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Abstract

In this project, two main topics are discussed, the numerical integration and the
interpolation of data. The idea of the research is to present the valid schemes in
order to implement the different methods of evaluating a definite integral numerically.
Also, the value of a function, by using the interpolation polynomial is evaluated and
a satisfactory solution is obtained.

For this purpose, because of the restrictions of the floating-point arithmetic, the
computations are performed in a new arithmetic, named ’stochastic arithmetic’, which
is able to estimate the reliable results. According to the idea of the CESTAC method
which is a method based on the stochastic arithmetic, a perturbation method is
presented, which is used for implementing the algorithms in the stochastic arithmetic.
Then, by using this method, the definite and improper integrals are computed. In
this case, the optimal number of the points in the numerical integration methods
is found. Also, in order to solve an improper integral, an optimal integer number
is evaluated which the integral can be estimated with a definite integral with valid
implementation. Some theorems are proved to show the accuracy of the numerical
integration methods.

At last, it is shown that one can find the optimal degree of the interpolation
polynomial which minimizes the error of it. For this purpose, the equidistant and
the Chebyshev points are considered. The interpolation polynomials are compared
with each other, by using these two kind of points. A theorem is proved to show the
accuracy of the interpolation polynomial. In this case, the results are computed by
the CADNA library.
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Chapter 1

Introduction

The simulation of the phenomena is the development of a scientific program which
translates a mathematical model and employs numerical methods to resolved it. If
a scientific program is performed on a computer, all the computations are imple-
mented with a floating-point arithmetic. In this arithmetic, the numbers, because
of the round-off errors, have a finite number of significant digits. Thus, the com-
puter arithmetic is merely an approximation of the exact arithmetic. In this case, the
fundamental properties of the exact arithmetic may not be satisfied. Therefore, the
results may be false. Hence, it is necessary to validate the results.

After studying and reviewing the subject of the floating-point arithmetic, a new
arithmetic based on a probabilistic approach, called ’stochastic arithmetic’, is pro-
posed which is able to validate the results and perform reliable scientific computations.
CESTAC ! method is an efficient method in order to estimate the accuracy of the
results on a computer. This method was developed by Prof. M. La Porte and Prof.
Jean Vignes in France in 1978 and was generalized by others.

CADNA 2 means Control of Accuracy and Debugging for Numerical Applications.

LControle et Estimation Stochastique des Arrondis de Calculs
2CADNA is a copyright of the Pierre et Marie Curie University of Paris (France)



The first goal of this software is the estimation of the accuracy of each computed re-
sult. This is done by implementing automatically the CESTAC method. Moreover,
CADNA uses all the new concepts and definitions of the stochastic arithmetic, spe-
cially the definitions of order relations and equality relation. To be very short, these
definitions take into account the accuracy of the operands. Then, CADNA is able to
control every branching which is the second goal of the library.

CADNA works on Fortran (77 or 90), C, C++ and ADA codes. CADNA is a
library which is used at the linking phase. New numerical types are available thanks
to CADNA : the stochastic types. The library includes the definitions of all the
elementary arithmetic operations, order relations and elementary functions defined
for the classical numerical types. The round-off error control is only performed on
the stochastic types and the accuracy estimation is available for any intermediate or
final result. For the output, only the significant digits are displayed. When a result
is a stochastic zero (i.e. is insignificant), the symbol @.0 is printed.

The last goal of CADNA is to give the users a tool for a real numerical debugging.
CADNA detects numerical instabilities during the run time. It must be pointed out
that this numerical debugging does not deal with the logical validity of the source
code but with the capability of the computers to give correct results when the code
is performed.

Of course, CADNA contains all the controls that are necessary for a good and
efficient implementation of the CESTAC method. These controls, that were pointed
out by the theoretical study, lead to a self-validation of the library. CADNA is able
to detect when the conditions for a right estimation of the round-off errors are not

satisfied anymore and when it happens, CADNA is able to advise the users.



Therefore, the numerical debugging and the self-validation of the CESTAC method
are performed by systematically detecting some numerical instabilities. The users are
warned by a trace that is let in a special file generated by CADNA. With this file,
using the symbolic debugger, the users can find the line of the source code which is
responsible for the instability.

For instance, the most important instabilities are :

1. The Instability of Division;

It means that a denominator of a division was a stochastic zero.

2. The Instability of Test;

It means that, when A <= B is tested, (A-B) is a stochastic zero. Following the
stochastic definition, the answer corresponding to the equality is given but the user
is advised that the mathematical answer can be the opposite. The last tool provided
by CADNA is that data errors can be taken into account for the estimation of the
final accuracy.

This library is based on the CESTAC which is a probabilistic approach for es-
timating round-off error propagation. The CADNA library defines new numerical
types : stochastic types (single, double or complex). All their arithmetic operators,
order relations, intrinsic or mathematical functions, have been overloaded. Conse-
quently, the use of the CADNA library is very easy and only requires changing very
few statements in Fortran source codes such as printing statements.

It is also possible with the CADNA library to take into account the physical data
error in the estimation of the accuracy of the results.

CADNA library is a tool to implement the stochastic arithmetic on any Fortran

code automatically. This library was written by Dr. Jean Marie Chesneaux in 1992.



According to the goals of the CADNA library, a perturbation method is proposed
for performing a Fortran code in the stochastic arithmetic so that these goals are
verified. In this case, the idea of the CESTAC method is considered, but the form of
the perturbation of the bits is different.

In Chapter 2, at first, a review of the floating-point arithmetic is presented.
Then, the idea of the CESTAC method and the stochastic arithmetic properties
are discussed. Also, the quality of the implementations of the main operations in
the stochastic arithmetic is explained which is used in the perturbation method. In
the last section, some numerical algorithms are presented and the advantages of the
stochastic arithmetic are shown in the examples.

In chapter 3, the numerical accuracy of indefinite integrals is explained. In this
case, the accuracy of the Closed Newton-Cotes integration methods is proved as
general. Some researches have been done about this topics which are developed them
in this project. Also, the numerical accuracy of The Gauss-Chebyshev integration
method is considered. In this case, by using the CADNA library, a numerical example
is performed. According to the theorems, one can find the optimal number of the
points in the integration methods which after this number, the accuracy of the results
is fixed. For an improper integral, an optimal number is evaluated in which the value
of the integral can be estimated by a definite integral. After this number, the value
of the integral is negligible. In the last section, some definite and improper integrals
are computed.

In chapter 4, the evaluation of optimal degree of interpolation polynomial by us-
ing the CADNA library is explained. One of the considerable discussions in data

interpolation is to find the optimal number of data which minimizes the error of the



interpolation polynomial. For this purpose, at first, a theorem corresponding to the
equidistant nodes is proved in order to estimate the accuracy of the interpolation
polynomial, when the number of data increases. In the last section, three examples
are implemented by using the Lagrange interpolation. In the numerical examples,
the Runge’s function is considered and is shown that, the Chebyshev nodes can pro-
vide a suitable interpolation polynomial which estimate the value of the function
satisfactorily.

In this chapter, the optimal number of the points is evaluated, for the interpolation
polynomial at the equidistant and Chebyshev points, such that at this number, the
error is minimized. Also the accuracy of the interpolation polynomial at the optimal

number of the points is shown.



Chapter 2

The Stochastic Arithmetic

2.1 Floating-Point Arithmetic

In the exact mathematics, any value x € R can be represented as follows:
x = emb°, (2.1.1)

where, € is the sign of x, m is the unlimited mantissa, b > 2 is the radix and e is the
exponent. If b=! < m < 1, the relation (2.1.1) is called a normalized floating-point
representation.

In a computer, the value x encoded in N digits. If F'is the set of all the value

representable in the computer then, z is in the form of X € F' as follows:
X = eMb®, (2.1.2)

where, M is the limited mantissa, encoded on p digits in the radix b and F is the
exponent encoded as an integer on ¢ digits in the radix b. In general £ = e, but the
case FE # e is possible. The sign of X is encoded on one digits, therefore, N = p+q+1.

In the single precision case a word is represented by 32 bits which are enumerated

from 0 to 31. In this case, the first bit from left is the sign bit which is 0 if X is
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non-negative and 1 if it is negative. The next 7 bits are the exponent bits and the
last 24 bits are the mantissa bits. Hence, ¢ = 7 and p = 24.

In the double precision case a word is represented by 64 bits which are enumerated
from 0 to 63. In this case, the first bit from left is the sign bit and the next 10 bits
are the exponent bits and the last 53 bits are the mantissa bits. Hence, ¢ = 10 and
p = 53.

The values which exceed p significant digits can not be encoded exactly in the

computer, consequently, they contain a relative error as follows:

X—z M-m -—r
a = = :—,
T m m

where, r = m — M is the lost part of the mantissa m.

In a numerical algorithm if one wants to perform the operation r = awb, a,b,r € R,
where w is an exact arithmetical operator, the computer performs the operation R =
AQB, A, B, R € F, where () is a floating-point operator. For any €2, the informatical
results are contained rounding errors, because the results must be encoded in N
digits. If b = 2 and X € F' is a normalized floating-point value, then 0.5 < M < 1
and M =>" a;27" where, a; € {0,1}. Therefore;

0o D 00 oo
m—M = E a;27" — E a;27" = g a2t =27P E api2”" =27Pa,
i=1 =1 i=p+1 i=1

where, a = Y% ap4;27". Therefore, m — M = r = 27Pa. If | a |< 0.5 then,
|m—M |<0.5x2Pandif | a|< 1 then, | m — M |< 27P. Thus, the rounding error
arising from the assignment operator is as follows:

r— X =em2¥ — eM2F = 28 (m — M) = 257 ?qa,

hence,

X =1z — 28 7Pq. (2.1.3)



In relation (2.1.3), 2 P« is the lost part of the mantissa due to the round-off
errors and F is the binary exponent of the result X.
The standard Institute of Electrical and Electronic Engineers (IEEE) defines four

rounding modes [4]:

1. Rounding to the nearest;
The floating-point number chosen is the nearest to the usual distance on R. In
this case, —0.5 < a < 0.5.

2. Rounding to zero or Chopping;
The floating-point number chosen is the closest to x in the interval with bounds
0 and z. In this case, 0 < a < 1.

3. Rounding to +o00 or Rounding to front;
The floating-point number chosen is the one immediately greater than x for the
usual ordering relation on R. In this case, 0 < a < 1.

4. Rounding to —oo or Rounding to back;
The floating-point number chosen is the one immediately less than = for the

usual ordering relation on R. In this case, —1 < a < 0.

Therefore, the scientific computations are used only in the bounded interval I C R
and if x is a real number more than p mantissa bits, It must be approximated by a
X € F in order to use in the computer. In the floating-point arithmetic with each
kind of the rounding, the usual arithmetic properties are not satisfied. In other words,

the computer arithmetic is an approximation of the exact arithmetic.



Let z1,79 € R and X, Xy € F, according to (2.1.3), X; = z1 — €,2F17Pa; and
X2 = L9 — 622E2_p062.

The rounding errors arising from each of the arithmetical operations are as follows:

e Addition;

Let + and @& be the exact and floating-point addition operators respectively.

Therefore,
X1 S5, X2 =21+ X9 — €12E1_pa1 — 622E2_p052 — €32E3_p043,

where, €5 , F3 and a3 are the sign, exponent and rounding error of the floating-

point addition respectively.

e Subtraction;

Let — and © be the exact and floating-point subtraction operators respectively.

Therefore,
X1 S) X2 =1 — T9 — €12E1_p(141 + €22E2_p042 - 632E3_p053,

where, €3 , F3 and a3 are the sign, exponent and rounding error of the floating-

point subtraction respectively.

e Multiplication;

Let x and ® be the exact and floating-point multiplication operators respec-

tively. Therefore,
X1 (24 X2 = X1.T9 — 612E17p061x2 — 622E27p062$1 + 61622E1+E272PO{1O£2 — 632E37p063,

where, €3 , F3 and a3 are the sign, exponent and rounding error of the floating-

point multiplication respectively.
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The forth term of the above relation is the second order in comparison with

27P_if the first approximation in comparison with 277 is considered then,
X1 ® X2 = T1.X2 — 612E17p061$2 — 622E27p042$1 — 632E37p053 + O(272p).
e Division;

Let / and @ be the exact and floating-point division operators respectively.

Therefore,
X10X,=X1®0 X5 " = (11 — 6127 7Py) ® (12 — 2" Pay) ! =

(1 — €125 Pay) @ (w5 + 252252 Pay + ..) =

X x _ (651 _ Q109 _ o
— + 62—22E2 pOéQ — 61—2E1 P _ €1€2 D) 2E1+E2 2p —|— e — 632E5 pCYg.
Consequently,
€ _,01 _p, L1002 _ _
X1 %) XQ = — — 612E1 P— + 622E2 p 5 632E3 pOé3 + O<2 2p)7
) ) Xy

where, €3, F'5 and a3 are the sign, exponent and rounding error of the floating-

point division respectively.
So, one can deduce the following theorem [§].

