:,Nk (Oé) = Q(tkz+17 Oé),

hmhoy“ R —0 @k,Nk (a) = f(thrla O‘)'
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Proof: see [28].

1.13.2 The Runge-Kutta method for hybrid fuzzy differential

equations

In this section, we describe how the Runge-Kutta method for a hybrid fuzzy differ-

ential equation (1.37) is developed via an application of the Runge-Kutta method for

fuzzy differential equations when f and ), in (1.37) can be obtained via Zadeh is
extension principle from f € C[R* x R x R, R] and )\, € C[R,R].

For a fixed «a, to integrate the system in (1.41) in [to, t1], [t1, ta], -+, [tes thga], - -

each interval is replaced by a Ny + 1 discrete equally spaced grid points (include

the endpoints) at which the exact solution (z(¢, a), T(t, o)) is approximated by some

(gk(t, @),y (t,«)). For the chosen grid points on [t,tgr1] at ty, = tx + nhy, hy =
B0 < n < Ng let (Yt @), Vit @) = (2t ), T(ta)). (Yt a), Yt )

and (y, (t. @), y,(t, ) may be denoted respectively by (Y (@), Yia(a)) and (le(a)’ V().

The runge-Kutta method is a fourth-order approximation of Y, (¢, @) and Y (t, ).

To develop the Runge-Kutta method for (1.37),

Q,mﬂ( ykn sz_z tknaykn ))7

gk:,n—l—l( ykn Zwl ¢ tknaykn ))a

where wq, wy, w3, and w, are constants and

ks (b Yo (@) = min{ b f (B, w, A (ug))[u € [y, (@), Gy (@) uk € Ty, (@), Gro(@)]}
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Fr(thns Yo (@) = max{hp f (tn, w, A(ui))|u € [y, (@), Gy, (@) un € [y, (@), Tro(@)]}

Eo(tins Yen (@) = min{ g f (txm + i /2, w, Ae(us))]

U € (24, (ks Yo (@), Zay (Lo Yrn (@))€ [y, (), T o(@)]}
Eo(thm Ym (@) = max{hef (tpm + hie/2, 0, A (ug))]

€ [z, (ks Yoo (@), Zhy (P Yo ()] un € [y, (@), 75 ()]}
kgt yen () = min{hu f (trn + hi /2,0, Ae(u))]

u € 24, (ten: Yo (@), Zhs (b Ui ()] un € [y, (@), T o(@)]}
Ea(tins Y (@) = max{iy f (b + e /2, u, M)

€ [z, (ks Y (@), Zhy (P Yo ()] une € [y, o(@), G ()]}
kgt Y () = min{hu f (trn + i, w, Ae(u))]

€ [z (ks Yoo (@), Zhy (P Y ()] un € [y, (@), 7 ()]}
Ea(thn: Yn(a)) = max{l f (ten + hoe, w, A (ur))|

U € [z (b Y (@) Ziy (b Yo (@))]s e € [y, (@) T o(@)]}
2y (s Yk (@) =y, (@) + 0.5k (F s Yren (@),
Ziy (s Y (@) = T (@) + 0.5.81 (tn, Yin (@),
21y (ks Y (@) =y, (@) 4 0.5.E, (e, Y (@),
Ziy (s Y (@) = T (@) + 0.5 (tn, Yin (),
Ziy (T Y (@) = Y, (@) + E3(tim, Yrn (@),

Ek‘g (tk,m ykm(a)) = gkyn(OO + k3<tk7m yk,n(a))-

Next

Sk [tk,m gk,n(a/)’ ykm(a)] - El (tk,m yk,n(a))+2kz (tk,m yk,n(a))+2k3 (tk,m yk,n(a))"i_& (tk,m yk,n(a>)a
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Ty [th.n, g,m(a), V()] = ky (tkm> Yin (a))+2k; (thm, yk7n(06))+2E3 (tkm, yk,n(a))+E4 (tkn, Yen(@)),

The exact solution at ?j,.; is given by

{ Xk,n—&—l(a) ~ Xk:7n(a) + %Sk [tk,nvzk,n(a%?kyn(a)]? (1 44)
Yin1(@) & Yin(@) + §Tulten, Yy, (@), Yia(@)].
The approximate solution is given by
ka_ﬂ(&) = ka(&) + %Sk: [tk,na gkm(&)? yk,n(a>]7 (1 45)
yk,n—&—l(a) = yk,n(a) + %Tk [tk1n7 gk’n(a)7 yk,n(a)]

Theorem 1.13.2. Consider the systems (1.40) and (1.45), for a fived k € Z* and
a € [0,1],
limp,,... py,—0 YN, (@) = z(tpy1, ),

hmhoy“ hi—0 yk,Nk (a) = f(thrla Oé).

Proof: see [29].
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Chapter 2

Predictor-Corrector method

2.1 Introduction

In this chapter, three numerical methods to solve " The Fuzzy initial value problem”
are discussed. The three methods are the Adams-Bashforth, the Adams-Moulton and
the Predictor-Corrector methods. The Predictor-Corrector method is obtained by
combining the Adams-Bashforth and the Adams-Moulton methods. The convergence
and stability of the proposed methods are also proved in detail. In addition, these

methods are illustrated by solving two examples.

2.2 Adams-Bashforth Methods

Consider the first-order fuzzy differential equation y' = f(t,y) where y is a fuzzy
function of ¢, f(t,y) is a fuzzy function of the crisp variable ¢t and fuzzy variable y,
and y' is the Seikkala fuzzy derivative of y. If an initial value y(tq) = ap is given, a

fuzzy initial value problem will be obtained as follows:
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_ _ (2.1)

{ y(t) =fltylt), to<t<T,
y(to) = ap.

2.2.1 Adams-Bashforth two-step methods

Now we are going to solve fuzzy initial value problem y'(t) = f(¢,y(t)) by Adams-

Bashforth two-step method. Let the fuzzy initial values be y(¢;),y(t;_1) , i.e

Fltica,y(tizn)), (i y(ti)
which are triangular fuzzy numbers and are shown as
(' (tmnyy (i), S, y(tion)) (G, y(tion), (F (G y(8), f9 (6 y(8)), 7 (8 y(t)))-

Consider the following fuzzy equation

) =i+ [ Feato) a 22

By fuzzy interpolation for f(t; 1,y(t; 1)), f(t;,y(t;)) we have

fity(t) = Z;:iflgj(t)zogj(wfl(tjv y(t;)) + Zj‘:ifuj(t)@fj(t)fr(tjv y(t;))
Felty() = iy G(OF (5, y(t;)
frity(t)) = Z;:i—lgj(t)zogj(t)fr(tjv y(t;)) + Z;:i—lgj(t)<0€j(t)fl(tj7 y(t;))

for t; <t <t;;; we have :
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fst) = iy <0, 60) = B3 >0

therefore the following result will be obtain:
Pt y(t) = Ga (O f (tima, y(tion)) + G0 (1, y(t)

ot y(t) = i (8) f(ticr, y(tima)) + Gi(t) f(ts, y(ti))
Frty) = G () f (timy, y(tizr)) + GO (8, y(8))

By using (1.11) and (2.2) we have :

Y (tiv1) = [y (tin), 7" (tig)]
with

P) =g 00+ [ af ) + (- ) )i

and

t;

T (i) = () + / et () + (1 — o) fr(t y(n))dr)

t;

If (2.3), (2.4) are set in (2.6), and (2.4), (2.5) in (2.7) then we get :
v (tien) =y (t) + [T {a(Coa () F(tim, y(tim) + GO £ (3 () +
(1= a)(Cia () " (timr, y(timn)) + G0 f(E, y () Yt
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T (ti1) =77 (t) + [ {allioa () f (s y(tion)) + L) f (s y(1)))+

(1= a)(lima (6) f (timr, y(tizn)) + G(6) [T (1, y(t:))) Yt

By integration we have :

() = 70~ () @ (i y(tio) 4 (1=0)F (i 1))+ () (@ (5)
+(1 = o) f'(ti, y(t))
() = 5 (6) = ()@ (i, ylti) + (=) £ i, ) ) 0t 9(02)

+(1 —a)f"(t;,y(t:)))

thus:
P (i) = 50— (07 ol ) + COF () (28)
P () = 7°(0) — (D (o yltio) + COT (u(t)) (29
By (2.8) and (2.9) we have :
(4% (tin) = (1) — (OF (ticr, y(tim)) + ()2 (1, y (1))
P) = 70 = (B () + BT (tn)
Y (tic1) = ao, y* () = aq
Yti1) = a2, 7 (t) = a3
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2.2.2 Adams-Bashforth three-step methods

Now we are going to solve fuzzy initial value problem y'(t) = f(¢,y(t)) by Adams-

Bashforth three-step method. Let the fuzzy initial values be y(t;_1),y(t;), y(tir1), i.e

f(tici, y(tiz)), f (e y(t) f(tigr, y(tizn)),

which are triangular fuzzy numbers and are shown as

{fl(tifla y(tifl»v fc(tiflv y(tifl))v fr(tiflv y(tifl))}7 {fl(tiv y(ti))v fc(tiv y<ti))7 fr(tiv y(tl))}
{F (i, y(tign))s fo(asns y(tin)), F7 (i, y(tign) )

Consider the following fuzzy equation

Tti) = 6) + [ " Ry (2.11)

tit1
By fuzzy interpolation for f(ti_y,y(ti1)), f(ti, y(t:)), and f(tir1, y(tig1)) we have:

fity(t) = Z;iiuxwzogjﬁ)fl(tja y(t;)) + ZEqQQKOQ(t)f’“(tja y(t;)),
Felty(®) = S50 GO Fo (5, u(t),
frity(t) =35 1zl O (5 y(t5)) + Y 1,0l (O (E,9(15)),

for t;y ) <t <ty
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Ezel(t) (t=ti)(t=tiy) 0

T (b=t (i1 —tig1) — 0

therefore the following results will be obtained:

St y(t) = Loy (0) f (timr, y(tim)) + Gt y(8:) + L (0 f (tir, y(tig)), (2.12)

Fty@) = Lioa () f(tima, y(tior) () £ (i, y() + L (8) £ (tiga, y(tiga)), (2.13)

Frty(t) = Cioa () f7 (timr, y(timr)) + GV f 1 (t y(:) + L () f 7 (tia, y(tign)). (2.14)

From (1.11) and (2.11) it follows that:

Y (tiv2) = [y (tis2), U (tig2)],

where

Y (tire) = y* (i) + /t% {af (ty(®) + (1 —a)f'(t.y(t))}dt,

141

and

Y (tize) =y (tiy1) + /tti+2 {af(tyt) + (1 —a)f(t y(t))}dt.