Theorem 2.1.1. Let R be the informatical result of a finite sequence of elementary
operations and r be the mathematical result of the same sequence of operations then,

R=r+ Zgi(dﬂEi_peiai +0(27%), (2.1.4)

i=1

where, g;(d) are quantities depending only on the data and algorithm and independent
from «y;. E;, a; and €; are the binary exponents, the lost part of the value because of
the rounding and the signs of intermediate results. n is the number of the operations

and p is the number of mantissa bits.



11

Consequently, R has the following form which is the first order approximation

with respect to 277,
R=r+) u(d)2 P, (2.1.5)
i=1
where u;(d) = €;g;(d)2F i =1,...n.
Proposition 2.1.2. Let r be a real value and R be its approximation. Then the

number of the correct significant digits of R is estimated by:

R—r

OR == —lOgl() | | . (216)

Proof. 1t has been proved in [18], if n is the number of correct significant digits then,

§(R) < 5 x 107" where, 6(R) = =1 is the relative error of R. Hence,

Ir|

| R—1r | 10— t1 | R—1 |
loglOT < logio 5 = 10910|—

:>n—1<—l0910|

| <-—n+1-1logp2<—-n+1
,

R—r
[, (%)

furthermore, 6(R) > 0.1 x 107" = 10~""!, hence, logioB="l > —p — 1 then,

7

—logio | B2 |<mn41 (sx).

If we denote Cr = —logyo | £~ |, then from (x) and (), C is an estimation of

n. O

It can be proved like proposition 2.1.2, if Cg is an estimation of the number of
correct significant bits then,

R—r

Cr = —logs | | . (2.1.7)
In order to prove (2.1.7), it suffices to consider 27"~! < §(R) < 27" in the proof.

Proposition 2.1.3. The lost accuracy obtained from an informatical calculations is

independent from the floating-point arithmetic accuracy.
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Proof. According to (2.1.5), | R—r |=277 | > ui(d)ay; |, therefore by using (2.1.7),

R—r -p n 2-p n n .
| == > wi(d)a; |[= Cr = ~loga(— | S wi(d)ai ) = p—logs | Zui(d)7 .
=1 i=1 i=1

r

The second term of this relation is the lost accuracy in the calculation of R. This

term is independent of p. ]

Let a and b be two real numbers as follows:

4 = a103...0f - Qfy1---01iC1---Cm , b= aqas...a - agy1...a511d1...d,y,

where, ¢; > dy. If c=0-¢;...c,, and d =0 - d;...d,, then,

+0b +d +d
a4 5 = 010200k~ Qo + 1071(0 5 ), 0< ¢ <1,
a—b=10"(c—d) ,01<c—d<1,
consequently,
a+b A102...0% . Qg 1G] c+d 1 N c+d
= = A1039...0%4 -
2(a — b) 10~ (c — d) 2c—d) M4 T 2(c—d)
hence,
a1ag...ag4] a-+b a10ag...0k4] +1 a1ay...ag4] +1
< < < <
12t c—d 2(a —b) c—d 0.1 ’
therefore,

a+b
lOgl()((llCLQ...CLk_H) < lOgl() | —_— |< 1+ lOglo(alag...(lk—i-l + 1)
2(a —b)

Thus, the following definition can be presented as the number of common signifi-

cant digits between a and b. This definition has been mentioned in [9].
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Definition 2.1.1. The number of common significant digits between two distinct

real numbers a and b, denoted by C,, can be defined by,

a+b a 1
Ca,b = logi \ m ‘: logio \

a—>b 2

If a = b then, Cyp = +o0. Also, if | a — b [<<| a+0b| then, Cyp =~ logio | =% |.

2.2 CESTAC Method

In this section, the modelization of a computed result is explained by using a per-
turbed arithmetic. Let z,y € R and XY € F and XQY be the result of a binary

floating-point operation with p mantissa bits then, according to (2.1.3),
XQY = awy — 28 Pea, (2.2.1)

where, w is the exact arithmetical result and 27P« is the lost part of the mantissa due
to round-off error.

The CESTAC method was developed by LaPorte and Vignes [16,31,32], in order
to estimate the accuracy of any computed result. For chopping arithmetic, the default
value for the mantissa is always kept. But, the excess value has the same validity to
represent the mathematical result. The method is based on the choosing of these two
values (0 or 1) with the same probability of % The implementation of this method
consists in adding to the last bit of the mantissa of each result of the floating-point
operation a quantity h which is 0 or 1 with the same probability.

For rounding to the nearest, h is -1 or +1 with the probability of %1 and 0 with the
probability of % Consequently, the floating-point arithmetic is replaced by a random

arithmetic which is called 'perturbed arithmetic’.
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In order to perturb the result in (2.2.1), the CESTAC method adds a random

quantity +2~Peh, which h is defined as explained in above. Then,
XQY = awy — 25 Pe(a — h). (2.2.2)

In other words, the CESTAC method replaces the rounding error o by o — h. By this
way the last mantissa bit is perturbed stochastically. Also this hypothesis is assumed
that, the exponent and the sign of the result are independent of the quantity a — h.

Therefore, the following theorem is deduced [§].

Theorem 2.2.1. Let R be the computed result using CESTAC method of a finite se-
quence which contains only the four elementary operations of the perturbed arithmetic.

Let r be the mathematical result obtained with the same sequence of operations, then,
R=r+Y ul(d)27(a; — h;) + O(27%), (2.2.3)
i=1

where, u;(d) are quantities depending only on data and algorithm. The o; are random

variables which depend on the previous h;.

In relation (2.2.3), two following hypothesis have been considered:

1-The exponents and the signs of any intermediate results are independent of the
quantities a; — h;.

2-There exist L and U such that L < u;(d) < U, i = 1,...,n. On the other hand
the coefficients u;(d) have a regularity.

The distribution of the random variables «; is given by experience. Hamming
and Knuth [19,20], have shown that the best assumption for the distribution of the
mantissa is logarithmic distribution. On this basis, Feldstein and Goodman [17], have

proved that, the round-off errors «; can be considered as random variables uniformly
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distributed on [0,1] for the chopping arithmetic and on [3}, 3] for the rounding to the
nearest arithmetic. Thus «; — h; are uniformly distributed on [-1,1] for the chopping
arithmetic and on [, 2] for the rounding to the nearest arithmetic based on theorem
2.2.1. The random variable R in (2.2.3), is identified to the term of the first order
in 27P. Therefore, a computer result R can be modelized by the random variable R
defined by:

R=r+) u(d)2"r;, (2.2.4)

i=1

where, u;(d) are constants and r; = «; — h; are independent uniformly distributed
random variables. The accuracy of random variable R depends on its mean p and
its standard deviation o. Let R;,7 = 1,2,..., N be the computed results which are
obtained by running N times the program with this new arithmetic. Chesneaux in
[5,8,11] demonstrated that,
1- The mathematical expectation of the random variable R is equal to the mathe-
matical value r. In other words, E(R) = r.
2- The distribution of the R; is quasi-Gaussian (quasi-Normal), and therefore, it can
be used the T-distribution or Student law on this distribution.

If the last mantissa bit of R is changed then, R is considered as a random variable
as mentioned. In this case, the following theorem can be proved, which has been

mentioned in [22].

Theorem 2.2.2. Let r € R be exact value and R € F' is an approrimation of r in
the floating-point arithmetic. Let p and o be the mean and standard deviation of R
respectively. Then, the number of the correct significant digits of R, denoted by Cg,

15 estimated as follows:
A

CR = lOglOT (225)
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Proof. According to (2.1.6), 107% =| £= | hence, (1 — £)2 = 10727 Since,
E(R) = p=r and 0®> = E(R?) — (F(R))? then,

2
E(1 - 5)2 = B(107%°7) = B(1 — ot R—Q) =107%" =
r roor
2 1
1— ;E(R) + S E(R?) =107 =
E(R 2 E(R? E(R
1_|_( ( ))2——E(R)+ (2>_( ( ))2_10—203
r r r r
1 _
= ﬁ[TQ + 02— 2rE(R) + (E(R))?] = 1072¢=
= U—z — 107" = 2 10O,
a
consequently, Cr = loglo@. [

According to (2.2.5), if Ry, Ry, ..., Ry are the samples of random variable R, and R
and S are their mean and standard deviation then, the number of correct significant
digits of R or the number of significant digits common to R and r, denoted by Cr.r
is estimated by:
| R |

S

It has been proved in [21], if R is a Normal random variable with mean p and variance

Cﬁ,r = lOglO . (226)

o? then, if Ry, Ry, ..., Ry are random samples of R, the random variable ;7;% has T-

distribution with N — 1 degree of freedom, where R and S are the mean and standard

deviation of the samples. If it is denoted, the T-distribution value with N — 1 degree

of freedom and the probability level 1 — 3 by 75 then,

R—,u - TﬁS F—u T/@S

——— =13 =>R—-—pu= = —=—= = =

s;VN ” "=UNT TR T UNER
E—,u TgS \/N‘E‘

—logio(] A ) = —10910(m) = logao( );

TﬂS

VN[R|

according to (2.1.6), Cz = logio( 9

), hence, the following definition is obtained;
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Definition 2.2.1. The number of correct significant digits common to R and 7,

denoted by C% ., can be estimated by:

Cg, = loglo(\/ﬁTﬁ‘SR l) (2.2.7)
where, R and S are evaluated as follows:
1
R= N;Ri, (2.2.8)
S— |1 i(&- — R)2. (2.2.9)
N—-14

If S =0 then, it is considered, Cg . = +00.

In the CESTAC method N =2 or N =3. If N = 3 and § = 0.05, according to
the T-distribution table 73 = 4.303. If N = 2 and 8 = 0.05 then 73 = 12.706. Let
N =3 and 8 = 0.05, the relation (2.2.7), is simplified as follows:

| R V3 |R|

Cg,. = logo 5 + 109104'303 = logio 5 0.39,
consequently,
R
Oﬁﬂ“ = logm’—s| —0.39. (2210)

The validity of the CESTAC method depends on the use of Student’s test to R defined
by (2.2.4), to estimate r. If the probabilistic approach for the «; is not completely
satisfied, the variables a; — h; are not centered and the Student’s test gives a biased
estimate for the mathematical result . In CESTAC method, the formula is used for
the number of the significant digits which is very robust with respect to possible bias,
this is due to the small number of the realization and to the structure of the formula.

The logarithm has small variations. The approximation to the terms of first order is
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more important for the method. It concerns only multiplications and divisions, and
it depends on the accuracy of the result.
If R is a Normal (Gaussian) random variable with mean p and variance o then,

there is a Ag € R such that [31],
PR € [pn—Ago,p+ Ago]) =1—p.

The interval Ig p = [u—Ago, i+ Ag0], is the confidence interval of i at level 1— /. The
Mg is the standard Normal distribution value with the probability 1— /3. In practice, in
order to have the same confidence interval for R with N sample values R;,i = 1,2, ...N
obtain by CESTAC method, it is considered the interval Js g = [R — 755, R + 759].
Because, when N tends to +o00, R, S and 75 tend to p, o and Ag respectively, the

following proposition is concluded:
Proposition 2.2.3. limy_,« Jgr = I3 k.

The following value is an upper bound for the number of common significant digits

between p and each element of I3 [6].

Csr = lOQlo('/\BLJ'), o #0. (2.2.11)

If o = 0 then, Csr = +oo. In relation (2.2.11), N has not been appeared. If 0
does not belong to I g then, | i |[> Ago. In this case, Csr > 0. If 5 = 0.05 then,

A = 1.96. Therefore, the relation (2.2.11) is simplified as follows:

1
Cs,r = logio~— + log10M = logloM —0.29,
AB o o
thus,
T 11 B
6.R = 10g10~ 0.29. (2.2.12)

According to (2.2.10) and (2.2.12), if N = 3 and 8 = 0.05 the values C%, and Cs g

are close to each other.
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2.2.1 The Algorithm of the CESTAC Method

When the CESTAC method is used in order to implement an algorithm, any result
R € F is a random variable with mean p and variance o2. Hence, a stochastic
arithmetic should be used. When the last mantissa bit is perturbed N times, the
samples Ry, Rs, ..., Ry are produced which are used to estimate p and o. Then, the
mean of these samples is considered as estimation of the result and the variance of
them is used to determine the accuracy of the result. The main idea of the CESTAC
method is to evaluate the number of significant digits of the result R effectively. The
number N can be any natural number like 2,3.5,7, but since every result r of every
arithmetical operator is bounded between two floating-point values R™ (rounding to

front) and R~ (rounding to back), usually N = 3 is considered to estimate R. The

algorithm of this method is as follows:

1. Implement the program N times synchronously by using new stochastic arith-

metic. Thus, N realization, R;,7 = 1,2, ...N, are obtained.
2. Evaluate R = % Zf\il R; in order to estimate the result R.

3. Evaluate the number of common significant digits between R and the exact

value r € R, Cg,, using the relation (2.2.7) to find the accuracy of the result.

If N = 3, the relation (2.2.10) is considered to evaluate Cg .. In the CESTAC method
if Cg, <0, there is an instability in the evaluated result. In this case, the result is

not reliable.
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2.2.2 The Algorithm of the Perturbation Method

Let r € R be the exact value and R € F be its correspond value in the floating-point
arithmetic. In place of the perturbation the last mantissa bit by replacing o — h by
« stochastically and finding the samples R;,i = 1,2,...IN, the error a can change
uniformly on the interval [-1,1]. In relation (2.1.3), If N = 3 then, a should be
changed 3 times in this interval uniformly. Thus, the algorithm of the perturbation

method is as follows:

1. Produce N stochastic number on the interval [0,1] uniformly. Then, by using
the variable change o; = a+u;(b—a),0 <w; <1,i=1,..., N, find N stochastic

number in the interval [a,b]. If [a,b]=]-1,1] then, a; = —1 + 2u;.

2. By using the relation (2.1.3), find N samples R;, i = 1,2,..., N; where,

R; = R — e2F7Pq,.
3. Evaluate R = + Zf\il R; in order to estimate the result R.
4. Evaluate Cg, by using the relation (2.2.7) to find the accuracy of the result.

In the perturbation method it suffices for perturbing a floating-point value like
X, to use the subroutine rand(X, X X, eps). In this subroutine, X is considered as a
random number that must be perturbed. X X is a 3-array which is obtained by using
perturbation algorithm. ‘eps’ is the magnitude of the perturbation. If eps < 277 then,
the last bit of the mantissa is perturbed. If one wants to perturb the previous bits,

eps must be chosen so that eps > 27P. In this case, if p’ is the smallest integer number

logioeps H

where, 277 < 277 < eps then, —p'logio2 < logigeps therefore, if p' = | s

then, p’ < 24 in single and p’ < 53 in double precision. [.] means rounding to front.
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In this case, the p'th bit is perturbed. It is natural, if the previous bits are
perturbed the accuracy of the estimation decreases, so, this action should be done if
necessary. Usually when the variance of the samples is zero, the previous bits should
be perturbed.

The subroutine 'rand’ and ’vari’ are printed in appendix 2. In the subroutine
vari(w,ave,var,cad), ¢, the number of significant digits of the mean value of the array
w, is evaluated. If ¢ < 0 then, the result has not any significant digits. In this case,

the notation @0 is printed.

2.2.3 The Advantages of Using the CESTAC or Perturbation
Method

The applying of the CESTAC or perturbation method in a scientific program has the

following advantages:

1. The accuracy of any numerical result is estimated, during the running of a

program.
2. The numerical instabilities are detected and the branching are checked.

3. Unnecessary iterations are eliminated which the floating-point arithmetic is not
able to distinguish them. In some cases, the termination criterion of iterative
methods is not suitable so that, the implementation of the algorithm is con-
tinued without improvement in the accuracy of the result. In the stochastic
arithmetic, instead of the termination criterion, a criterion that directly reflects

the mathematical condition, is replaced, that must be satisfied by the solution.
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4. It is able to find the optimal step of the iterative methods, which after this step,
the accuracy of the result does not increases or maybe decreases, because of the

rounding error accumulation.

5. It is an effective and powerful tool that helps to achieve the validation of scien-

tific programs and gives them a reliability.

2.3 The Main Definitions and Properties of the
Stochastic Arithmetic

By using the CESTAC or perturbation method, the N results of each arithmetical
operation can be considered as realization of a Gaussian Random variable centered on
the exact mathematical result. In this case, a new number called stochastic number
and a new arithmetic called stochastic arithmetic are defined. In this section, the
main definitions and properties of this arithmetic are explained. The details can be

found in [4,6,12,25,33].

Definition 2.3.1. The set of stochastic numbers is denoted by S which is applied to
the set of Gaussian random variables. An element X € S is denoted by X = (u, 0?)

where, 41 is the mean and o? is the variance of X.
Definition 2.3.2. X € S is a "stochastic zero”, denoted by 0, if and only if,
X =(0,0) or Csx <0. (2.3.1)

Definition 2.3.3. A computed result by using the CESTAC or perturbation method

R is an "informatical zero”, denoted by @0, if and only if,

R=0 or Cz,<0. (2.3.2)
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Definition 2.3.4. Let X; = (uy,0%) and Xy = (ug,03) be elements of S. The four

elementary operations, denoted S*, S, S* and S/, are defined as follows:

X158t Xy = (i + pa, 07 + 03)
X187 Xy = (1 — o, 07 + 03)
X185 Xy = (ppia, 307 + pio3)
xs = (2 (2) + (59) ) i 20
Definition 2.3.5. Let X, Y € S, X is stochastically equal to Y, denoted X S=Y if

and only if, XS7Y = 0.

Definition 2.3.6. Let X; = (uy,07) and Xy = (2, 02) be elements of S. The com-

parative operators are defined as follows:

X157 Xy & jiy — pa > Ag\/0F + 03,
X1S<Xo & pg — g > )‘Bm,
X152X, & X1S7Xy or py > o,
X15X, & X.157Xy or iy < ps.

Let xy,m5 € R, X} = (u1,0%) and Xy = (s, 035) be elements of S, the following

properties can be proved, according to above definitions:
1. If py = po then, X157 X,
2. 11 =19 & X157 Xo,
3. X157 Xy = py > po,

4.y > pe = X152 X,



10.

11.

12.

13.

14.
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X152 X, & X157 X, or X157 X,

. X157 X, and X55< X5 = X5°X;,
X155 X, = X1S7X, or X15<Xo,
X157 X, and X587 X; = X185 X,,

. 0 is the identity element of the stochastic addition,

VX eS XST0 = X,
vXeS XS5*0=0,
S~ is a reflective and symmetric relation, but is not a transitive relation.

Let X € S then, X = 0 if and only if, 0 € I3 x. In other words, a stochastic
number is a stochastic zero, if and only if, 0 is in its confidence interval. The

following statements are equivalence:

a) X =0; b)|p|<As0; ¢)0€ gk,

S> is a transitive relation, and S= is an anti-symmetric and reflexive relation,

but it is not a transitive relation,

The associativity and distributivity rules hold for the stochastic arithmetic.

Thus, stochastic arithmetic is able to retrieve most of the properties of the exact

arithmetic, which have lost in the floating-point arithmetic. Of course, there are

some differences between the exact and stochastic arithmetic like the properties 11

and 13.
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2.4 CADNA Library

In order to implement the CESTAC or perturbation method on a program, the
floating-point arithmetic must be substituted by the stochastic arithmetic. Then,
each operation is implemented N = 2 or 3 times synchronously, before implement-
ing the next operation. If one wants to run a program on the stochastic arithmetic,
each line of the program must be changed by an array. In other words, the program
must be rewritten in the stochastic arithmetic. In this case, all of the mathematical
functions and instructions must be changed. The Fortran 77 and 90 are suitable
programming languages in order to use the stochastic arithmetic. Because in this
new arithmetic for every floating-point number there is an N-arrays of the perturbed
floating-point number, the operands are N-arrays and thus, the result of an operation
is an N-array. In the CADNA library, in order to avoid the increase of execution time
of the program, N = 3 is considered.

CADNA was designed for implementing the stochastic arithmetic in 1990. This
library is able to run the CESTAC method on any Fortran program simultaneously.
By using CADNA library the floating-point arithmetic is replaced by the stochastic
arithmetic automatically. This library was written in ADA at first and then was
provided in Fortran in 1992 [7,10,34].

In order to use the CADNA library, it suffices to place the instruction USE
CADNA at the top of the Fortran program. Also it must be replaced the real and
complex type of values by the stochastic type, and changed the output instruction.

A sample program in order to run with CADNA library is shown in the following:
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program sample

use cadna

type (double_st) The list of the real variables

call cadna_init(-1)

The Main Program

print *, "value=" Str(value)

end

The function ”Str” in the output instruction shows only the significant digits of the
value. In other words, in CADNA only the significant digits are printed. Hence, if the
number of significant digits become zero, it is shown with the notation @0. It means
that the value is an informatical zero. Also, if the real values are in single precision,
it must be placed type(single_st) at the related line (similarly for the complex value).
Some programs are printed, which have been run with the CADNA library in appendix
2. By using CADNA library any instabilities and detecting insignificant results have
been shown. In CADNA, all the arithmetical operators and ordered relations have
been overloaded and input/output instructions have been modified. If an informatical
zero is detected in an instruction or a branch then, the warning message 'Instability
Detected in the Branching’ is written which means an instability has been detected
in the related branch or line and it is shown by @0. In this case, the user should find
the cause of this instability and note that the result of the algorithm is not reliable.

The program execution time by using the CADNA library is about 3 times of
executing it, using the floating-point arithmetic, but this is acceptable because of the

important advantages of this tool which is the validation of the result and algorithm.
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2.5 The Quality of Implementation of the Elemen-
tary Operations in Stochastic Arithmetic

Let a,b,c € R and ¢ = awb where, w be the exact operator. The correspond floating-
point operator is C' = AQB, where, A, B,C € F. In the stochastic arithmetic
A, B, C are considered as random variables in S and the operation is in the form of
C = ASYB. In order to implement the stochastic operator S“, N random samples are
obtained as mentioned, for any of the values A and B. The operation 2 is performed
in the form of ¢; = a;Q2;; © = 1,2, ..., N, in this new arithmetic. The number N can be
any natural number such as N = 2, 3,5, 7, but in order to avoid increasing the number
of arithmetical operations, it is considered N = 3. Let puq, tp and p. be the means
and 02, o7 and o2 be the variance of the random samples a;, b; and ¢; respectively.
The mean and variance of ¢ can be obtained directly by using the samples a; and b;
so that the relations in definition 2.3.4 be established exactly or approximately. It
is proved for any operation in the following. At last, u. is considered as the result
of the stochastic operation S“. The o, is used for estimating the number of correct

significant digits of this result.

2.5.1 Addition and Subtraction operations;

Let c=a=+bthen, ¢, =a;£b;; 1 =1,2,...,N.

Hence,
N

1 & 1 & 1 1 &
,Ua:l:,ub:Nzaiiﬁzbi:NZ(aij:bi):NZCi:,uc»
i=1 i=1 i=1

=1

consequently, p, £ pp = pe. Furthermore, since the random variables a and b are

independent, the covariance between them is zero. Thus, E[(a — ua) (b — )] = 0,



hence,

Z[(ai = tta) (bi — )] Px (;) = 0,

=1
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where, X = (a — po) (b — ) and x; = (a; — pa) (b — pp); @ = 1,2,..., N. Because of

the uniformity of random variables x;, the probability of occurrence for each one of

them is equal to %

Hence,

i ) (bi — ) = 0, (2.5.1)

=1

consequently,

2., 2 _ 2
hence, o + 0} = 0-.

2.5.2 Multiplication operation;

Let ¢ = a.b, then ¢; = a;.b;; i =1,2,...,N. According to (2.5.1),

1 & - BN~ e
:NZ b_ub Z:: ~—N§ai—ﬁzbi+ﬂaﬂba

consequently, tqp = pe. Besides,

1 N 1 N

2 2 2
- 7 c — Zb’L a

Oc N 1 ;:1 (C 2 ) N 1 ;:1: (a 2 ,ub)
1 al 1

= o7 2 (0 — i) = g Dlelth il + i — ol

i=1 =1
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1
g 2 (@ ) (b = ) + s D (af -

i=1

R 1 N
ZNjTZXﬁ—%Mﬁ—%M"——%Exﬁ

N
i=1 N -1 i=1 o 1M;a_ﬂa.

The first term of the last relation is almost zero, because, p, ~ a; and p, ~ b;.

Therefore,

[\o}

—_
=2

2

a —,ua .
z:l

hence, pZo? + pio? ~ o2

2.5.3 Division operation;

Let ¢ = ¢, then ¢; = $*; i =1,2,..., N. Hence,

N N N
Ha %Zi:l a; > ;D iy bi

=1 Q;

mp YN b bbby biby by

. aq 1 i a9 1
by |14+ 2+8+.  +58] b |14+24+84 4+
an 1 1 (Gl (05} )
o N ~o (g Y
bn 1+f—;+f—;+...+—blggl N \b b by
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1
:N(CI+C2+”'+CN):/“’LC7

consequently, ﬁ ~ 1. (We note that, by >~ by ~ --- >~ by). Also for the variance of ¢,

since ZN i~ N ’;—‘;, it is concluded that,

=15 —
N 2
1 1 a I
2 _ 2 _ di _ Ha
UC_N—1;(CZ pe) N—lz_l(bz m)
o1 i ai  pg
CON-14& b7

Besides,

up o oy (N=1Dpi 4 My =
1 ai pp o peb; ol
= e

4 2

1 N[@?u%ui@?—ui)_ui]
My, Hy '

=1

Since, b; ~ up; i =1,2,..., N, thus the term p2 (b? — u?) is negligible. Therefore,

i 1S (o)
py o omy Nl \ppop
g;zc_?_ﬂ_?)
N1\ )

consequently,
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2.6 The Termination Criteria

In The Stochastic Arithmetic

In this section, two kinds of the numerical methods are considered in order to imple-
ment on the stochastic arithmetic, which are finite and iterative methods. In the finite
methods there are an ordered and finite sequence of the scientific calculations and
related branching. When these methods are used to run in the floating-point arith-
metic, the results may be false without awareness of the user. But using stochastic
arithmetic, the validation of the results is determined and if the results are not reli-
able, a warning is flagged for the user. When the number of the significant digits of a
result is zero, the result is not valid. In this case, the result is called an informatical
zero. The floating-point arithmetic is not able to detect an informatical zero.