141
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If (2.12), (2.13) are set in (2.15) and (2.13), (2.14) in (2.16), then we have:

Y (tir2) = y*(tis1) +ft+2{04 1) (i1, y(ti1))+H0(8) f (i, y(8))+Cipr () F (i, y(tira),

+(1 = a)(lioa () f (timr, y(tica)) + G FT(t, y(t:) + G () f 1 (Bir, y(tin))) Yt
and

P (tira) = T (b)) + [ 2 Ll (O F (s y(ti ) F0(0) F (b y(8))F st (O (tisr, y(tii1))

(1 = @) (Cima (O F (timr, y(timn)) + GO F (E y (1) + Lot () f (B, y(tie))) bt
The following results will be obtained by integration:

5h 16h

Y (tive) = y* (tin) + 5 laf (tia, y(t: 1))+(1—04)fl(ti—17y(ti—l))]—ﬁ[af (ti, y(t:))
L= @) (1 y0)] + ot b, p(ten)) (= @) G, w00,

and

P (t2) = T () + (i, y(tim)) + (Lm0 (i, )]~ o [0 1 (1)

+(1— o) f'(tiy ()] + %[af (tir1, y(tig1)) + (1= @) f (tigr, y(tivn))]-

Thus
Y (ti2) = g“(tm)—i-l—};[Sf‘(ti_hy(ti_l)—167°‘(ti,y(t,-))+23f‘(ti+1,y(t,-+1))], (2.17)
T (ti2) = y“(ti+1)+1—};[57°‘(ti_hy(ti_l)—16f"(ti,y(ti))+237°‘(ti+1,y(tm))]. (2.18)
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Therefore Adams-Bashforth three-step method is obtained as follows:

Y (tiva) = ¥ (tin) + {5[5L (t1, y(tia) = 16 (85, y(t:) + 23F° (tiva, y (i),
U (tivz) = U (tinr) + 155 (tima, y(tim1) — 16 (1, y(t:)) + 23F (tisr, y(tiz1))],
yH(ti1) = ap, ¥y (t;) = ar, y*(tiy1) = a2, ¥ (ti 1) = a3, Y(t;) = u, Y (tiv1) = as.

2.3 Adams-Moulton Methods

2.3.1 Adams-Moulton two-step method

Now we would like to solve fuzzy initial value problem ¥'(t) = f(¢,y(t)) by Adams-

Moulton two-step method. Let the fuzzy initial values be y(t; 1), y(t;) i.e

Flticy,y(timn), F(ts,y(t))

which are triangular fuzzy numbers and are shown as

{ tayy (i) St y (o)), F (b y (o)) b AL (e y(t0), f9 (6 y(80)), 7 (8 y(8)) )

Consider the following fuzzy equation

?@wﬁ:=§@0*—Z%H(ﬂty@»dt (2.19)

1

By fuzzy interpolation for f(ti_y,y(ti1)), f(ti, y(t;)) and

f(tiv1,y(tiv1)) we have:

P Y0) = S5 SO Uyt + S GOF 1 0(),
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felty() = 250 GO, (),

P (0) = S5 oo GO (G 0(0) + S5 o GO (1 0(1))

for tl S t S tl'_|_1 .

fioa(t) = ot < g,

(tim1=t)(tim1—tig1) —

G(t) = (t=tio)(t=tivy) 0,

(ti—t;1)(ti—tiy1) —

gi-i—l(t) — __(tio)lt) S 0,

(tip1—ti—1)(tip1—t;) =

therefore the following results will be obtained:

FHty) = Goa()f (i, y(tion) + G F (e y(t) + Lo (8) f 1t y(tinn)), (2.20)
Fty@) = Lioa () f(tima, y(tin) + G () £ (i y(t:)) +lipr () f (i, y(tia)), (2.21)

Frty(t) = Loy (0) f (timr, y(timn)) + GV (e y(£:) + L () f 7 (tir, y(tign)). (2:22)

From (1.11) and (2.19) it follows that:

Y (tivr) = [y (tin), ¥ (tig)],
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where

Pl =g+ [ el o)+ 0 afGond 22
and
Pl =70+ [ el o)+ 0 - Guo)d, 220

If (2.20), (2.21) are set in (2.23) and (2.21), (2.22) in (2.24), then we get:

Y (tier) =y (0 [ @l lm (0 F(timr, g (i) HG() (b y (8) i () (i y(Firn))+
+H(1 = a)(lia () (tim y(tiza)) + GO (L y(8) + G (O f (tir, y(ti))) Yt

and

T (tir2) = T (b )+ [P {llima (8 (timrs y(8im))FG(0) S (i y(8)) G (D (b, Yt )+

+(1 = ) (Caa () f (timr, y(tio1)) + GOy (1) + L (O F (Fir, y(tiea))) bt

Therefore by integration Adams-Moulton two-step method is obtained as follows:

Y (tiyn) = yo(t) — (%)7a(tz—17y(tz—1)) + ) f (i, y(t) + (5B f (tigr, y(tirn)),
T (tipr) = 77(t:) — (§5) [ (ticr, y(ticr)) + (%)Ta(tuy( i) + (%)? (tiv1, y(tis1)),
Y (i) = g, y*(t) = a1 J(tio1) = @2, 7%(Li) = a3

(2.25)

2.3.2 Adams-Moulton three-step method

Now we are going to solve fuzzy initial value problem y'(t) = f(¢,y(t)) by Adams-

Moulton three-step method. Let the fuzzy initial values be y(t;_1), y(t;), y(tiy1), i-e
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fltic,y(tizn)), f(tiy(t), f iz, y(ti)),

which are triangular fuzzy numbers and are shown by

{F (tica, y(tizn), £ (timy, y (i), (i, y ()Y U (i y(82), (s (), F7 (8 y(8))
{F (i, y(tign))s £ ivn, y (i), [Tt y(tign)) )

Also

Y(tive) = y(tip1) + /:i+2 f(t,y(t)) dt, (2.26)

By fuzzy interpolation for f(t; 1, y(ti 1)), f(ti,y(t:)), f(tis1, y(tisr)) and

f(ti+2, y(t2+2>> we have
Pt y(1) = 3550, oGO F G y(t) + 33550, o GOF (),
Fety() = 255 Gt (),

P 0) = S0, o0 () + 52 G075 o).

for tl'_|_1 S t S ti+2 .

i () (—ti)(t—tio)(t=tien)

= Qs —t)(tim1—tit1)(tim1 —tig2) 2 0,

) o (tftifl)(tfti 1)(t7ti 2)
&(t) o (ti*ti—l)(ti*t:tl)(ti*;;rz) <0,
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A _ (t=ti—1)(t=ti)(t=tit2)
&Jrl(t) o (ti+1_ti—1)l(ti+1_ti)(ti+1_ti+2> > 0,

. — (E—ti—)(E—t)(E—tip1)
£Z+2(t> o (ti+2*ti71)(ti+2*ti)(ti+2*ti+1) =

I

therefore the following results will be obtained:
Fity() = G () (ti, y(tir) + GO T (G y(E) + G (O F (Eigr, y(tig)) (2.27)
+€i+2(t)fl(ti+2, Y(tit2)),

fyt) = Goa) f (i, y(tion) + GO F(ty(t) + L () f (i, y(tiv)) (2.28)

s (8) 2 (tiyar y(Figa),

Frty(t) = Cioa () f7 (ticr, y(tim)) + G FH(t y(E) + Lot (8) f7 (tigr, y(tigr)) (2:-29)

o (t) [ (tir2, y(tisa)).

From (1.11) and (2.26) it follows that:

Y (tiga) = [Y" (i), ¥ (tiga)],

where

i) =)+ [ (o )+ - Cyona 230
and

b =7t + [ {af (g + (1 — )Ly, (231)
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If (2.27), (2.28) are situated in (2.30) and (2.28), (2.29) in (2.31):

Y (tiga) = Y™ (b)) + [ Ll (O £ty y(t ) F0(0) £t y(8))F st () (tisr, y(ti)
o () f(tiva, y(tive)))F (1 =) (G (8) f (timr, y (i) FG() 7 (E, y(8)) + i (8) fH (Eir, y(Ei1))
+ Lo (1) ' (tiva, y(tive))) bt

and

U (tisa) = T (b)) [ 2 Ll (O F (i y(tio) F0(0) £ (b y(80) it (O (bisr, y(tir)

Cia () (tivz, Y(tina))) (A=) (Cioa () 7 (ti 1, y (i) AL () f (i y(£) Higs () F (L1, y(tisn)))

+ g2 () f" (tir2s y(tir2))) i

The following results will be obtained by integration:

9h 19h

1 — [ f (tiga, y(tipa))H(1=a) f (tia, y(tigo))+——

1 [af(tir, y(tica))

Y (tiza) = y*(tig1)+

+(1— ) [t y(ticn))] = Eafe(ticy, y(tic)) + (L —a) f7(t, y(t:)]
h !
af(tivr, y(tivr)) + (1 —a) f(ti1, y(ti1))ls

24[

and

9h 19h

Solaf (tive, y(tiv2))+(1—a) 7 (ti2, y(t; +2))]+_[04f (tiv1, y(tisn)),

Y*(tire) =7(t
Y (tiva) = 7%( +1)+24

+(L = a)f"(tisr, y(ti))] = Slaf (tion,y(tion) + (L= a) f(ti, y(t:)]

bonlaf (tit) + (1= ) b1yt 1),
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thus

i[i (ti1 y(ti))=5f (ti,y(t ) HL9f (i1, (1)) H9f“ (tiva, y(tira))],

“(tiv2) = y*(ti
y*(tiv2) = y*( +1)+24

(2.32)

PP i (i) 5% (ti, y(t:))+19F (tisr, y(tiv))FOF (fia, y(tiva))].