In the iterative methods, a sequence like x,, is made such that it tends to the exact
value x when n tends to infinity. The usual termination criteria in these methods are:

1- If || x,, — 251 ||< € then stop,

2-1f | 2, — xp_1 [|[< € ]| 2, || then stop,

where, € is an arbitrary positive value. These criteria may not be acceptable. If
€ is chosen very large, the iterations are stopped before getting access to a suitable
approximation. If € is chosen very small then, unnecessary iterations are done without
improving the accuracy of the results. In this case, z,, has finite significant digits and
the termination criteria is meaningless. Furthermore,

Lzn =z €€ = |z —2|<e

2 | wn—dus IS el mn | = loa—zl<elz],

In the stochastic arithmetic, the following criteria are used:
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1-If (2, == x,,_1) then stop,

2-If (f(x,) == 0) then stop.

These criteria mean,

I-If || 2, — 2,—1 || S0 then stop,

2-If (f(x,)S=0) then stop.

When these criteria are happened, the iterative process is stopped at nth iteration.
In this case, the algorithm is stationary and x,, is a satisfactory informatical solution
of the algorithm.

Some of the problems like evaluating the series Y .-, %’;, are not controllable
directly. In this case, the termination criterion is:

If | s;, — sg—1 |< €] sg | then stop,

where, s is the sum of the first k terms of the series.

In the stochastic arithmetic, the termination criterion is defined as follows:

If (s, == sx_1) then stop.

It means that, when any improvement is not obtained in the results, the evalua-
tions are stopped.

For the problems which are controllable directly, like evaluating the roots of a
nonlinear equation with Newton-Raphson method, the termination criterion is:

If | f(xn) |< €, then stop.

By using stochastic arithmetic, when a satisfactory solution is obtained, the it-
erative process is stopped. In this case, one of the following termination criteria is
considered:

1- If (f(x,) == 0) then stop.

It means that, if f(z,)S=0 then stop. This is an optimal criterion, which the
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value of the function in the nth iteration is equal to informatical zero. If the method
is convergent then, this criterion is happened and z,, is a satisfactory solution.

2- If (z,, == z,,_1) then stop.

It means that, when || x,, — 2,1 ||= 0 the evaluations are stopped. In this case,
the continuation of the iterations is not necessary, and n is an optimal value for the

number of iterations.

2.7 Numerical Examples

In this section, some numerical algorithms are shown which are performed in the
stochastic arithmetic by using the perturbation method. The following examples

have been provided with Fortran 90 in single precision.

Example 2.7.1. The stochastic arithmetic is able to save computer time because
many useless iteration are not performed. In this example, the sum of the terms of
the series e* = 2, f—, is calculated for some special x [30]. The values n in the
table 2.1 are the optimal values of n in calculating the series terms. The program
1s terminated when the n-th term is equal to zero stochastically. In the third row of
the table, the solution is accompanied by formation of an informatical zero in optimal

step. Therefore, this result is not reliable.

T

row | X n e exact solution explanations

1 1.3 | 12 3.669296 3.669296668
2 |-5.8 131 | 3.02655¢-03 | 3.027554e-03
3 |-9.7 1|45 | 1.176382¢-04 6.1283e-05 informatical zero has been detected.

Table 2.1
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Example 2.7.2. In the floating-point arithmetic, when some programs are performed
on a computer, because of the accumulation of rounding error, the false results maybe
furnished to the user without his knowledge. But, when these programs are performed
with stochastic arithmetic, the numerical instabilities are detected and the results are
shown correctly. In this example, solving quadratic equation 0.3x?—2.1243.675 = 0 is
considered [34]. The true solution is x1 = x9 = 3.5. Because of detecting a stochastic

zero in the branch related to discriminant of the equation, the results show the true

solutions.
results in stochastic arithmetic | results in floating-point arithmetic
£1=3.499999 r1=(3.5,1.200186e-03)
29=3.499999 r9=(3.5,-1.200186e-03)
stochastic zero has been detected. complex solutions
Table 2.2

Example 2.7.3. Stochastic arithmetic is able to eliminate epsilon in the termination
criteria, and stop the iterative process, as soon as, a satisfactory solution is reached.

In this example, solving the following equation is considered [34]:
f(z) =1.472% + 1.192% — 1.83z + 0.45,

the ezact solution is x = 0.428571. It is solved by the Newton-Raphson method with
xo = 0.5. In the floating-point arithmetic, when epsilon is chosen too small , many
useless iterations are performed without improving the accuracy of the approrimate
solutions. In the stochastic arithmetic, the condition x,, 1 — x, = 0 15 used in place
of | f(z,) |< € in the termination criterion, so the solution is provided in an optimal

n.
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stochastic arithmetic floating-point arithmetic
approximate solution | optimal No. || approximate | No. of | epsilon
of iteration solution iteration

4.286512e-01 10 4.377610e-01 3 le-3

(single precision) 4.288664e-01 8 le-6

4.286469117260276e-001 15 4.286470e-01 12 le-9
(double precision) 4.286469e-01 13 le-11
4.286469e-01 500 le-12

Table 2.3

Example 2.7.4. One of the main problems in the interpolation of data, is that it
seems the error decreases, when the number of the data ,n, increases. But, this is not
correct numerically. Stochastic arithmetic is able to find the suitable number of data,
which after this number the interpolation error may not vanish. In this example, by
using the Newille interpolation, the value of infinite norm of the error is calculated for
the function f(x) = ﬁ in which —1 < x < 1. The nodes are considered the zeros of

the Chebyshev polynomial T, (x) in the form of t; = cos (21;;1)”, 1=0,1,2,....,n— 1.

The value ermax = Max | f(t;) — pin(t;) | is calculated over 101 equidistant points
t; = —1+4+0.02i; ¢ =0,1,...,100 and determined in the table 2.4. The accuracy is
ermax < 107°. As it is observed, when n = 14 this accuracy is furnished, but when

n = 20 the value ermax has not any significant digit.
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n ermax explanations
2 | 3.333333e-01
4 | 5.882353e-02
6
8

1.010096e-02
1.733124e-03
10 | 2.973676e-04
12 | 5.102158e-05
14 | 8.642673e-06 | ermax < 107°
16 | 1.490116e-06
18 | 3.576279e-07
20 | 8.940697¢-08 | ermax = Q0O
Table 2.4

In the following examples the value c is an estimation of the number of significant

digits which is evaluated by relation (2.2.10).

Example 2.7.5. Stochastic arithmetic is able to determine the divergence of an in-

d
.

tegral. Let consider f_ll In this case, x = 0 is the singular point of the function
f(z) = % So, this integral has not any finite value. But, in floating point arithmetic,
the finite numerical results are obtained. The results in table 2.5 have obtained by
using Trapezoidal rule (Th).

In stochastic arithmetic, the result Th is an informatical zero. Therefore, this

result is not reliable, (Table 2.5).
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Trapezoidal rule

floating-point arithmetic stochastic arithmetic
n Th n Th c
5 -3.443824e-07 5 9.457270e-07 | -0.8518668
10 1.342177e07 10 | -532609.800000 | -1.043534

20 6710886.00000 20 | -266305.00000 | -1.043534

200 | -447392.800000 200 | -1.041667e-02 | -0.7459888

1000 42107.790000 1000 | -4557.025000 | -1.337839
Table 2.5

Example 2.7.6. In this ezample, the value of foo.og% 15 calculated. The exact value

of this integral is 0.6. In table (2.6), the approximation of this integral is shown by
using the Midpoint rule (Md).

One can validate these results by using the stochastic arithmetic. The table 2.6
shows the approximate value of this integral in the stochastic arithmetic. The value ¢

shows that, how many digits of the results in floating point arithmetic are reliable.

Mid-point rule

floating-point arithmetic stochastic arithmetic
n Mh n Mh c
10 5.426768e-01 10 | 5.426760e-01 | 5.351179
20 5.594378e-01 20 | 5.594367e-01 | 5.215071

100 5.818536e-01 100 | 5.818509e-01 | 4.887663

200 5.871685e-01 200 | 5.871648e-01 | 4.734209

500 5.918841e-01 500 | 5.918784e-01 | 4.544301

1000 5.942608e-01 1000 | 5.942528e-01 | 4.396454

2000 5.959424e-01 2000 | 5.959309e-01 | 4.243607
Table 2.6
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Example 2.7.7. In this example, the numerical solution of the improper integral
foooe_szx is considered. The exact solution is ‘/TE = 0.886226925,/13]. The results
have obtained by using Trapezoidal (T'h) and Simpson (Sh) rules in the stochastic
arithmetic. At first, fome_xzda: 15 solved with m = 1. Then, m increases one by
one and this integral should be evaluated again. This calculation must be continued
until an informatical zero is detected in the difference between two sequential results.
The values m in table 2.7 are the final values. Values of ¢ show the accuracy of the
results for each n. We observe that, the results are satisfactory solutions. In the
Trapezoidal and Simpson rules, when n = 2000 and n = 3000 respectively, the value

of the function is an informatical zero in some points. This means n should not be

very large.

Trapezoidal (T'h) rule Simpson (Sh) rule
n Th c m n Sh c
20 | .8862269 | 6.9328 | 8 20 | .8862270 | 6.6942
50 | .8862267 | 6.9328 | 5 o0 | .8862268 | 6.5437
6
8

100 | .8862270 | 6.9327 100 | .8862270 | 6.5437
500 | .8862269 | 6.9328 500 | .8862270 | 6.6942
1000 | .8862265 | 6.7823 | 10 || 1000 | .8862271 | 6.7823
2000 | .8862264 | 6.5833 | 14 || 2000 | .8862261 | 6.5833
3000 | .8862274 | 6.6942 | 11
Table 2.7

o|loo|o|on|o | o3




Chapter 3

The Valid Implementation of
Numerical Integration Methods

3.1 Introduction

In this chapter, the accuracy of the definite integrals is explained. At first, by using the
Closed Newton-Cotes integration rules, the definite integral I = ff f(z)dz is solved
numerically in the stochastic arithmetic, by using the perturbation method. In this
case, the optimal number of the points in these methods is evaluated. This idea is
developed for the Gauss-Chebyshev integration method. Then, this arithmetic is used

in order to find the optimal value m such that; I = [ f(z)dz = [ f(z)dz + O(55).

3.2 The Numerical Accuracy of Definite Integrals

In this section, a theorem is explained which is used in order to solve the definite in-
tegral I = fab f(z)dz numerically. It has been proved in [9], one can use the stochastic
arithmetic in order to estimate I by using the Trapezoidal and Simpson rules. This

idea is developed generally for the Closed Newton-Cotes integration rules. Then,

39
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the stochastic arithmetic is used to validate the results and implement the numerical
examples by using the perturbation method.

If these methods are used to estimate [ = fab f(z)dz, if it exists, then, one can
find the optimal number of the points, which minimizes the global error. For this
purpose, the stochastic arithmetic and the CESTAC method can be used to guarantee
the number of the exact significant digits and to find the accuracy of these methods.

At first, the error of the Closed Newton-Cotes integration Rules is recalled.

Theorem 3.2.1. Let I = f;)pf(az)dx, p > 1, be the ezact value and I, = > %_ a; f(x;)

be the approximation of I by using the Closed Newton-Cotes integration Rule with p+1

Tp—To

points, where, x; = xo + jh, j=0,1,....,p and h = . Then, there exists a point

like & in |xo, x,| such that [3],

hpt3 £(p+2) D

I=1,+ (pf+ 2)!(5) /0 2t —1)...(t—p)dt f€C"[xg,x,), piseven, (3.2.1)
hp+2 (p+1) P

I=1,+ #/{) tit —1)...(t —p)dt f€C’wg,x,), pisodd (3.2.2)

The following proposition is concluded from the theorem.

Proposition 3.2.2. Let I = fabf(x)dw, and Iy, = E;V:o a;f(z;) be the approzimation

of I by using the Composite Closed Newton-Cotes integration Rule with p+ 1 points,
where, v; =a+jh, 7=0,1,...,N and h = ”‘Ta, N =pl, | > 1. Then, there exists a
point like £ in ]a, b such that,

(b—a) W2 fPH2(€)

=JP 4+
N (p+2)!