Y (tise) =y (t;
U (tive) = 7( +1)+24

(2.33)

Therefore Adams-Moulton three-step method is obtained as follows:

[y (ti10) = 0 (tia) + B (i (tic) = 5T (1 (0 ))+19f (tiv1, y(tigr))+
[ (i, y(tiv2))],

P (tiva) = 5 (i) + g5 [ (hion, w(tion)) = 516, (2 ))+19f (i1, y(tig1))+

Fo (tias y(tiga)],

Y (tio1) = a0,y (ts) = an, Y (tig1) = 0 Y (tio1) = ag,@a(tz‘) = g, Y (tiy1) = as.

2.4 Predictor-Corrector Three-step method

The following algorithm is based on Adams-Bashforth three-step method as a predic-

tor and also an iteration of Adams-Moulton two-step method as a corrector.

ALGORITHM (Predictor-Corrector three-step method)

To approximate the solution of following fuzzy initial value problem

y'(t) = f(t,y(t)), tg<t<T,
ga<t0) = aOaga(t1> - @laga(t2> = Qig,
7 (to) = a3, y*(t1) = a4, y*(t2) = as,

positive integer NN is chosen.
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Tt
step 1. Let h = =52,

w(ty) = g, w(t1) = ay, w*(ty) = as,

W (ty) = a3, W (t) = o, W (t2) = as.

step 2. Let 1 = 1.

step 3. Let

{ WO (tigs) = w(tis1) + 7505
WO (ti) =W (ti) + 55 (tio, w(tig) — 16 (s, w(ty) + 23F (tipr, w(tigr))],

step 4. Let t;.9 = to + (i + 2)h,

step 5. Let
{ w(tive) = w*(tiv1) — (%)?a(t“ w(t) 4+ () [ (tigr, w(tipr)) + (C8) [ (iga, 0O (tis2)),
W (tiy2) = W (ti1) — (15) £ (ti w(ts) + (B F (tirns w(tin)) + C5)F (biva, wO(ti12)),

step 6. i = ¢+ 1.
step 7. if 1t < N — 2 go to step 3.
step 8. algorithm will be completed and (w®(T"),w*(T')) approximates real value of

(Y(T), Y(T)).

2.5 Convergence and Stability

To integrate the system given in Eq. (2.1) from ¢y a prefixed T > tg, the interval
[to, T'] will be replaced by a set of discrete equally spaced grid points £y < t; < ty <

. < ty = T which the exact solution (Y (¢,),Y(t,a)) is approximated by some
(y(t,a),y(t, o). The exact and approximate solutions at ¢,, 0 < n < N are denoted
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by Y, (a) = Y, (a),Y,(a)], and y,(a) = [y (@), Y, ()], respectively. The grid points
which the solution is calculated are ¢, =ty +nh, h= (T —ty)/N, 1 <n < N.

From Eq. (2.1), the polygon curves
y(tv h7 a) = {[tO’QO(O‘)]’ [tlagl(O‘)]a SRR [tNagN<a)]}a

y(t, hy @) = {lto, Jo(a)], [t 71 ()], [tw, U ()]}

are the approximates to Y (¢, a) and Y (¢, «), over the interval ty < ¢ < ty.

The following lemmas will be applied to show convergence of these approximates, i.e.,

limp_oy(t,h, o) = Y(t, ), limp_o¥(t, h,a) =Y (t, ).

Lemma 2.5.1. Let a sequence of numbers {w, }N_, satisfy:

|wp 1| < Alw,| + Blw, 1| + C, 0<n<N-1

for some given positive constants A and B ,C'. Then

[w,| < (A" BLA" 3B+ By AV B2 4. 4 B, BlE)|wy |+ (A" 2B 4y, AV 4B .+
YABUE ) wo| + (A" 2+ A" 3+ L+ 1)C + (5, A" A" P+ .+ 6, A+ 1)BC +
(GA" + GA™ T+ + QA+ 1)B*C + (MA™ B+ A + L+ NA+1)B3C +
s n odd

and

[w,| < (A" 4B AY 3 B+3, AV 5B+, 4B, ABEITY) w4+ (A 2By, AV 4B+, +
Y BB Jwo |+ (A" 24+ A" 34, 41)C+ (61 A" 146, A P, 46, A+ 1) BO+(CLA™ 6+
QA"+ A+ B CH(MA 4 M A+ 4+ NAHD)B3C+..., n even
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where Bs, Ve, Om, G, Ap, are constants for all s,t,m,l and p.

The proof, by using mathematical induction is straightforward.

Theorem 2.5.2. For arbitrary fived o : 0 < o < 1, the Adams-Bashforth two-
step approvimates of Eq. (2.10) converge to the evact solutions Y (t,a),Y (t,a) for
Y. Y € Cty, T).

Proof. As in ordinary differential equation, it is sufficient to show :
limp—oy (o) = Y(T, ), limp—oyy(a) = Y(T, )

By using exact value we get :

h — h
Y,01(0) = Y, (0) = 5 Fltus, Vs (@) + 5 f (1, Y, (0)) + 51V (6,)

Vaia0) = V(@) = 5t 1,Y00a (@) 5 (00, Val) + 07" (60)

where t,, < §n,En < tpi1- Consequently

Yo(a) =y, (@) =Y, (0) =y (a) = 3{f(ta=1. Yoo1(@)) = f(tao1. G0 (@) }+

=—n

P (10 Y0 (0)) = fltusy, ()} + Y (60)

Yorr () = Uy (@) = Yal(a) = Gula) = 5{f (tar. Yoy 1(0) = ftazroy, _ (a))}+



Denote w, =Y, (a) —y (a), v, = Y,(a) =¥, (a). Then

3hLy hLs
2
hL
2

5
e —hM
|vn 1] + A

|wnpa| < (1 + —=)[wa| +

3hLs
2

5 i
|ons1] < (1 + Nva] + |wn,—1| + EhsM

where M = mazy<i<rY(t,a) and M = maxtoStSTYW(t,a) and we put L =

max{Lq, Ly, L3, Ly} then we have :

3hL hL 5
< (14— — Uy —hmM

3hL hL 5 g—
[V < (1 —=)|vn] + - wna| + Eh?’M
thus
3hL hL 5 —
(Wt ]s [vns| < ftng] < (14 T)|Un| + 7|Un—1| + Ehs[M‘F M]
where |u,| = |w,| + |v,| . By lemma (2.5.1) and wy = vp = 0 we obtain :

3hL\n—1_ _
[wa], [vn] < % X %h3[M+ M|+ {61 + %)”‘4 + 09(1 + %)”‘5 + ...+

O (1 4+ 38E) 4 THEEV2ERI[M + M)+ {G (1 + ZE) =0 + G+ 3L T+ + (1 +

BALY L 1 }(BL) 5 R3[4 M A+ { Ay (14 BALY78 4 (14 3RLyn=9 4 4\ (14 35L) 4

LA SRS [M + M) + ...

2

therefore
3L(T—t1) -
|wal, [vn] < 25— X h2[M + M)+ {61 (1 + 22 =4 4 6, (1 + 3Ly =5 4 46,,(1+

)+ PR M + M+ {GO + 3E)" P+ G+ 5" T+ + G+ 55 +
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LHAED) S R3M + M) + {1+ 3BE)m=8 4 ap(1 4+ BE=9 4 M (1 + L) 4

AL S R3M + M) + ...

and if h — 0 we get w,, — 0 ,v,, — 0 which concludes the proof.

Theorem 2.5.3. For arbitrary fived r : 0 < r < 1, the Adams-Moulton two-

step approzimates of Eq. (2.25) converge to the exact solutions Y (t,«),Y (t,«) for
Y. Y € Cty, T).

Proof. It is sufficient to show
limp—oy (o) =Y (T, a), limp—oYy(a) = Y(T,a).