P
/ 2t —1)..(t —p)dt feC"?[a,b], pis even,
0
(3.2.3)

(b — a) kPt FErD () /p t(t—1)...t—p)dt feC"a,b], pisodd. (3.2.4)
0

__JP
I=1Iy+ (p+1)!
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Proof. Let p be even and f € CP™2[a, b], according to the theorem 3.2.1,
p+3

I—Z z)de =T +h/{)pt2(t—l)...(t—p)dtx;f(p”)(g)

Tpi—p

where, z,,—, < & < xp;. Furthermore,
min U2 (z) < fPF (&) < max [P (),

where, a < x < b. Thus,

I
min f®+(z %Z P+2)(¢;) < max P2 (z).

According to the Mean-value theorem, there exists a point like € in [a, b] such that

Zz L&) = 1fPHD (). Since h = =2 hence,
b—a hp+2f(p+2) &) (7
I=1%+ /t2t—1...t—pdt.
R S IR S A
The similar proof is presented if p is odd. O

By using this proposition, the following lemma is concluded, which is a develop-
ment up to order m + 3 due to the Closed Newton-Cotes methods with p 4+ 1 points

(m=porp+1).

Lemma 3.2.3. Let I% be the approxzimate value of I by using the Composite Closed
Newton-Cotes integration Rule with p + 1 points. If f € C™3[a,b], m > 1 and
h = <

b—a _
~> N=pl, [ >1 then,

I — I = Kk ™ (0) = f") (a)] + O™ ), (3.2.5)

where, K, is a constant which depends only on p, f(b) # f0)(a), m=p+1ifp

1s even and m = p, if p is odd.
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Proof. Let p be even, then m = p + 1. According to (3.2.3),

(b—a) W2 fPH2(E)

X —I=-A , 3.2.6
N 4 P (p+2)! ( )

where, 4, = [P t2(t —1)...(t — p)dt. Let,
I% — T = ah?T2 O (b) 4 ghrt2 f0) (q) + O(hPH). (3.2.7)

The values a and [ are evaluated so that this formula be exact for the polynomials
of degree of at most p + 3. If f(z) = 2™ and f(x) = 2P, from (3.2.6) and (3.2.7),

b=a,pua(p+2)!

)
Pop (p+2)!

= ahPT2b(p + 2)! + B .a(p + 2)),

0= ah?™(p+ 1) + BRPT2(p+ 1)

Therefore, the following system is obtained:

ab+ fa=—A,- =4

Pp(p+2)!
a+6=0
After solving the system,
At st (3.2.8)
o= — 5 = . L.
"p(p +2)! "p(p+2)!

If K, = —Apm is considered then,

By = 1 = KW ([ 0() = [ @)] + O(+),

One can observe, this formula is also exact if f(z) = zP™. For this purpose, it is

sufficient to prove,

h
I, = /hf(x)dx + Ap.p—(p i 2)!hp+2[f(p+1)<_h) _ ()] = 0.
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Since, x; = —h—i—@'.%h, ap—i = a;, ¢ = 0,1,...,p and ap = 0, hence, I, =

P yaia?™? = 0 . Besides, ffhxp”dx =0 and f@H(z) = EE52 therefore,

[f®P+D(—h)— fP+D(R)] = 0. so, the relation can be concluded for the interval [zg, zy].

If p is odd then, the similar proof is presented. In this case,

—ph . . 1 !
Ty = 5> +ih, ap_s=a; 1=0,1,..,pand a= —mAP = —[ where,

Al = [Jt(t—1)...(t—p)dt. The interval [— 2, 2] for the error term is considered.

Thus, K, —1 Al H

= p(p+1)!

The following table gives the value K, for 1 < p < 4.

p|lm| K, Iy
111 1—12 Trapezoidal rule
1 .
2|3 | 1 | Simpson rule
313 % % rule
2
415 | o5 Boolean rule

According to (3.2.5), since, h = b’Ta hence,

(b _ a)m—H 1
Nm—H + O(Nm+3

B —1=K,n ), (3.2.9)

where, K, = K,.(f™(b) — f™(a)). The value K,,,, is small in comparison with

N, as N — .

Theorem 3.2.4. Let I}, be the approzimate value of I = f;f(x)d:z: computed using
the Closed Newton-Cotes integration rule with p + 1 points over [a,b] and step size
h =22 If f € C""3a,b], m > 1, then,

gmtl 1
Cromy = Crig, +10810 5o

), (3.2.10)

where, m = p+ 1 if p 1s even and m = p, if p is odd.
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(b _ a)erl (b _ a)erl 1
Iy—Ly=Iy—1-(y—1)= Kpm—rmer— — Bpm BNy + O(Nm+3)
1 (b—a)m*t 1
= (= o) Ko ) + Ol5rs):
hence,
R A 1
I = By = "= (I = 1) + O35 (3.2.11)
Furthermore,
IR+ 1 % 1 1%
2[%+ D=1 2= g mar T HO)
Iy — 1) N~ Kpm~mr— (1 4+ O(52))
]p Nm-H 1 IP Nm-H

— — +0(1
where, K|, = Knm(b —a)™*. Also, from (3.2.11),

R+ 17 % 1 Ip N+
]\1[3 211)\/ = 7P = P 5 — +0(1),
20y — I5y)  IN — Ly 2 K”

where, K]/ = 27;;11 LK! . Therefore, according to definition 2.1.1,

Iy Nl Iy Nl
Crx = logyg | A —— K +0(1) |=logyy | —— K ‘
P m+1 1
+ logl(](l + O(Nm+1)) 10g10 ‘ K{n ‘ +O(W)’
and,
]P Nm+1 ]P Nm+1
Cp g2y = logyg | NK,, +O(1) |= logy | NK,, |
PNm+1 1
+logyo(1 + O(N +1)) logy | NK,, | +O(Nm+1)'
Hence,
2m+1 1
CIP P = CI P + loglo om+1 + O(Nm""l)
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The relation (3.2.10) shows that:

1. If we are able to compute the number of significant digits in common between I%;
and I3y, we are sure that, these digits are also in common with the exact value
of integral. The successive values Iy, N > 1 are computed and at each iteration,
the number of significant digits of I, , I}, and I — I?,, can be estimated. The
computations of the sequence I’s are stopped when for an index like N, the
number of common significant digits in the difference between I§, —and Iy,
become zero. In this case, one can say, before N, ’'th iteration, Iy — I, has
exact significant digits. But, the computations after IV, 'th iteration are useless.
In other words, the number of iteration in N,, has been optimized. Also,
according to the theorem 3.2.4, the significant digits of the last approximation

I ﬁ,opt are in common with the mathematical value of the integral I. Therefore,

b—a

I i,opt is an approximation of I with optimal step size hqp = Nt

2. Since, 0 < logm% < 1 for m > 1, if this term is neglected then, the
significant bits in common between I% and I5y are also in common with I up

to less than 1 bit.
3. The previous remarks are valid if N is large enough. In this case, O(ﬁ) < 1.
According to (3.2.10), the following results are obtained:

e [f N=2" n>0andp=1 then,

1

) (3.2.12)

4
Cnony, =Crn +10gy 37" o(

where, f € C*[a,b]. This shows the numerical accuracy of the Trapezoidal rule.
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e If N=2" n>1and p=2 then,

16 1

Crz oz, = Cr 2 +1ogyg I O(W)? (3.2.13)

where, f € C%[a,b]. This shows the numerical accuracy of the Simpson rule.

e If N=2" n>2andp=4 then,

64 1

o O (3.2.14)

Cra s, =~ Cp 2 +logyg

where, f € C8a,b]. This shows the numerical accuracy of the Boolean rule.

One can observe that the accuracy is more than two other rules.

3.3 Numerical Accuracy of The Gauss-Chebyshev

Rule

In this section, the numerical accuracy of the Gauss-Chebyshev integration method

is explained. Then, one can use the CADNA library to find the optimal number of

points in this method.

Let f be a function which its Chebyshev expansion is rapidly convergent. Let

I = f_ll \/%dm and Iy be an approximation of I using closed or opened Gauss-

Chebyshev integration method. The aim is to find N, such that, Iy — Ion = @O0.

It has been proved in [15], the errors of Iy and Iy are:

ENf = ]N — 1 = TAoN — TA4N + TAgN — ceey

Eonf =Ianv — I = magyy — magy + masan — ..,
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where, a;, © = kN, k = 2,4,0, ..., are the coefficients of Chebyshev expansion of f.

Since, f has a rapidly convergent Chebyshev expansion, the error can be found by
Enf~masy , Eonf = masn. (3.3.1)

It has been explained in [15], if a;, ¢ = 0,1, ..., are the coefficients of Chebyshev

expansion of f, the real numbers r > 1 and C exist so that:
|a; |< Cpi™, (3.3.2)

where, i = Max{i, 1}, i > 0. Therefore, a; = O(i~"). Hence,
Exf=0(2N)™) , Emf=O((4N)7). (3.3.3)

The following theorem shows the numerical accuracy of the Gauss-Chebyshev inte-

gration method.

Theorem 3.3.1. Let f be a function which its Chebyshev expansion be rapidly con-

vergent. Let I = fjl%dx and Iy be an approximation of I by using closed or

opened Gauss-Chebyshev integration method then,

1
(2N)”)’

a
Cry.y = Cryr —logio | 1 — ﬁ | +0O( (3.3.4)

where, asn,ayy are the first coefficients of the Chebyshev expansion of f and r > 1

18 a real value.

Proof. According to definition 2.1.1,

Iy 1

In 1
C =1 — =1 — |+ l——Un—1
Inoy = 10g10 | Iy — Ly 2 |= logio | In — Ion | +logio | QIN( N — lan) |

I
= logy | # | +O(In — Ion).
N — 42N
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SiIlCG, IN—IQN = ]N —I— (IQN —]) = ENf—EQNf,

thus,
Ol — I) = O o) + O( ) = O( )
N RN TR N ANy’ — T 2Ny
Therefore,
C logro | —2— | +O(——) (3.3.5)
= lo _ ..
DTy = 20910 | 7 70 2N)"
Furthermore,
Iy 1 Iy Iy 1
Cry.a1 0910|IN_[ 2| 0g10|IN_I|+O(N ) 0910|[N_[|+O((2N)r)
According to (3.3.5),
Iy 1 Iy
Cry.y = logio | | +O( ) = logio | — |
NN In—1— Iy — 1) (2N)" (Iy = 1)(1 = 2)
1 Iy Ly —1 1
= - 1-— O .
FO0(gayr) = logo | =7 | =leguo [ 1= 7o—7 | +0(57)
Consequently,
Ly —1 1
CINJQN = OINJ - loglo | 1- In — 1 | +O((2N)r)'
Since, limy _, OOIIQJJVV__II = limy _ wg;‘—x, and 0 < Z‘;—x < 1, the second term of the

relation is small, as IV tends to oo.

Consequently,

a 1
CINJQN = C[NJ — logio | 1- ﬁ | +O((2N)r)'

]

The relation (3.3.4) shows that, if the Gauss-Chebyshev integration method is used

in order to estimate I then, for N large enough, the number of common significant
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digits between Iy and Iy are almost equal to the number of common significant digits
between I and Iy. Therefore, if the CESTAC method is used then, the computations
of the sequence Iy’s are stopped when for an index like Noy, In,,, — I2n,,, = @0. In

this case, Iy,, is an approximation of I.

3.4 Numerical Solution Of Improper Integrals

In this section, two theorems are explained, which are used in order to solve the
improper integral I = [ f(x)dx. It has been proved in [9] that, one can use the
Trapezoidal and Simpson rules to evaluate the definite integral I,,, = fam f(z)dz, m >
1, numerically by using the CESTAC method. These theorems are developed for the
improper integrals. Then, the CESTAC method and stochastic arithmetic are used
to validate the results and implement the numerical examples. By using this method,
one can find the optimal number m such that I ~ I,,.

Let | I — 1, |< M%m, where, M is a positive constant. One can use Trapezoidal

or Simpson rule to approximate I,,.

According to (3.2.12) and (3.2.13), if I,,,, is the approximation of I,, with step

m—a
n

size h = by using Trapezoidal rule then,

1

=) (3.4.1)

4
Clumidmmnsr = Cly a1, 110810 3t O(

and with Simpson rule,

16 1
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The relations (3.4.1) and (3.4.2) can be developed for Improper Integral I, ac-
cording to the following theorems. In these theorems, m > 1, is an integer number
such that,

T=1I,+ 0(2%). (3.4.3)

Let f be a real function and f € C*[a,m],k > 4. In the following theorem the

accuracy of the Trapezoidal rule is considered.