By using exact value the following results will be obtained:

h — h h
Y, 1(0) = ¥ (@)= 3o f s, T (@) 5 b Yo (@) Pt Yo () Y6,
Vea (@) = V@)= 35 1Yo s (@) 45 7 T )25 F b, Vosa(0)) 5 " 60,

where ¢, < gn,En < tpy1. Consequently

Yola) =y, (@) =Y, (a) =y, (a) = 5{f(te1, Yo r(a)) = f(ta1, T 1 () 1+

2t Y 0)) F b 1, (O (1, Vs (@)= b,y ()} h Y (),

Yo (@) = Uy (@) = Ya(a) = Fula) = 5{f(ta-1. Yo 1 (@) = f(tar.y, (@) }+

20t ¥ a0)) F b T () 1, Vo a(@) = b1, Toa () 5 T (E0)
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Denote w, =Y, (a) —y (a), v, = Y,.(a) = 7,(a). Then

2h Ly hLs S5hls 1
el < 0+ 2 (B2 S+ Lt
2Ly . hLs L (ShLs 1,
< (1 —h*M

ere M = maxy <i<7|Y""(t, )| and M = maxy, <i<7 y" ,a)| and is put
where M o<t<r|Y" (1 d M o<t<T|Y (t d i

12
L = max{Ly, Ly, L3, Ly, Ls, Lg} < =
then
13hL hL
<(1l+-—- — )|V, — WM
el < (U4 g pllonl + (g ol + (g p AL
13hL hL —
<(1l+-—- _ _ — WM
onal = O+ o= Pl + () el + (g M-
are resulted, where |u,| = |w,| + |v,|, then by lemma (2.5.1) and wy = vy = 0 (also

with wy =1 = 0)

+ 13h L n_lfl P
Jual < R S b+ D) + {011+ )+ 60(L+ )+

-t 6m(1 + 1213%iL) + 1}(12 5hL>2(24 10th (M + M)) + {Cl(l + 1213%1:)”76 + C2(1 +

o)+ A G (R F U (25)°) (s b (M) (14 5255)" ™+

M1+ 2550)" ™+ + M+ 2257) + () G b (M + M) +

are obtained. If h — 0 then w,, — 0 ,v,, — 0 which concludes the proof.
Remark 2.5.1. Above theorem results that convergence order is O(h?).
Remark 2.5.2. 1t is easy to show that convergence order of Adams-Bashforth two-step

method is O(h?).
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Theorem 2.5.4. Adams-Bashforth two-step and three-step methods are stable.

Proof. For Adams-Bashforth two-step method exist only one characteristic poly-
nomial p(A) = A? — X and it is clear that satisfies the root condition then by theorem
(1.3.1), the Adams-Bashforth two-step method is stable.

Also, for Adams-Bashforth three-step method, there exist only one characteristic
polynomial p(A) = A3 — A\? then it satisfies the root condition, therefore it is a stable

method.

Theorem 2.5.5. Adams-Moulton two-step and three-step methods are stable.

Proof. Similar to theorem 2.5.4.

The reason of choosing the Adams-Bashforth and Adams-Moulton as a Predictor-

Corrector technique is that both of them are stable.

2.6 Numerical examples

Example 2.6.1. Consider the initial value problem
y(t) = —gt) +1+1,
7(0) = (0.96 + 0.04a,1.01 — 0.01a),

7(0.01) = (0.01+4(0.98540.015a)e %% —(1—)0.025¢%% 0.01+(0.985+0.015a) e 001+
(1 — )0.025¢01),

7(0.02) = (0.02+(0.985+0.015a)e =292 — (1—)0.025¢%92, 0.02+(0.985+0.0150) e 002+
)

(1 — @)0.025¢%02).
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The exact solution in at ¢ = 0.1 is given by

Y(0.1,0) = (0.1 + (0.985 + 0.015a)e %" —

(1-

@)0.025¢%1,

0.1+ (0.985 + 0.015a)e % + (1 — a)0.025¢" ).

By using the Adams-Bashforth two-step method and Predictor-Corrector three-

step method with N = 10, tables 2.1 an 2.2, are obtained. Also results of example

2.6.1, are shown in fig 2.1.

In the figures 2.2 and 2.3, we compare real value and predictor-corrector method in

0-level and 1-level respectively.

o y Y ERROR 7 Y ERROR
9611151980 9636355838 -0.25203858e-2  1.021421245 1.018894130 0.2527115e-2
0.1 .9654877615 9677557672 -0.22680057e-2 1.019763204 1.017488459 0.2274745e-2
0.2 .9698603251 .9718759506 -0.20156255e-2 1.018105163 1.016082788 0.2022375e-2
0.3 .9742328886 .9759961341 -0.17632455e-2 1.016447122 1.014677116 0.1770006e-2
0.4 .9786054521 .9801163175 -0.15108654e-2 1.014789081 1.013271445 0.1517636e-2
0.5 .9829780157 .9842365009 -0.12584852e-2 1.013131040 1.011865774 0.1265266e-2
0.6 .9873505792 .9883566843 -0.10061051e-2 1.011472999 1.010460103 0.1012896e-2
0.7 .9917231427 9924768677 -0.7537250e-3  1.009814958 1.009054432  0.760526e-3
0.8 .9960957062 9965970512 -0.5013450e-3  1.008156917 1.007648760 0.508157e-3
0.9 1.000468270 1.000717235 -0.248965e-3  1.006498876 1.006243089  0.255787e-3
1 1.004840833 1.004837418  0.3415e-5 1.004840835 1.004837418  0.3417e-5

Table
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a y Y ERROR ] Y ERROR
0 .9632483676 9636355838 -0.3872162e-3 1.019281352 1.018894130 0.387222e-3
0.1 .9674072729 9677557672 -0.3484943e-3 1.017836959 1.017488459 0.348500e-3
0.2 9715661783 9718759506 -0.3097723e-3 1.016392566 1.016082788 0.309778e-3
0.3 .9757250836 .9759961341 -0.2710505e-3 1.014948173 1.014677116 0.271057e-3
0.4 .9798839889 9801163175 -0.2323286e-3 1.013503780 1.013271445 0.232335e-3
0.5 .9840428943 .9842365009 -0.1936066e-3 1.012059387 1.011865774 0.193613e-3
0.6 .9882017996 .9883566843 -0.1548847e-3 1.010614994 1.010460103 0.154891e-3
0.7 .9923607049 .9924768677 -0.1161628e-3 1.009170601 1.009054432 0.116169e-3
0.8 .9965196102 .9965970512 -0.774410e-4 1.007726207 1.007648760 0.77447e-4
0.9 1.000678516 1.000717235 -0.38719%e-4  1.006281814 1.006243089 0.38725e-4
1 1004837421 1.004837418 0.3e-8 1.004837421 1.004837418  0.3e-8

Table

. 2.2. Predictor-Corrector three-step method with N = 10, for example 2.6.1.
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Fig. 2.1. The results for example 2.6.1.
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Fig. 2.2. The Real value and its approximation by

Predictor-Corrector method in 0-level for example 2.6.1,

solid curve: Real value; dotted curve: Predictor-Corrector method

Fig. 2.3. The Real value and its approximation by

Predictor-Corrector method in 1-level for ezample 2.6.1,

solid curve: Real value; dotted curve: Predictor-Corrector method
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Example 2.6.2. Consider the initial value problem

y(t) = —y(t).

7(0) = (0.96 + 0.04r,1.01 — 0.01a),

7(0.01) = (0.01+(0.985+0.0150)e =% — (1—)0.025¢%°!, 0.01+(0.985+0.0150)e 001 +
(1 — @)0.025¢%%h),
.02+(0.985+0.015a)e ™" —(1—)0.025e""~, 0.024+(0.985+0.015c ) e+
.02 0.024-(0.9854+0.015 0.02_(1 0.025¢%92,0.024-(0.985+0.015 0.02
(1 — @)0.025¢%9%),

The exact solution in at ¢ = 0.1 is given by Y (0.1, ) = ((0.985 4 0.015a)e™%* — (1 —

)0.025¢%, (0.985 + 0.0150)e ™0 + (1 — @)0.025¢%1).

By using the Adams-Bashforth two-step method and Predictor-Corrector three-
step method with N = 10, tables 2.3 an 2.4 are obtained. Also results of example
2.6.2 are shown in fig 2.4.

In the figures 2.5 and 2.6, we compare real value and predictor-corrector method in

0-level and 1-level respectively.
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a y Y ERROR 7] Y ERROR
0 | .8612677593 | .8686439213 | 0.73761620e-2 | .9204077866 | .9138857922 | 0.65219944e-2
0.1 | .8655594514 | .8722632710 | 0.67038196e-2 | .9188168404 | .9129809548 | 0.58358856e-2
0.2 | .8698511436 | .8758826206 | 0.60314770e-2 | .9172258943 | .9120761173 | 0.51497770e-2
0.3 | .8741428358 | .8795019703 | 0.53591345e-2 | .9156349481 | 9111712799 | 0.44636682¢-2
0.4 | .8784345279 | 8831213200 | 0.46867921e-2 | .9140440019 | .9102664425 | 0.37775594e-2
0.5 | .8827262200 | .8867406696 | 0.40144496e-2 | .9124530558 | .9093616051 | 0.30914507e-2
0.6 | .8870179122 | .8903600193 | 0.33421071e-2 | .9108621096 | .9084567677 | 0.24053419-2
0.7 | .8913096044 | .8939793690 | 0.26697646e-2 | .9092711634 | .9075519303 | 0.17192331e-2
0.8 | .8956012965 | .8975987187 | 0.19974222¢-2 | .9076802173 | .9066470928 | 0.10331245¢-2
0.9 | .8998929886 | .9012180683 | 0.13250797e-2 | .9060892711 | .9057422554 | 0.3470157e-3
1 | .9041846808 | .9048374180 | 0.6527372e-3 | 9044983249 | .9048374180 | -0.3390931e-3
Table. 2.3. Adams-Bashforth two-step method with N = 10 for exzample 2.6.2

and by using the Predictor-Corrector three-step method with N = 10 the follow-

ing results are obtained:
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a y Y ERROR 7] Y ERROR
0 | .8643464102 | .8686439213 | 0.42975111e-2 | .9181833096 | 9138857922 | 0.42975174e-2
0.1 | .8683955113 | .8722632710 | 0.38677597e-2 | .9168487208 | .9129809548 | 0.38677660e-2
0.2 | .8724446124 | 8758826206 | 0.34380082¢-2 | .9155141319 | .9120761173 | 0.34380146e-2
0.3 | .8764937135 | .8795019703 | 0.30082568e-2 | .9141795431 | .9111712799 | 0.30082632¢-2
0.4 | .8805428146 | .8831213200 | 0.25785054e-2 | .9128449542 | .9102664425 | 0.25785117e-2
0.5 | .8845919157 | .8867406696 | 0.21487539%-2 | .9115103654 | .9093616051 | 0.21487603e-2
0.6 | .8886410168 | .8903600193 | 0.17190025e-2 | .9101757765 | .9084567677 | 0.17190088e-2
0.7 | .8926901179 | .8939793690 | 0.12892511e-2 | .9088411877 | .9075519303 | 0.12892574e-2
0.8 | .8967392190 | .8975987187 | 0.8594997e-3 | .9075065989 | .9066470928 | 0.8595061e-3
0.9 | .9007883201 | .9012180683 | 0.4297482e-3 | .9061720100 | .9057422554 | 0.4297546e-3
1 |.9048374212 | .9048374180 |  -0.32e-8 | .9048374212 | .9048374180 0.32e-8
Table. 2.4. Predictor-Corrector three-step method with N = 10, for ezample 2.6.2.
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Fig. 2.4. The results for example 2.6.2.
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Fig. 2.5. The Real value and its approximation by