Theorem 3.4.1. Let I,,,, be the approximate value of I, = famf(x)dx computed

using the Trapezoidal rule with step size h = =5, If I = faoof(ac)dac and m > 2n

then,
o) +O(30) (3.4.4)

4

Proof. According to (3.4.3), I — Iy, = Iy — Ly + O(55), also from (3.2.5),

h2
Im,n - Im = E[f/(m) - f/(a)] + O(h4)
Because, h = %22,
1
Lyn — I,

m—a 2

where k,, = "= [f'(m) — f'(a)].
Hence,
Lin Ln L 1

= (
I =1 Iy — I +O0(55)  Imp — I 1+ MWJF—O(%)O(Q%)

I 1 1 1
= mn = o 1-0
[m,n —[m(1+0<2m+2n)) Im,n_Im( (2m72n))
and consequently,
] I Im,n
Cr1,.,, = logyg | F -5 |— logy | —mn 7 |=logyy | I, — 1. |
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1 1
’ - (2m—2n> - CIm«"’Im o O(Qm—Qn)'

1
+logio | 1 — O(Qm_gn) |=1logyo | 7——

mn_]

According to (3.4.1),

4 1
CImn Im n+1l — Cllmn + 10g10 3 + O( ) + 0(4_7’L)

Qm— 2n

O

The relation (3.4.4) shows that, an optimal m where, m > 2n exists such that,

Clumidmnsr ~ ClLipn-

Therefore, if m is large enough, then, the number of common significant digits
between I,,, and I, ,+1 are almost equal to the number of the common significant
digits between the exact value I and the approximate value I,,, in company with
the term log, 3 + O(3+) which is negligible when n increases and the term O(z5)
which is small because, m > 2n. Hence, one can find an optimal m such that, the
number of the significant digits in the error term | 1, ,, — I, n41 | become zero when
n increases from 1 to 5 — 1. In this case, I,,, is an approximate value for I.

Let f be a real function and f € C*[a, m| for k > 6. In the following theorem, the

accuracy of the Simpson rule is considered.

Theorem 3.4.2. Let I,,,, be the approximate value of I, = famf(x)dx computed

using the Simpson rule with step size h =

¢ IfI = [7f(x)dz and m > 4n then,

16 1 1

Clntmmis = Cr 1y, 10810 =7 O(w) + 0(@)- (3.4.5)

Proof. According to (3.2.5), Imn — Im = 155 2 1#®) (m) — f®(a)] + O(h®). Therefore,

1, 1

Fron = = gk + Ol

(m—a)!

where, &, = "= [/ (m) — £O)(a)]
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Hence
[m,n o [m,n o [m,n ( 1 )
_J _ 1y _ 1 1
[mrn I Im?” Im + O(Qm) [m,n [m 1+ 16%]9;—,14*0(64%)0<2m>
I 1 1 1
= mn = o 1-0(——
consequently,
I, In 1 1
Cr1,., = logy | m 3 |— logyg | mn——f \ —O(zm_4n) Cr, n,1m+0(2m_4n)
According to (3.4.2),
16 1 1
CIm,nJm,n-&-l = CI,-[m,n + loglo E + O(Zm 4TL) + O( 16n>
O

The relation (3.4.5) shows that, an optimal m where m > 4n exists such that
I, ,, >~ I. Similar to the previous theorem there is an integer number m > 1 which,
the significant digits in the error term | I,,,, — Ly n+1 | become zero when n increases

from 1 to % — 1.

3.5 Numerical Examples

In this section, some numerical examples are computed according to the discussions
in this chapter. The programs have been provided with Fortran 90 programming
language. The values C' in the tables show the estimation of the number of significant
digit in the error.

In the first two examples, two definite integrals are evaluated. The values have

obtained by using the Trapezoidal, Simpson and Boolean rules in the stochastic arith-

—a

Sty n > 0. When the informatical zero is detected in the

metic with step size h =
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difference between two sequential results, the computations are terminated. The last
values n in the tables are the optimal numbers of the points. One can observe the
accuracy of the Boolean rule is better and the optimal n is less than two other rules.

The results are shown in single precision.

Example 3.5.1. In this example, the numerical solution of the integral I = fole*"’“adx
15 considered. The results are obtained by using the Simpson, Trapezoidal and Boolean
rules in stochastic arithmetic. The last values of n in tables 3.1, 3.2 and 3.3 are the
optimal values. One concludes that, the approximate value for I is 7.46824FE — 01.
Because, the accuracy of the Boolean rule is better than two other rules, the optimal

value of n in the Boolean rule, is less than or equal to the others.

I, | I — L1 | | Cliy—tps]
7.471804E-01 | 3.250639E-04 3.6
7.468553E-01 | 2.930562E-05 2.5
7.468260E-01 | 1.827876E-06 1.0
7.468242E-01 @0 -3.3
Table 3.1 (Simpson rule)

S lw | |- S
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n I | In = Tns1 || Clta—tn]
0 | 6.839351E-01 | 4.742934E-02 4.1
1 | 7.313644E-01 | 1.161353E-02 4.1
2 | 7.429780E-01 | 2.881448E-03 4.0
3 | 7.458594E-01 | 7.189711E-04 3.9
4 | 7.465784E-01 | 1.796285E-04 2.9
o | 7.467580E-01 | 4.498164E-05 2.4
6 | 7.468030E-01 | 1.118581E-05 1.3
7 | 7.468142E-01 | 2.821286E-06 0.97
8 | 7.468171E-01 | 1.053015E-06 0.18
9 | 7.468181E-01 | 4.768372E-07 0.04
10 | 7.468176E-01 Q0 -14
Table 3.2 (Trapezoidal rule)
n I, | I — Tny1 | Clln—1n+1\
7.468336E-01 | 9.497006E-06 2.1
3 | 7.468241E-01 @0 -3.3

Table 3.3 (Boolean rule)

Example 3.5.2. In this example, the integral I = ff’%dm 1s evaluated. This

integral is computed like previous example. The results are determined in tables 3.4,

3.5 and 3.6. The last values of n in these tables are the optimal numbers of the points.

I

| In _[n+1 |

Cii

n— n+1‘

7.894511E-01

2.202631E-03

4.5

7.946537E-01

1.616081E-04

3.3

7.948154E-01

8.523464E-06

1.5

S lw | |- S

7.948239E-01

@0

-2.3

Table 3.4 (Simpson rule)



n L | In = i1 | | Clta—t
0 | 7.147076E-01 | 5.605398E-02 4.1

1] 7.707615E-01 | 1.791537E-02 4.5

2 | 7.886769E-01 | 4.600028E-03 4.1

3| 7.932768E-01 | 1.156370E-03 3.7

4 | 7.944332E-01 | 2.894600E-04 3.0

o | 7.947227E-01 | 7.237991E-05 3.0

6 | 7.947950E-01 | 1.815955E-05 1.5

7 | 7.948132E-01 | 4.669031E-06 0.8

8 | 7.948179E-01 @0 -0.005

Table 3.5 (Trapezoidal rule)

n I | Lo = Tnga | | Clraeg]
2 | 7.950013E-01 | 1.745423E-04 3.0

3| 7.948267E-01 | 1.629194E-06 1.3

4 | 7.948251E-01 @0 -6.3

Table 3.6 (Boolean rule)
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In the following example, the numerical solution of a definite integral which has
been computed by CADNA library in [9], is considered. The following results are
obtained by using the perturbation method in double precision with step size h =
b—a

b, n > 0. One can conclude that, the Simpson rule is faster than the Trapezoidal

rule. Also the Boolean rule is faster than the Simpson rule.

Example 3.5.3. In this example, the numerical solution of the integral
I = fj120005(20x)(2.7x2 — 3.3z + 1.2)dx is considered. The exact value is I =
0.7316687747285081E + 001. The tables 3.7, 3.8 and 3.9 show the results by using

the Trapezoidal, Simpson and Boolean rules.



n I, 1,1 Cltn—tan
1 | 55.830400821443420 48.513713074158340 13.4
2 | -3.549981929644979 10.866669676930060 13.9
3 | -18.546379932143980 25.863067679429060 13.4
4 3.322208564406735 3.994479182878346 13.5
5 6.395763316297033 | 9.209244309880482E-001 13.3
6 7.090693727981386 | 2.259940193036947E-001 13.2
7 7.260445687519884 | 5.624205976519647E-002 12.6
8 7.302643133738241 | 1.404461354684017E-002 12.7
9 7.313177585776868 | 3.510161508213372E-003 11.2

10 | 7.315810268869929 | 8.774784151519555E-004 10.4

11 | 7.316468381553480 | 2.193657316009734E-004 9.2

12 | 7.316632906094228 | 5.484119085341632E-005 8.9

13 | 7.316674037002549 | 1.371028253149831E-005 8.7

14 | 7.316684319715416 | 3.427569664538055E-006 7.5

15 | 7.316686890392780 | 8.568923011154084E-007 7.0

16 | 7.316687533061931 | 2.142231494417501E-007 6.7

17 | 7.316687693729286 | 5.355579535404331E-008 5.9

18 | 7.316687733896178 | 1.338890243118840E-008 5.5

19 | 7.316687743937936 | 3.347144783560907E-009 4.6

20 | 7.316687746448042 | 8.370388826506314E-010 4.1

21 | 7.316687747075711 | 2.093702988759105E-010 4.8

22 | 7.316687747232461 | 5.262013047513392E-011 2.9

23 | 7.316687747271778 | 1.330313637026848E-011 2.0

24 | 7.316687747283422 | 1.659117287999834E-012 1.8

25| 7.316687747285317 QO 0.0

Table 3.7 (Trapezoidal rule)

o6



I, L1 Cl -t
53.220267214295650 45.903579467010570 13.6
-23.343442846674450 30.660130593959530 11.3
-23.545175266310300 30.861867013595380 13.5
10.611738063256970 3.295050315971889 13.2

7.420281566927133 | 1.035938196420521E-001 12.7

7.322337198542837 | 5.649451257756510E-003 11.9

7.317029674032720 | 3.419267476392207E-004 10.5

7.316708949144362 | 2.120185928156104E-005 9.1

Ol |lN|lo|uo| b |lw |~ 3

7.316689069789740 | 1.322504658674006E-006 8.1

—_
@)

7.316687829900958 | 8.261587680635785E-008 6.2

—_
—

7.316687752448002 | 5.162920757584288E-009 5.2

—_
[\

7.316687747607818 | 3.227373923664345E-010 3.4

—_
w

7.316687747305317 | 2.023625711444765E-011 2.4

H
W

7.316687747286399 | 1.318056774834986E-012 1.6

—_
ot

7.316687747285207 @0 0.0

Table 3.8 (Simpson rule)
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n I, 1,1 Cltn—tan
2 | -28.447690184072450 7.316687747285081 13.9
3 | -23.558628360952720 35.764377931357540 12.6
4 | 12.888865885228130 30.875316108237800 13.4
5 7.207517800505142 5.572178137943047 13.4
6 7.315807573983889 | 1.091699467799394E-001 12.5
7 7.316675839065375 | 8.801733011916113E-004 10.6
8 7.316687567485130 | 1.190821970631362E-005 8.9
9 7.316687744499432 | 1.797999509278725E-007 7.0
10 | 7.316687747241705 | 2.785649044767524E-009 5.3

11 | 7.316687747284455 | 4.337596948289502E-011 3.4

12 | 7.316687747285129 | 6.261657858885883E-013 1.5

13| 7.316687747285133 @I} -1.1

Table 3.9 (Boolean rule)

The optimal number of the points in the Trapezoidal rule is n,, = 25 with ap-
proximate value I,,,, = 7.316687747285317 The optimal number of the points in the
Simpson rule is n,,; = 15 with approximate value I,,,,, = 7.316687747285207 The
optimal number of the points in the Boolean rule is n,,: = 13 with approximate value

I

Nopt

= 7.316687747285133 The computed values have 13 correct significant digits.

Example 3.5.4. In this example, the integral I = f_ll T —dr = —1.249249093594816

1+sinz

1s computed. The results are shown in the tables 3.10, 3.11 and 3.12 in double preci-

S10M.



n I, 1,1 Clrn—to
0 | -2.882474695629098 1.633225602034282 13.0
1 | -1.752491532644204 | 5.032424390493873E-001 13.0
2 | -1.386642811512912 | 1.373937179180960E-001 12.9
3 | -1.284585889758802 | 3.533679616398544E-002 12.9
4 | -1.258152205685602 | 8.903112090785204E-003 12.9
5 | -1.251479315852714 | 2.230222257897152E-003 12.5
6 | -1.249806929204200 | 5.578356093836057E-004 11.9
7 | -1.249388570036224 | 1.394764414075489E-004 11.7
8 | -1.249283963801965 | 3.487020714820766E-005 10.9
9 | -1.249257811215199 | 8.717620382459046E-006 9.9

10 | -1.249251273004238 | 2.179409421820822E-006 9.8

11 | -1.249249638447476 | 5.448526598 78358 7E-007 8.8

12 | -1.249249229808041 | 1.362132246995884E-007 8.0

13 | -1.249249127648156 | 3.405333948158784E-008 7.3

14 | -1.249249102108183 | 8.513366678286616E-009 6.4

15 | -1.249249095723215 | 2.128398346457061E-009 5.6

16 | -1.249249094126915 | 5.320988094581480E-010 5.3

17 | -1.249249093727931 | 1.331146304295316E-010 5.1

18 | -1.249249093698089 | 3.327271791420117E-011 4.3

19 | -1.249249093603133 | 8.316902722071973E-012 3.5

20 | -1.249249093596952 | 2.135847054773876E-012 2.9

21 | -1.249249093595424 | 6.075140390748857E-013 2.7

22 | -1.249249093594912 | 9.547918011776346E-014 2.3

23 | -1.249249093594801 | 1.554312234475219¢-014 1.1

24 1 -1.249249093594785 @0 0.0

Table 3.10 (Trapezoidal rule)




n I, 1,1 Clrn—to
1 |-1.921649797086070 | 6.724007034912538E-001 12.9
2 | -1.375830478315905 | 1.265813847210890E-001 12.9
3 | -1.264693237802482 | 1.544414420766538E-002 12.9
4 1 -1.250566915840765 | 1.317822245948896E-003 12.6
5 | -1.249340977661201 | 9.188406638438451E-005 12.0
6 |-1.249255019241749 | 5.925646932691819E-006 10.6
7 | -1.249249466988030 | 3.733932136817941E-007 9.2
8 |-1.249249116980234 | 2.338541760238400E-008 7.5
9 | -1.249249095057214 | 1.462397092311107E-009 6.7

10 | -1.249249093686279 | 9.146239321466965E-011 5.8

11 | -1.249249093600590 | 5.773159728050814E-012 4.4

12 | -1.249249093595230 | 4.138911435802584E-013 3.1

13 | -1.249249093594893 | 7.682743330406083E-014 2.2

14 | -1.249249093594870 | 5.373479439185758 E-014 0.91

15 | -1.249249093594876 @0 -0.52

Table 3.11 (Simpson rule)
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n I | 1, — 1| Clln— Lo
2 | -1.339442523731228 1.249249093594816 12.9
3 | -1.257284088434921 | 9.019343013641157E-002 12.8
4 | -1.249625161043317 | 8.034994840104170E-003 12.8
5 | -1.249259248449230 | 3.760674485009385E-004 11.5
6 | -1.249249288680454 | 1.015485441380193E-005 10.0
7 | -1.249249096837782 | 1.950856372001653E-007 8.0
8 | -1.249249093646378 | 3.242965895822181E-009 6.6
9 | -1.249249093595677 | 5.156142179885137E-011 4.7
10 | -1.249249093594881 | 8.606448886894214FE-013 2.5
11 | -1.249249093594869 | 6.483702463810914E-014 0.98
12 | -1.249249093594871 @0 -0.7

Table 3.12 (Boolean rule)

VIZT iy = 22 ~ 3771236166
(2i—1)7w

[15], is solved using the Open Gauss-Chebyshev method, Iy = 3 SV J(cos"=57),

Example 3.5.5. In this example, the integral I = f_ll

and Closed Gauss-Chebyshev method, Iy = % Z::N1 f(cos%T), where, N =2", n > 1.

For the function f(z) = \/(1+z)3, Exf = O((2N)™).
and 3.14, are obtained with the CADNA library.

The results in tables 3.13
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n | Iy | In — Ion | | Iy — 1|
1 ] 0.375256199832479E+001 | 0.375256199832479E4-001 | 0.186741680034537E-001
2 | 0.377021386720234E4-001 | 0.1765186887754E-001 0.102229912591E-002
3 | 0.377117422901932E4-001 | 0.960361816977E-003 0.6193730893E-004
4 1 0.377123232478378E+001 | 0.5809576446E-004 0.384154447E-005
5 | 0.377123592668936E4-001 | 0.36019056E-005 0.2396389E-006
6 | 0.37712361513579E+001 | 0.2246686E-006 0.149703E-007
7 1 0.37712361653927TE+001 | 0.14035E-007 0.9355E-009
8 | 0.37712361662698E+001 | 0.8771E-009 0.585E-010
9 |0.3771236166325E+001 0.55E-010 0.4E-011
10 | 0.3771236166328 E+001 0.3E-011 @.0
11 | 0.3771236166328 E+001 @.0 @.0
Table 3.13 (Opened Gauss-Chebyshev)
n | Iy | Iy — Loy | | Iy — 1 |
1 10.379223779587408E+001 | 0.379223779587408E+001 | 0.21001629545826E-001
2 | 0.377239989709944E4-001 | 0.1983789877464E-001 0.116373077119E-002
3 | 0.377130688215089E4-001 | 0.109301494855E-002 0.70715822639E-004
4 1 0.377124055558511E4-001 | 0.66326565786E-004 0.438925685E-005
5 | 0.377123644018444E4-001 | 0.411540066E-005 0.27385619E-006
6 | 0.37712361834369E+001 | 0.2567475E-006 0.171086E-007
7 1 0.37712361673974E+001 | 0.160395E-007 0.10692E-008
8 | 0.37712361663951E+001 | 0.10024E-008 0.668E-010
9 |0.3771236166332E+001 0.626E-010 0.42E-011
10 | 0.3771236166329E+001 0.4E-011 @.0
11 | 0.3771236166328 E+001 @.0 @.0

Table 3.14 (Closed Gauss-Chebyshev)

In the following examples, three improper integrals are computed. The values have

obtained using Trapezoidal (T'h) and Simpson (Sh) rules in the stochastic arithmetic
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by using the perturbation method. The results are shown in double precision. At
first, m = 4 in Trapezoidal and m = 8 in Simpsom rule are considered. Then, m
increases with step 2. According to the relations (3.4.4) and (3.4.5), the conditions
n < % for Trapezoidal and n < 7% for Simpson rule are considered. For each m ,
n increases, until the number of common significant digits between two approximate
values I, , and I,,, ,41 become zero. In other words, if I, 41 — Ly, = @0 then, m is

an optimal value, which yields the approximate value of I.

Example 3.5.6. In this example, the numerical solution of the improper integral
I = foooe_z2dx 1s considered. The exact value 1s I = ‘/777 = 8.862269254527579F —001,
[2]. In this case, I, = [;"e~ du.

Hence,

= o o 1 1

I -1, |= e dr |< e dr < e tdr = — < —,
2

m m m em m

therefore, I — I, = O(5%). According to theorems (3.4.1) and (3.4.2), I, can be

om

estimated with I, in an optimal m.

The results have obtained by using Trapezoidal (Th) and Simpson (Sh) rules in
stochastic arithmetic.

At first, fome_$2dx 15 evaluated with a determined m. Then m increases and the
integral is evaluated again. The calculation is continued until an informatical zero is
detected in the difference between two sequential results. The last values m in tables

3.15 and 3.16 are the optimal values.
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m | Nmaz Th

4 1 8.863185461318505E-001
6

8

2 | 8.862269679596997E-001
3 | 8.862269254527581E-001
10 4 8.862269254527577E-001
12 5 8.862269254527581E-001
Table 3.15 (Trapezoidal rule)

m | N Sh

8 1 7.155085204168580E-001

10 2 7.676289922918276E-001
12 2 7.109218621382717E-001
14| 3 8.626895370294552E-001
16| 3 8.362143022684955E-001
18 | 4 | 8.859844119802730E-001
20| 4 | 8.851598079412636E-001
22 5 8.862269249482280E-001
241 5 8.862269112837772E-001
26| 6 8.862269254527581E-001
281 6 8.862269254527578E-001

30 7 8.862269254527581E-001
Table 3.16 (Simpson rule)

Example 3.5.7. In this example, the improper integral I = fo Tcos(3z)dx is
evaluated. The exact value is [ = 2 = 0.153846. In this case, I, fo Tcos(3x)dx.

Hence,

| I—1,, |=| / e *cos(3x)dw |< / | e **cos(3z) | dv < / e ¥dr = < =—

. . . 2e2m  2m’

therefore, I — I, = O(5%). According to theorems (3.4.1) and (3.4.2), I, can be

2771

estimated with I, in an optimal m.
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This integral is evaluated like previous example. The results are determined in

tables 3.17 and 3.18. The last values m in these tables are the optimal values.

m | Nonaz Th

4 1 2.148238054633220E-001
6 2 1.741420015666767E-001
8 3 1.578793399979208E-001
10 4 1.544586939344967E-001
12 ) 1.539252849997985E-001
14| 6 | 1.538553038285306E-001
16 | 7 | 1.538471289524367E-001
18 8 1.538462514505428E-001
20 9 1.538461631434344E-001
22 1 10 | 1.538461546968986E-001
24| 11 | 1.538461539214598E-001
26 | 12 1.53846153852634E-001
28 | 13 | 1.538461538466960E-001
30| 14 | 1.538461538461965E-001
32| 15 | 1.538461538461740E-001
34| 16 | 1.538461538461722E-001
36 | 17 | 1.538461538461748E-001
38 | 18 | 1.538461538460303E-001
40 | 18 | 1.538461538461714E-001

Table 3.17 (Trapezoidal rule)




m | N Sh

8 1 4.802812721344164
10| 2 | 9.304777710897865E-001
12 2 1.77065207907418

14| 3 |2.739722708234744E-001
16 | 3 | 4.191053271683907E-001
18 | 4 | 1.571867720725508E-001
20| 4 | 1.627716060819796E-001
22| 5 | 1.538149368929772E-001
24 | 5 | 1.538305537812287E-001
26 | 6 | 1.538418773972054E-001
28 | 6 | 1.538398498310364E-001
30 | 7 ] 1.538459613559010E-001
32| 7 | 1.538458737415856E-001
34| 8 | 1.538461470999883E-001
36 | 8 | 1.538461443698804E-001
381 9 | 1.538461536370679E-001
401 9 1.53846153561917E-001
42 | 10 | 1.538461538401618E-001
44 | 10 | 1.538461538382356E-001
46 | 11 | 1.538461538459887E-001
48 | 11 | 1.538461538459413E-001
50 | 12 | 1.538461538461459E-001
52 | 12 | 1.538461538461445E-001
54 | 13 | 1.538461538461504E-001
56 | 13 | 1.538461538461510E-001
58 | 14 | 1.538461538461491E-001
60 | 14 | 1.538461538461502E-001

Table 3.18 (Simpson rule)
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Example 3.5.8. In this example, the improper integral I = fooo%dx 18 computed.
The ezact value is I = 5= = 5.77863674895460L — 001, [13]. In this case, I, =
Ji 25

Hence,

*  cosx ee CcoS T *1 1
I1—-1,|= —dx |< —— | dx < —dr = —.
| | |/m (1—1—952)23:‘_/,% |(1+x2)2| x_/m x4$ 3m3

1s true for 1 < m < 12. [f3 < M.2

The relation, 3m3 < 2m 5w 18 considered where,
M > 1, the restriction of m can be increased.

Therefore, for m, not very large, I — I,,, = O(z%n), I, can be estimated with I,, in
an optimal m.

The results are determined in tables 3.19 and 3.20. The last values m in these
tables are the optimal values. Because, the relation I — I, = O(%m) 1 not true, when

m increases, the accuracy of the results is fized after a value of m.



m | Nmaz Th

4 1 6.073989067227689E-001
6 2 ] 5.822252574845663E-001
8 3 | 5.781670757805998E-001
10| 4 | 5.778449272437490E-001
12| 5 | 5.778297353499192E-001
14| 6 | 5.778861289578933E-001
16 | 7 | 5.778628731824415E-001
18| 8 | 5.778556797692490E-001
20| 9 | 5.778686221848727E-001
22 | 10 | 5.778643671400727E-001
24 | 11 | 5.778608409337444E-001
26 | 12 | 5.778650844201345E-001
28 | 13 | 5.778643188001559E-001
30 | 14 | 5.778624591113437E-001
32 | 15 | 5.778640935095384E-001
341 16 | 5.778641362094003E-001
36 | 17 | 5.778631023887175E-001
38 | 18 | 5.778637677709927E-001
40 | 16 | 5.778639875869761E-001

Table 3.19 (Trapezoidal rule)
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m | N Sh

8 1 ]6.211093651259351E-001
10 | 2 | 4.791966356984850E-001
12 | 2 | 5.032810782059101E-001
141 3 | 5.060642694218668E-001
16 | 3 | 4.888465119135796E-001
18 | 4 | 5.605837668411248E-001
20| 4 | 5.510278958691134E-001
22| 5 | 5.770513360182029E-001
24 | 5 | 5.762621516184915E-001
26 | 6 | 5.778626495100095E-001
28| 6 | 5.778574861539080E-001
30 | 7 ] 5.778624590603949E-001
32| 7 | 5.778640932613278E-001
34| 8 | 5.778641362094233E-001
36 | 8 | 5.778631023886115E-001
38| 9 | 5.778637677709814E-001
40 | 9 | 5.778639875869904E-001
42 | 10 | 5.778633959637324E-001
44 1 10 | 5.778636557167814E-001
46 | 11 | 5.778638825139500E-001
48 | 11 | 5.778635414376049E-001
50 | 10 | 5.778636210867866E-001

Table 3.20 (Simpson rule)
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Chapter 4

The Evaluation of Optimal Degree
of Interpolation Polynomial Using
CADNA Library

4.1 Introduction

One of the considerable discussions in data interpolation is to find the optimal number
of data which minimizes the error of the interpolation polynomial. In this chapter,
at first, two theorems corresponding to the equidistant nodes and the roots of the
Chebyshev polynomials are proved in order to estimate the accuracy of the interpola-
tion polynomial, when the number of data increases. Based on these theorems, then,
we show that, how by using the CADNA library, it is possible to find the optimal
degree of the interpolation polynomial.