Predictor-Corrector method in 0-level for example 2.6.2,

solid curve: Real value; dotted curve: Predictor-Corrector method
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Fig. 2.6. The Real value and its approximation by

Predictor-Corrector method in 1-level for example 2.6.2,

solid curve: Real value; dotted curve: Predictor-Corrector method
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Chapter 3

Improved Predictor Corrector

3.1 Introduction

In this chapter, an Improved Predictor-Corrector (IPC) method to solve the ”fuzzy
initial value problem” is proposed. The IPC method is obtained by combining an
explicit three-step method and an implicit two-step method. These methods are
compared with the methods discussed in the previous chapter, and they proved to
have more accuracy. The convergence and stability of the proposed methods are
also presented in detail. In addition, these methods are illustrated by solving some

examples.

3.2 Explicit three-step method

In this section we would like to solve the fuzzy initial value problem 3/(t) = f(t,y(t))

by the explicit three-step method. Let the fuzzy initial values be y(¢; 1), y(t;), y(tiy1),

l.e.,
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f(tic, y(tiz)), f(ta y(t) [t y(tizn)),

which are triangular fuzzy numbers and are shown as

{F (i, y(timn))s £ (i, y(tima)s (o, y (i) F S (B y(8)), £ (i y(8)), f7 (8 y(8:) )
{F (i, y(tign))s £ ivn, y (i), [Tt y(tign)) )

Consider the following fuzzy equation

) =t )+ " Ry (3.)

By fuzzy linear spline interpolation for f(ti,l,y(ti,l)), f(ti,y(ti)), f(tiv1,y(tiv1)) we

have:
~ ti—t ~ t—ti
Rt y(t) = == Flta p(t) + 7= Fltsp(6) ¢ € [t
Rt y() = LT y() + e Pt y(tin)) € [t tig].

tiv1 —1; tiv1 —1;

therefore the following results will be obtained:

AH0) = T Ayt + 7 A, te leat], (32
FH(t3(0) = T Fi e y(t) + T (), et (33
Fr(ty(0) = = fi(t (b)) + T i (t(8), € fimt], (3.)
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and

tigq —t t—1;
f(t,y(t) = t; — tAfgl(ti,y(ti)) + - _t}le(mhy(tm))a t € [titi],
. tiv1—1 .. t—t;, .
f3(ty(t)) = foay — t,fz (ti, y(t:)) + mfz (tiv1,y(tigr)), t € [titiga],
r tipi —t t—t; .
f3(ty(t) = For — t{fz (ti, y(t:) + mﬁ (tip1,y(tiv1)), t € [ti, tiya].

From (4.8) it follows that:

where

Y (tiv2) = y*(tie

and

Y (tiyz) = 7 (tiz

Y (tive) = [y (tiv2), " (tiy2)],

Ut /tti {afi(ty(t) + (1 — a)fi(t, y(t)) bdt+

i—1

S {afs(ty(t) + (1= a) fi(t.y(t) Y,

t

D+ [ {afetty®) + (1 — a) f1(t y(t) i+

ti—1

S fafs (e y() + (L — a) fy (¢, y(0) .

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

If (3.2), (3.3),(3.5) and (3.6) are set in (3.8), and (3.3), (3.4), (3.6) and (3.7) in

(3.9), then we get:

y* (tive) = g (i) + [0 oG55 filtion y(tia))H s fi(t y (1)) (1-a)
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Aoy, y(tio) + o=t fl (ks y () e+ [ {ad ZE2E f(t y(t) + Tt

t+1 t; tip1—t;

f26<ti+17y(ti+l>>} + (1 - Oé) tii_:_ll__ti fé(tlay(tl)) + t itl— t f2( Z+17y( Z+1))}}dt

and

P (tiva) = 7 (i) + L, GBS Al y(tim0) 2 iy () (=) (755
ff(ti-l,y<ti_1>>+” = fi (6 (8 }}dt+ft+2 [t it y(t) + i

t+1 t; tip1—t;

fs(tivn, y(tin))} + (1= a){tiff__ti fi (@t y(6) + i f3 (ti, y (i)t

By integration, the following results will be obtained:
« o” l h
Y (tiva) =y (tica) + [af (tim1, y(tia)) + (1 = @) f (timr, y(fia))] + S laf“ (8 y(8:)

+(1 = a) ' (i, y(t)] + 2hlaf (tir, y(tien)) + (1= @) f (tirn, y(tien))].

and
P (t2) = T°(1im0) + Sl Ui 0(ticr)) + (= @) (i y(tim)] + Sl (01, 0(8)

+(1 = a)f7 (i y(t:)] + 2h[af (i, y(tin)) + (1= a) [ (fign, y(tig))],

thus

Y (tiga) = Y (timr) + [[ (i1, y(tizn)) + [ (E y () + 4t y ()], (3.10)

7 (tig2) = ?“(ti—1)+g[7a(tz Ly(tim) + 7 ( y(8) + 4F (fi, y ()] (3.11)
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Therefore, the explicit three-step method is obtained as follows:

Y (tiga) = Y™ (tia) + S (tia, y(tion)) + (s y(t) + 4F* (tiga, y(tia)],
T (tize) = T(tict) + 2[F (tici, y(ticr)) + F (ti y(4) + 4F (tigr, y(tisn))],
yH(ti1) = ap, ¥y (t;) = ar, y*(tiy1) = a2, ¥ (ti 1) = a3, Y(t;) = u, Y (tiv1) = as.

(3.12)

3.3 Implicit two-step method

Now we are going to solve the fuzzy initial value problem y/'(t) = f(t,y(t)) by the

implicit two-step method. Let the fuzzy initial values be y(¢; 1), y(t;), i.e.,

ficn, y(tiza), £t y(t),

which are triangular fuzzy numbers and are shown as

{f tyti), feta,y(tio), [ty D)) 5 L (), £ (i y(t), £ (i y(t) )

Consider the following fuzzy equation,

iti) = i) + " By (3.13)

ti—1

By fuzzy linear spline interpolation for f(t;_1,y(t;—1)), f(t;, y(t;)), and

f(tiv1,y(tiv1)) and from (3.13) we have:

Y (tivr) = [y (ti1), ¥ (tig)]s
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where
P =y )+ [ ) + 0 - RGO 1)

JE afs(ty() + (1 — ) fit, y(t) Y,

7

and
Y (tig) =y (tic1) + /tt {afit,y(t) + (1 — o) fi(t, y(t))}dt+ (3.15)

S {afs(ty() + (1 — ) f5 (¢ y(1) Yt

If (3.2), (3.3),(3.5)and (3.6) are set in (3.14), and (3.3), (3.4), (3.6) and (3.7) in (3.15),

and in a way similar to that in section 3, we obtain the implicit two-step method as

follows:
Y (tipr) = y*(tia) + 2t y(tin)) + 20 (s y(t) + [ (i, y(tig))],
T (tir) = T (tic) + 20"t y(tizn)) + 2F (b y(8) + £ (tiprs y (i),
y(tio1) = ao, y*(t) = a, Y (ti 1) = o, ¥ (i) = as

(3.16)

3.4 Improved Predictor Corrector three-step method

The following algorithm is based on the explicit three-step method as a predictor and
also an iteration of the implicit two-step method as a corrector.
ALGORITHM (IPC three-step method)

To approximate the solution of the following fuzzy initial value problem

y'(t) = f(t,y(t)), tg<t<T,
ga(tO) = O‘nga(tl) = Oélvga(tZ) = Qug,
7 (to) = a3,y (t1) = a4, Y*(t2) = as,



an arbitrary positive integer N is chosen.

Tt
Step 1. Let h = =52,

Step 2. Let i = 1.

Step 3. Let

{ w(o)a(twrz) = w*(ti—1)

Step 4. Let t;19 = to + (i + 2)h,

Step 5. Let
{ WO (fisa) = w(1) + ()t w(8)) + AL (e wltiin)) + (B (trsrs 0 (102)),
W (tiyz) = W (t;) + (8) ] (ts, w(t:)) + Rf (tipr, w(tign)) + (5)F (tiya, 0O (tiga)),

Step 6. 1 =7+ 1.
Step 7. If i < N — 2, go to step 3.
Step 8. The algorithm will end and (w®(T),w*(T)) approximates the real value of

(1), 7(T)).

3.5 Convergence

To integrate the system given in Eq.(2.1) from ty to a prefixed T > t,, the interval
[to, T'] will be replaced by a set of discrete equally spaced grid points tg < t; < ty <
. < ty = T, and the exact solution (Y (t,a),Y(t,a)) is approximated by some
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(y(t,a),y(t, ). The exact and approximate solutions at ¢,, 0 < n < N are denoted
by Yu(a) = [V, (a), Y, (a)], and y,(a) = [y (), 7, ()], respectively. The grid points
at which the solution is calculated are t, = to +nh, h= (T —ty)/N, 1 <n < N.

From Eq. (3.16), the polygon curves
g(ta ha 04) = {[toago(a)]a [tlagl(aﬂ? SRR [tNagN<a)]}a

y(t, hy @) = {[to, Jo(a)], [t1, G1 ()], -, [tw, T ()]},

are the approximates to Y (¢, ) and Y (¢, a), respectively, over the interval ty < t < ty.

Now we are going to prove

limheog(ta ha O‘) = X(tv O{), limh—@y(tu ha O{) = 7(t7 O[).

Theorem 3.5.1. For any arbitrary fized r : 0 < r < 1, the implicit two-step ap-
prozimates of Eq. (3.16) converge to the evact solutions Y (t,a),Y (t,a) for Y.,V €

C3[to, TY.

Proof. It is sufficient to show
limp—oy (o) =Y(T,a), limp—oYy(a) = Y(T,a).

By using Taylor’s theorem we have:

Kn—&-l(a) = Xn—l<a)+%f(tnlvzn—l(a))+hf(tn7Kn(a))+gf(tn+lvXn+1(a))+éhgxlll(€n)v
Vai2(0) = Vo 1@ +5 Flta 1, Va (@) 40t Val@)+ 5 (i1, Vi) 4 17",
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where t,, < §n,gn < tpi1- Consequently

Yola) =y, (@) =Y, y(a) =y, (@) + 5{f(ta1, Y, () = f(ta1sy, ()}

W{f(tn, Y (@) _f(tnvgn(a>>}+g{f(tn+lv Y, (@)= f(tnra, ynﬂ(a))}Jréh?’X'"(&n)?

Vo1 (@) = Gpya (@) = Yioi(@) = G, g (@) + B{ f(tno1. Yoot (@) = ftne1, Ty 1 () 1+
P (s V(@)= (B0 1+ 5 L s, Vo (0)) = P, Trsa (@)} + 076,

Denote w, =Y, (a) —y (a), v, = Y,.(a) = 7,(a). Then

hL hL 1
[ wa1| < ALy fwn| + (1 + 72)|wn—1| + (TS)|wn+1| + gh3Ma
hL hL 1 .—
V1| < hLafva| + (1 + —25)|Un—1| + (—26)|Un+1| + 6h3M7

where M = maay,<i<r|Y" (t, )| and M = mazy,<i<r|Y (¢, ).

Set
2
L= ma/l'{LlaLQaL& L47L53L6} < Ea
then
2L 24 hL ,
< (—
2L 24 hL —
< (207 -
|vn+1|—(2_hL>|Un| (2_hL)|vn*1|+(6_3hL)h M7
are obtained, where |u, | = |w,|+|v,|, then by Lemma (2.5.1), and also by wy = vy = 0

and wy = v; = 0) we have:
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2hL -
(2 hL)n ! 1

|un| < ‘_ShL—z 6 3th3(M—|-M)—|—{61(22thL)” 4_|_§ (22thL>n 5_|_ +5 (2hLL)+

2—hL

1) (30 ()

B (L D) G )+ GG T P b A

6—3hL

M)+ { () M (5 )+ A (P ) + 1 G )P (g P (M + M)+

If A — 0 then w,, — 0 ,v, — 0, which concludes the proof.

Theorem 3.5.2. For any arbitrary fired o : 0 < o < 1, the explicit three-step
approvimates of Eq. (3.16) converge to the exact solution Y (t,),Y (t,a) for Y., Y €
C3[to, T).

Proof. Similar to Theorem 3.5.1.

Theorem 3.5.3. The explicit three-step method is stable.

Proof. For the explicit three-step method, there exists only one characteristic
polynomial p(A\) = A* — A, then it satisfies the root condition and, therefore, it is a

stable method.

Theorem 3.5.4. The implicit two-step method is stable.

Proof. Similar to Theorem 3.5.3.

Regarding the above-mentioned theorems, it is obvious that the IPC Three-step

method is convergent and stable.
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3.6 Numerical examples

Example 3.6.1. Consider the initial value problem

y(t) = —5(t) +t+1,

7(0) = (0.96 + 0.04a,1.01 — 0.01),

7(0.01) = (0.01+(0.985+0.015a)e™ %% — (1—)0.025€%°1, 0.01+(0.985+0.015a) e %01 +

(1 — @)0.025¢%91),

7(0.02) = (0.02+(0.985+0.015a)e %02 —(1—)0.025€%92, 0.02-+(0.985+0.015a ) e %92+

(1 — )0.025¢%%),

The exact solution in at ¢ = 0.1 is given by

Y(0.1,a) = (0.14(0.985+0.015a)e ™% — (1 — a)0.025¢%!, 0.14(0.98540.0150)e 0! +

(1 — @)0.025¢%1).

The results of the implementation of the numerical method, the explicit three-step
method, and the IPC three-step method, with N = 10, on the mentioned differential
equation are shown in Tables 3.1 and 3.2.

Table 3.1, contains real values, the error of Adams-Bashforth three-step method de-
noted by error 1, and the error of the explicit three-step method, denoted by error
2. Also, Table 3.2, contains real values, the error of the Predictor-Corrector Three-
step method, denoted by error 1 and the error of the IPC three-step method denoted

by error 2. The comparison of the exact solution with the approximate one at the
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O0—level and 1—level is depicted in Figures 3.2, 3.3.

o Y Errorl Error2 Y Errorl Error2
0 .9636355838 -0.62158736e-2 0.43803e-5 1.018894130 0.6215822e-2 0.4339e-5
0.1 .9677557672 -0.55942890e-2 0.41948e-5 1.017488459 0.5594237e-2 0.4158e-5
0.2 .9718759506 -0.49727043e-2 0.40093e-5 1.016082788 0.4972653e-2 0.3977e-5
0.3 .9759961341 -0.43511197e-2 0.38238e-5 1.014677116 0.4351068e-2 0.3796e-5
0.4 .9801163175 -0.37295351e-2 0.36384e-5 1.013271445 0.3729484e-2 0.3614e-5
0.5 .9842365009 -0.31079505e-2 0.34528e-5 1.011865774 0.3107899%¢-2 0.3433e-5
0.6 .9883566843 -0.24863659e-2 0.32673e-5 1.010460103 0.2486314e-2 0.3251e-5
0.7 .9924768677 -0.18647817e-2 0.30814e-5 1.009054432 0.1864729e-2 0.3070e-5
0.8 .9965970512 -0.12431969e-2 0.28960e-5 1.007648760 0.1243144e-2 0.2888e-5
0.9 1.000717235 -0.621613e-3  0.2710e-5 1.006243089 0.621560e-3  0.2708e-5
1 1.004837418 -0.27e-7 0.2525e-5  1.004837418 -0.25e-7 0.2526e-5
Table. 3.1.
o Y Errorl Error2 Y Errorl Error2
9636355838  -0.3872162e-3 -0.6166e-6 1.018894130 0.387222e-3 -0.580e-6

0.1 .9677557672 -0.3484943e-3 -0.6157e-6 1.017488459 0.348500e-3 -0.583e-6
0.2 9718759506 -0.3097723e-3 -0.6147e-6 1.016082788 0.309778e-3 -0.585e-6
0.3 .9759961341 -0.2710505e-3 -0.6138e-6 1.014677116 0.271057e-3 -0.588e-6
0.4 .9801163175 -0.2323286e-3 -0.6128e-6 1.013271445 0.232335e-3 -0.591e-6
0.5 .9842365009 -0.1936066e-3 -0.6120e-6 1.011865774 0.193613e-3 -0.594e-6
0.6 .9883566843 -0.1548847e-3 -0.6111le-6 1.010460103 0.154891e-3 -0.596e-6
0.7 .9924768677 -0.1161628e-3 -0.6105e-6 1.009054432 0.116169e-3 -0.599e-6
0.8 .9965970512 -0.774410e-4 -0.6095e-6 1.007648760 0.77447e-4 -0.602e-6
0.9 1.000717235  -0.38719e-4  -0.609e-6  1.006243089  0.38725e-4  -0.604e-6

1 1.004837418 0.3e-8 -0.607e-6  1.004837418 0.3e-8 -0.604e-6

Table. 3.2.
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Fig. 8.1. Comparison of exact and approximate solutions obtained

by the use of the IPC at 0-level in example 3.6.1.

Solid curve: Real value; Dotted curve: IPC.

Fig. 8.2. Comparison of exact and approximate solutions obtained

by the use of the IPC at 1-level in example 3.6.1.
Solid curve: Real value; Dotted curve: IPC.
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Iig. 3.3. Comparison of exact solution, Adams-Bashforth three-step method
and explicit three-step method in example 3.6.1.

Solid curve: Real value; Dash Dotted curve: Adams-Bashforth three-step

method and Dotted curve: explicit three-step method.
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Fig. 8.4. Comparison of exact solution, Predictor-Corrector method
and IPC method in example 5.6.1.

Solid curve: Real value; Dotted curve: IPC method and

Dash Dotted curve: Predictor-Corrector method.

Example 3.6.2. Consider the initial value problem

y(t) = —g(t),

7(0) = (0.96 + 0.04,1.01 — 0.01a),

7(0.01) = (0.01+(0.9854+0.015a)e %% —(1—)0.025¢%%% 0.01+(0.985+0.015a) e 001+

(1 — )0.025¢%01)

7(0.02) = (0.02+(0.985+0.015c)e =20 —(1—)0.025¢%%% 0.02-+(0.985+0.0150) e 7002+
(1 — )0.025¢%02),
The exact solution at ¢ = 0.1 is given by

Y(0.1,a) = ((0.985 + 0.015a)e™! — (1 — a)0.025¢%, (0.985 + 0.0150)e™0! + (1 —
)0.025¢01).
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The results of the implementation of the numerical method, the explicit three-step

method, and the IPC three-step method, with N = 10, on the mentioned differential

equation are shown in Tables 3.3 and 3.4.

Table 3.3, contains real values, the error of Adams-Bashforth three-step method de-

noted by error 1 and the error of the explicit three-step method denoted by error 2.

Also, Table 3.4, contains real values, the error of the Predictor-Corrector Three-step

method, denoted by error 1 and the error of the IPC three-step method denoted

by error 2. The comparison of the exact solution with the approximate one at the

0—level and 1—level is depicted in Figures 3.6, 3.7.

o Y Errorl Error2 Y Errorl Error2
0 .8636355838 -0.62158733e-2 0.6788e-6 .9188941296 0.62158200e-2 0.6366e-6
0.1 8677557672 -0.55942887e-2 0.6777e-6 .9174884584 0.55942351e-2 0.6395e-6
0.2 .8718759506 -0.49727040e-2 0.6766e-6 .9160827873 0.49726505e-2 0.6427e-6
0.3 .8759961341 -0.43511194e-2 0.6756e-6 .9146771161 0.43510658e-2  0.6458e-6
0.4 .8801163175 -0.37295348e-2 0.6745e-6 .9132714450 0.37294812e-2 0.6489%¢-6
0.5 .8842365009 -0.31079502e-2 0.6733e-6 .9118657738 0.31078964e-2 0.6520e-6
0.6 .8883566843 -0.24863656e-2 0.6722e-6 .9104601026 0.24863117e-2 0.6551e-6
0.7 .8924768677 -0.18647810e-2 0.6712e-6 .9090544315 0.18647271e-2 0.6582e-6
0.8 .8965970512 -0.12431963e-2 0.6701le-6 .9076487603 0.12431424e-2 0.6614e-6
0.9 .9007172346 -0.6216118e-3  0.6689%e-6 .9062430892  0.6215577e-3  0.6644e-6
1 .9048374180 -0.272e-7 0.6678e-6 .9048374180 -0.270e-7 0.6676e-6
Table. 3.5.
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o Y Errorl Error2 Y Errorl Error2

0 .8636355838 -0.3872159e-3 -0.6167e-6 .9188941296 0.3872223e-3 -0.5801e-6
0.1 8677557672 -0.3484940e-3 -0.6158e-6 .9174884584 0.3485004e-3 -0.5830e-6
0.2 .8718759506 -0.3097720e-3 -0.6148e-6 .9160827873 0.3097785e-3 -0.5857e-6
0.3 .8759961341 -0.2710502e-3 -0.6139e-6 .9146771161 0.2710566e-3 -0.5857e-6
0.4 .8801163175 -0.2323283e-3 -0.6129e-6 .9132714450 0.2323346e-3 -0.5911e-6
0.5 .8842365009 -0.1936063e-3 -0.6121e-6 .9118657738 0.1936128e-3 -0.5939e-6
0.6 .8883566843 -0.1548844e-3 -0.6112e-6 .9104601026 0.1548909e-3 -0.5966e-6
0.7 .8924768677 -0.1161625e-3 -0.6102e-6 .9090544315 0.1161689%e-3 -0.5993e-6
0.8 .8965970512 -0.774406e-4 -0.6093e-6 .9076487603 0.774471le-4 -0.6021e-6
0.9 .9007172346 -0.387187e-4 -0.6084e-6 .9062430892 0.387251e-4 -0.6048e-6

1 .9048374180 0.32e-8 -0.6084e-6 .9048374180 0.33e-8 -0.6076e-6

Table. 3.4.

0.92
o.sg
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0.5;
o.4§

0.39

Fig. 8.5. Comparison of exact and approximate solutions obtained

by the use of the IPC at 0-level in example 3.6.2.

Solid curve: Real value; Dotted curve: IPC.
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o sg
o.7§
o.sg

0.5

0.4

Fig. 3.6. Comparison of exact and approximate solutions obtained

by the use of the IPC at 1-level in example 3.6.2.

Solid curve: Real value; Dotted curve: IPC.
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Fig. 3.7. Comparison of exact solution, Adams-Bashforth three-step method
and explicit three-step method in example 3.6.2.

Solid curve: Real value; Dash Dotted curve: Adams-Bashforth three-step

method and Dotted curve: explicit three-step method.
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Fig. 8.8. Comparison of exact solution, Predictor-Corrector method
and IPC method in example 5.6.2.

Solid curve: Real value; Dotted curve: IPC method and

Dash Dotted curve: Predictor-Corrector method.

88



Chapter 4

Hybrid fuzzy differential equations

4.1 Introduction

In this chapter, some numerical methods for solving hybrid fuzzy differential equations
are proposed. We develop a numerical method for solving hybrid fuzzy differential
equations by an application of the multi-step methods for fuzzy differential equations.

The convergence theorem and a numerical example are also provided.

4.2 Multi-step methods for solving hybrid fuzzy

differential equations

Consider the hybrid fuzzy differential system

{ 2(t) = f(t,z(t), Ae(an)), te I, 1)
(tpy) = Ok, T(th2) = Qg2
where 7’7 denotes the Seikkala derivative, and I is an interval such that I NI;_; # 0,

fECIRT x Ex E,E], \x € C|E, E.
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To be specific, the system would look like

( xg(t) = f(t,xo(t), Mo(z0)), woltop) =ap1 wmo(tor) = a0 t too,to1 € Lo,
2y (t) = f(t, (), M(xr)), @1(tio) =ar1 x1(tiy) =a12 ttig.tin € 14,

xy(t) = f(t, x(t), \Ne(r)), T(tio) = Ak T(ter) = Qg ttho, ter € Ig,

(4.2)
For solving system (4.2) by the two-step method, first we replace each interval
Iy, Iy, ---  Ij,..., by set of N 4+ 1 discrete equally spaced points (incuding the end-
points) at which the exact solution z(t; ) = (z(t; ), Z(t; ) is approximated by
some (y, (t; ), Y, (t; ). For the chosen grid points on Iy, at t, = tx + nh, h =
W7 0<n <N, let (Y(t:a),Ye(t;a)) = (z(t,a),z(t,a)) where I N I_; =
{tei,v—1,tie1,n, tio. tea b, such that to_q vo1 = tro, temin = tia.

Then we have the following system:

xg(t) = f(t, xo(t), Ao(z0)), @o(top) = w1, wol(tor) =ao2 ,t€ {too,to1, - ton-1.ton}
t) = f(t,x1(t), \i(x1)), w1(tio) =arq, xi(ti1) =a1o t€{tiot11,+ ,tin—1,t1 N}

oy (t) = f(t,xe(t), Me(wr)), @(teo) = arr, Tu(ter) = ks ot € {thoter, s ten—1.tkN T},

(4.3)
Then we solve the following system (4.3) by the Adams Bashforth two-step method,

which can be written as:

{ Yin(a) =Y, (o) - (%)T(tk,n—la Yino1(a)) + (32) f (tin, Yin(a)), (4.4)
Yinr1(@) & Yia(@) = (5) f(ten1, Yim 1(@) + (5) F(tin, Yen(a)),
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By (4.4) we define:

)
)

(tk,nflv ykmfl(a» + (%)%(tk,m yk,n(a))v (4.5)

f
i(tk,nflv Yen-1(a)) + (37) (tkns Yron (@),

However, (4.5) will use

2070@) = Eo,o(a)a ?0,0(0‘) = 50,0(04)7 onl(a) = %71(04)7 ?071(04) = x071(a)7

QM(O‘) = Qk—LN—l(a)’ @m(a) = yk—l,N—l(a)v Qm(a) = Qk_l’N(O‘)a ym(a) = yk—LN(O‘)-
(4.6)

if £ > 1. Then (4.5) yields an approximation of Y, (t; @) and Y(t; a) for each of the
intervals Iy, Iy, -+ , I, ---

In a similar way, the hybrid fuzzy differential system 2'(t) = f(¢, x(t), A\g(xx)) can be
solved by the Adams-Bashforth three-step and the Adams-Moulton two-step method
as follows:

oAdams-Bashforth three-step method:

Yinsa (@) = Yy T 15 00f (i1 Yrin-1(0)) =16 F (thns Yo (0)) +23f (b, Yhns1 ()],

@k,n+2(a> = yk7n+1+%[57(tk,n*17 yk7n,1(a))—16i(tk7n, yk,n(a))+237(tkm+1a Yemi1(a))]

oAdams-Moulton two-step method:

Yiuir (@) =y, (a @)= ({5) f (trn—1: Y1 () +F(F) f (tns Ui () +C5)f (trngts Yrmas (@),
o1 (@) = Ty (@)= ({5) F (tron1s Y1 () F B F (s b (@) +CG5) F (Bt Yhma (@)
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4.3 Predictor-Corrector method

The following algorithm is based on the Adams-Bashforth three-step method as the

Predictor and the Adams-Moulton two-step method as the Corrector.

ALGORITHM (Predictor-Corrector three-step method)

To approximate the solution of the following fuzzy initial value problem

a'(t) = f(t,2(t), \e(xr)), t € Iy = [te, tey1]
2(teo) = Qo Z(thn) = Qg1 2(trz) = Qp s,
T(tro) = Wi, T(try) = g1, T(tr2) = Wp o

The positive integer N is chosen.

step 1. Let k= J.
step 2.
w o) =g, w. (o) =a ,w (a) =«

_j70 _j707_j71 _]71’_j72 _j72’

Wjo(a) =0, Wj1(a) = a1, Wia(a) =@z
step 3. Let h = % ,
step 4. Let ¢t = 1.

step 5. Let

{ Wi, 5(@) = w41 (@) + B[5f(i-1,w51(a)) = 16F(t),,10,4()) + 23 f(t) 01, wj 41 ()],
-
S5 f

—(0 _ _
W 0n(a) = Wi (@) + B[5F(tjimr wyim1 (@) — 16 (t14,w050(@0)) + 23F (t 441, i1 ()],
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step 6. Let t;19 = to + (i + 2)h,

step 7. Let

0
(t0wii (@) + () (1. wyier (@) + (B F(t 2, w04 (),
h

{ Mj,wrz(a) =W — (%)

Wjiv2() = W1 — (75)
step 8. 1 =1+ 1.
step 9. If : < N — 2 go to step 5.
step 10. j =7 + 1.

step 11.
wj+1,0(04) = wj,N—z(a)ijH,l(a) = wj,N—l(O‘)aij,z(O‘) = wj,N(a)

Wiy10(a) = Wi n_o(@), Wit11(a) = Wi n_1(a), Wit 2(a) = Wy ()

step 12. Go to step 3.
step 13. The algorithm will terminate and (wy, (), We,n()) approximates the real

value of (z(tgi1; @), T(tei1; @)).

4.4 Convergence

To prove the of convergence of the approximations in (4.5), For a prefixed k and
a € [0,1], we need to prove:
limy, g gk’N(a) = z(t, a) limy, o ¥y () = Z(t, )

Lemma 4.4.1. Let a sequence of numbers {w, }N_, satisfy:

|wp 1| < Alw,| + Blw, 1], 0<n<N-1
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for some given positive constants A and B. Then

[wn| < (A1 + BLA" B + A" BY + 4 BB un| + (A" 2B 4+ 1 A" B +
o+ 1 ABED Jwyg| n odd

and

w,| < (A" 14 BLA" 3B+ By A" 5B+ .+ B ABBI ) |wy | + (A" 2B 4y AV B2 4

o+ 7 BED g n even

where (s, are constants for all s and p.

The proof is straightforward, using mathematical induction is straightforward.

Theorem 4.4.2. Consider system (4.4). For a firted K € Z* and a € [0,1],

hmhﬂo @k’N(&) = f(tlﬁ»l; Oé).

Let {z;,(a)}2_, be the Adams-Bashforth two-step approximation to the fuzzy
IVP:

{ ?'(t) = f(t.x(t), Ae(a), €L, (4.7)

T(tey) = a1, o(tea) = Qg

If {y; (o)}, denotes the result of (4.5) for some y; o(), y;1(v) as the initial points,

foreach [ =1,--- N we have

Y () =y, (a) = (5)f (2 yiia(a)) + (%)f(tuh Yii-1(a)),

3h

M (tia—2, Yia—2(a)) + (=

5 ) (g, yig—1()).

(NG IPS N NGRS

Yisla) =71 (a) — (
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Also

)f(t il—2, Zig—2(a)) + (%)i(ti,lla Zi-1(a)),

3h

) (tig2, zi0—2(@)) + (=

éi,z(a)zéi,l—l( a) — (

Zig(a) = Zig1(a) = ( Vi1, zig1(a)).

wlb-lwlb

By the Lipschitz condition we have

3h

L1 [Zig—o = Yigo| + 7L2|§i,l71 - Qi7l_1|a

E Qi,z| <lzip1— Qi,1_1| + 5

_ _ _ _ h 3h _
Zig — Uiyl < |Zie1r = Yiya| + 5L3|§¢7172 - Qi,1_2| + 7L4|Zi,l—1 ~ Y1l

We put L = max{Ly, Ly, L3, L4}, si1 = 2;; — y., and t;; =Z;; — Y, then

3hL hL 3hL hlL
|Szl|<(1+—)|3u 1|+—|t” o and |t < (1 +—)|t,l 1|+ — |8i,l72|-

By adding the above equations and putting |w;;| = |si4| + |t;;| we obtain
sual el < i < (14 25 g1+ (sl
By using Lemma (4.4.1),
lw; | < Clw; 1| + D|w; o, (4.8)

~

whete ' = (14 3L)¥ -1 4 5, (14 3L)N3(EE) 4 5, (14 BL)N(EL)2 4 4 (5L)1))
N

and D = ((1+ 3E)V2() 4 91 (1 + BV 4+ (1 4+ BE) (D)),

Also

|w; n—1| < Elw; 1| + Flw;ol, (4.9)

where B = (1355 2.4 6, (14 L)X 4(5E) 1 5, (14 BE)V0(EL)2 4 45, () *5))

1

and F = (14 %L)V=3(EE) 4+ oy (1 -+ BE)N3(ELR g (14 3L) (A5
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For « = 0, we have
QM(O‘) = 2070@) = %70(@)7 ?Jmo(a) = z0,0(@) = EO,O(a)a
Q071<O‘) = ém(‘l) = %71(04)7 go,l(ﬂ = Z0,1(04> = f0,1(@)-

By (4.8), (4.9), it is clear that

|wo n—1], |wo,n| = 0.

By using Theorem (2.5.2), and (4.11) we have

hmhﬂo §0,N—1 = £170, hmhﬂo 507]\],1 = fl,o

limp ozgy =217, limpoZony =711
then

limp 0y, vy = L1 M0 Ton_1 = T10

limp oy, v =211, liMa 0¥y =T

For : = 1, we have

[ 9,,(0) =y, (@), Tro(@) = Toy-a1(a)

ng(O[) = 3071\/‘(04)7 ng(a) = gO,N(a)
Z10 = Ty, Z10 = T1p0
([ 211 = L1105 Z11 = T11

From (4.13), (4.14) we obtain

limy,_o QO,Nfl =Ty19= 21,0 then |Q170 - §1,0| — 0,
hmh_>[) yO,N*l = ELO = 21’0, then |§170 - z17(]| — 07

limy, o Yoy = %11 = 2115 then |Q171 — 211l =0,

hmh*)[) yO,N = le = 21717 then |g171 - 2171| — 07

then
wl,N—1|u |w1,N| = 0.
In a similar way we obtain

wy n-1], |win| = 0.
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Then by using Theorem (2.5.2), we obtain:

limy, g gk,N(a) = l(thrla Oé),

‘ (4.18)
limp, o ¥y, (@) = Z(tpy1, ).
4.5 Numerical example
Example 4.5.1. Consider the following hybrid fuzzy IVP,
LL'/(t) = 'T(t> + m(t))\k(l’(tk)% te [tka tk+1]7tk = kv k= 07 17 27 e
x(0; ) = [0.75 4 0.25r,1.125 — 0.1257], 0 < a <1,
(4.19)

2(t(mod 1)), if t(mod 1) < 0.5 0 ifk=0
m(t) = { , » Akp) = { .
2(1 —t(mod 1)), if t(mod 1) > 0.5 p, ifke{1,2,---}

The hybrid fuzzy IVP (4.20) is equivalent to the following system of fuzzy IVPs:

o (t) = wo(2), t e 0,1],

20(0; ) = [0.75 4 0.25a,, 1.125 — 0.1250], 0 < o < 1,

.T;(t) = .Tz(t) + m(t)xl(tz), t e [tiuti—l—l]u .Tz(tl) = $i_1(ti>7i = 1, 2, LN
(4.20)

In (4.20), 2(t) +m(t) A\ (x(tx)) is continuous function of ¢, x, and Ag(x(tx)). Therefore

by [20], for each £ =0,1,2,---, the fuzzy IVP

{ d'(t) = a(t) +m(t)Me(x(te)) t € [t trpa] te =k, (4.21)

x(ty) = xy,,
has a unique solution on [ty, tx;1]. To numerically solve the hybrid fuzzy IVP (4.20)by

using the Fuler method for hybrid fuzzy differential equations with N = 10 to obtain
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y1(2, ). we have

1 1
y1(1,a) = [(0.75 + 0.25a) (1 + E)10, (1.125 — 0.125a)(1 + E)m]’ 0<a<l.

Then

5,(11,0) = (1) + (g, (1, ) + m(1)g, (1)),

T(L1,0) = 7y(L.0) + o @1, ) + m(1)7 (1, )

y1(1+15g,0) = [(1+55)y, 1+ 5 @)+ 55y, (L o), (1+55)7: (1+ 5 @) + 557 (1, ),

and for i = 7,8,9,10,

(1415 o) = [(1+5)y, 1+ @)+ 550y, (L a), (14 35)7: (145 a) + 4557 (L)),
Let
1 .1 1 1 1
=1+ 4+ —(02k)(1+ E)g—’“ + = (0.2k)(1 4+ )t

10 10 10 10
k=1 k=1

Then

n (27 a) = C2y1(17 a)

= [e2(0.75 4 0.250)(1 + 15)°, 2(1.125 4+ 0.1250) (1 + $5)'°], 0 < @ < 1.

t  Euler,N =10 RK,N =2 Predictor-Corrector, N =10 Actual

1.0 2.59 2.717 2.717 2.718
1.5 4.75 5.286 2.28 5.29
2.0 8.66 9.67 9.67 9.68
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Conclusions and Future works

Taking into account that the convergence order of the Euler method is O(h) (as given
in [21]), a higher order of convergence is obtainable by using the methods proposed
and laid out in this thesis, namely, that a predictor-corrector method of convergence
order O(h™) be used where the Adams-Bashforth m-step method and the Adams-
Moulton (m-1)-step method are considered as predictor and corrector, respectively.
By following the ideas of [32], the proposed methods can solve the stiff problems.
Also in this work, three numerical methods based on fuzzy spline interpolation, i.e.
Explicit three-step method, Implicit two-step method, and IPC three-step method,
were discussed. We showed that our proposed IPC three-step method has more
accuracy and gives a better approximation than the Adams-Bashforth, the Adams-
Moulton and the predictor-corrector methods. It is worth mentioning that the IPC
three-step method can be generalized to IPC m-step methods.

In addition, a numerical method is provided for solving hybrid fuzzy differential equa-

tions, and the convergence of the method is proved.
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