In the last section three examples are implemented by using the Lagrange inter-
polation. In the numerical examples, the Runge’s function is considered and is shown
that it can be a bad-behaved function in some points.

An important question in data interpolation is, ”Can one be sure that, the error

of the interpolation polynomial p,(x) decreases when n increases?”. C. Runge [1901]
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investigated a function which, the sequence of p,(z) may not converge to f(x) at
equidistant points [23]. But, if the roots of the Chebyshev polynomials are used, as
interpolation points, then, the convergence is happened.

The subject of this chapter is to answer the following questions:

e What is the optimal number of the points for the interpolation polynomial at
the equidistant and Chebyshev points, such that at this number, the error is

minimized?

e What is the accuracy of the interpolation polynomial at the optimal number of

the points?

In section 4.2.1, We show that, if the ratio of the successive derivatives of the
function f is bounded then, we can estimate the number of significant digits common
between f(x) and the interpolation polynomial p,(x) at equidistant points.

We also show that, at a given point 7, the significant digits common between
pn(T) and p,41(T) are almost equal to the significant digits common between p,(7)
and the exact value f(Z). According to these results, it is necessary to estimate the

accuracy of the computed values p,(7) and p,11(T).

4.2 Numerical Accuracy of the Interpolation Poly-
nomial

The Lagrange interpolation polynomial at the nodes a =zp < 2y <22 < ... <2, =0

has been defined as follows [18,27]

pul(@) = D _llw)f (), (4.2.1)
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where, [;(x) = (% and w(z) = [[I_,(z — z;).

z—x;)w (z;)

The error of the interpolation polynomial p,(x) is evaluated by:

F0(E)

CESVL (4.2.2)

fo—pu(z) = (x —20)(x — 1) (. — 29) ... (x — 2,)

where, a < ¢ < b and f € C""[a,b)].
Let f be a real function which is in C"** over [a,b].

Theorem 4.2.1. Let p,(z) and p,+1(x) be the interpolation polynomials of the func-
tion f(z) at the equidistant points a = xg < 1 < T3 < ... < x, = b and a = z, <
oy <ah <. <al, =Db respectively. Also let T be a value in [a,b] and v; < T < 2144
and xj, < T < w4 then, if there exists a positive real number like M such that

| % |< M, for all x € [a,b] and n > 1 then, the number of common significant
digits between f(x) and p,(x) is estimated as follows:
2f(x)
P @@ = Cp@ o) +1ogn | Fovm o 14O (4.2.3)

Proof. Let h = b’Ta and h' = Z;ﬁ hence, z; = xo+ih, v = vy +jh’ and T = 2+ 0h =
o+ 00, 0<60,0 <1, 0<1<n0<k<n+1,0<i<n 0<j<n+l
According to (4.2.2), the error of p,(x) at © =T is,

FmI(E)

f(@) —pu(@) = (T —20)(T —21)(T — 22) ... (T — ) CES] (4.2.4)
where, a < ¢ < b. The error of p,41(x) at © = 7 is,
(n+2)
F@) = @) = @ = )@ =) @)@ - ) ) a2s)

n+2)!
where, a <7 < b. From definition 2.1.1,

Cpn@).5@ ~ Cpu@pnsr@ = 10810 | 2&(2;];52» | —logy | 2&(2;:%:1(2)) |
Pn(T) + f(7)

Pa(T) — pus1(T) |
n(T) + P (T) Pn(T) = f(T)
According to the hypothesis since, p,(z;) = f(z;) and ppi1(x}) = f(z},), the first
term of (4.2.6) is,

= logq | D | +logy | (4-2-6)

pn(l‘l + Qh) + f(xl + Qh)
Pn(x1 4 0h) + pryr (7, + O'R)

pa(T) + f(T) = logy, |
Pn(T) + pnya1(T) 0

logy |
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palae) + f(x1) + O(2)
P(0) + prsr(2) + O(3)

~logy | 2f(x1) + O(2)
O f@) + fla) +O(2)

= logy, |

=10l G+ o) 8 Gt + e W)
Coe | @) gLy e 2 ) 1
B T e A R P e (FA T

Since, the points x; and zj, are near to each other, as n increases, the fraction
2f(z1)
| fl@)+f(z
n — oo.

Also the second term of (4.2.6) is,
Pa(T) = f(T) = (pna (7) — (7)) Pt (7) — f(7) |
(Pn(7) = (7)) Pa(T) = f(7)

Furthermore, according to (4.2.4) and (4.2.5) since, T — x; = (I + 6 — i)h and
T—a=(k+0 —j)h, thus,

\ is almost 1. Therefore, the logarithm of this value vanishes, as

logy ’ |: logyg ’ 1-

pn-‘rl(f) _ f(f) o (k? + 9/)(]{3 + 0 — 1)([{3 —+ o — n) (f _ b)h/<ﬁl>n+1 f(n+2)(77)
p(@ — f@)  (+0O)(+60-1)..(1+0-n) n+2 A’ fer(g)

Since, in this relation ¥ = l or k = [+ 1 and 0 < 6,60’ < 1, thus, the first frac-

tion tends to 1 when n increases. Also, T — b is constant. Therefore, the fraction

(@=b)h' (W \nt+1 _ (T=b)(b—a) 1 ; i ] ]
n+2 (%) = () (n2) (L Lynit vanishes, when n increases. Since, the ratios of

successive derivatives of f is bounded, the second term of the relation (4.2.6) has the
order O(+5). According to these results, it is concluded that,

Cpn@),f@ = Cpn@pnir@ T 1081 | T + 1@ ! +0(5)-

]

According to (4.2.3), if the ratios of successive derivatives of the function f is
bounded in the interval [a, b] then, the significant digits common between p, (Z) and
Pnt1(T) are almost equal to the significant digits common between p, (Z) and the

exact value f(Z). In this case, if n is large enough C,, Cp, @), f@- Thus,

Z),pn+1(T) =

one can use the CESTAC method to estimate the error of p,(Z) and find an optimal
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number for data interpolation. When, p,,(Z) — pn+1(Z) has not any significant digits,
the increase of n is unnecessary and p,(Z) or p,.1(T) is a valid approximation for

f(T). In this case, 2(p,(T) + ppi1(T)) is a suitable approximation for f(z).

4.3 Numerical Examples

In this section, three examples are considered. The Lagrange interpolation is used in
order to find p, (7). The programs have been provided by using the CADNA library
in double precision.

Example 4.3.1. In this ezample, f(z) p(z), —1 <z <1 is considered. In this
(n) . (n+1)(z .
case, f(z) = exp(x), then L =

=ex
iorme O(1). In the tables 4.1 and 4.2, the results
are determined at the given point T = —0.9 by using equidistant and Chebyshev nodes
respectively. One can observe, the difference between p,(T) — pn41(T) and p,(T)— f(T)
has the same reduction cost as n increases.
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n_ | pa(T) |Pn(T) = P (T))| |Pn(7) — f ()]

2 1 0.000000000000000E+000 | 0.382214239920926E4-000 | 0.406569659740599E+000
3 1 0.382214239920926 E+000 | 0.292091821925583E-001 | 0.243554198196729E-001
4 1 0.411423422113484E+000 | 0.55675233696111E-002 0.485376237288532E-002
5 | 0.405855898743873E+000 | 0.796746030555E-003 0.7137609967258 E-003

6 | 0.406652644774429E+000 | 0.909409995207E-004 0.829850338297E-004

7 1 0.406561703774908E+000 | 0.8602976269E-005 0.79559656910E-005

8 1 0.40657030675118E+000 | 0.692552470E-006 0.647010578E-006

9 1 0.40656961419871E+000 | 0.4835808E-007 0.4554189E-007

10 | 0.40656966255678E+4-000 | 0.297089E-008 0.281619E-008

11 | 0.40656965958589E4-000 | 0.1623E-009 0.1547E-009

12 | 0.4065696597482E+000 0.795E-011 0.761E-011

13 | 0.4065696597403E+000 0.4E-012 0.3E-012

14 | 0.4065696597406E+000 @0 @.0

Table 4.1 (equidistant points)
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n_ | pa(T) |Pn(T) = P (T))| |Pn(7) — f ()]

2 1 0.000000000000000E+000 | 0.414158983761299E4-000 | 0.406569659740599E+000
3 1 0.414158983761299E+000 | 0.6537067131354E-002 0.75893240207001E-002
4 1 0.407621916629945E4-000 | 0.1346743998849E-002 0.1052256889346E-002
5 1 0.406275172631095E+000 | 0.330266983769E-003 0.294487109504E-003

6 | 0.406605439614865E+000 | 0.386328187386E-004 0.35779874266E-004

7 | 0.406566806796126E+000 | 0.3013717130E-005 0.2852944473E-005

8 1 0.406569820513257E+000 | 0.166895868E-006 0.160772658E-006

9 1 0.406569653617389E+000 | 0.6224968E-008 0.6123209E-008

10 | 0.406569659842357E4-000 | 0.9605347E-010 0.101758E-009

11 | 0.406569659746304E4-000 | 0.6329E-011 0.5705E-011

12| 0.406569659739975E4-000 | 0.6586E-012 0.624E-012

13 | 0.406569659740633E4-000 | 0.36E-013 0.34E-013

14 | 0.406569659740598E4-000 | 0.1E-014 0.1E-014

15 | 0.406569659740599E+000 | @.0 @.0

Table 4.2 (Chebyshev points)

It is concluded that, the optimal degree of interpolation polynomial is n = 14
at equidistant points, and n = 15 at the Chebyshev points with approximate value
Pn(—0.9) = 2 (p14(—=0.9) + p15(—0.9)) = 0.40656965974059.

Example 4.3.2. In this example, f(z) = xzsin(z), —1 < x <1 is considered. In this
case,
f™(z) = wsin(z + &) + nsin(z + (n_;)”),

then, f;::—;();;) = O(1) . In the tables 4.3 and 4.4 the results are determined at
the given point T = —0.9 by using equidistant and Chebyshev nodes respectively. One
can observe the difference between p,(T) — pny1(T) and p,(T) — f(T) has the same

reduction cost as n increases.
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n_ | pa(T) |Pn(T) = P (T))| |Pn(7) — f ()]

2 1 0.000000000000000E+000 | 0.681591497694396E4-000 | 0.704994218664735E+000
3 1 0.681591497694396 E+000 | 0.3327686257538E-002 0.23402720970339E-001
4 1 0.684919183951934E+000 | 0.20758708703046E-001 0.20075034712801E-001
5 1 0.705677892654981E+000 | 0.163318978884E-003 0.6836739902458E-003

6 | 0.705514573676096E+000 | 0.527903689725E-003 0.520355011361E-003

7 1 0.704986669986371E+000 | 0.2152489879E-005 0.754867836361139E-005
8 | 0.704988822476249E+000 | 0.5439066719E-005 0.5396188485E-005

9 1 0.704994261542969E+000 | 0.1363742E-007 0.42878234E-007

10 | 0.704994247905554E4-000 | 0.2938562E-007 0.2924082E-007

11 | 0.704994218519937E4-000 | 0.5029E-010 0.14479E-009

121 0.704994218570230E4-000 | 0.9482E-010 0.94505E-010

13 | 0.70499421866505E4-000 | 0.1E-012 0.32E-012

14 | 0.70499421866493E+-000 | 0.2E-012 0.19E-012

15 | 0.70499421866473E+000 | @.0 @.0

Table 4.3 (equidistant points)
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n_ | pa(T) |Pn(T) = P (T))| |Pn(7) — f ()]

2 1 0.000000000000000E+000 | 0.712479775132298E4-000 | 0.704994218664735E+000
3 1 0.712479775132298E+000 | 0.11879530216013E-001 0.7485556467563E-002

4 1 0.700600244916285E4000 | 0.4676047581938E-002 0.439397374844963E-002
5 ] 0.705276292498224E+000 | 0.58668966378E-004 0.282073833489E-003

6 | 0.705217623531845E+000 | 0.226096999944E-003 0.2234048671102E-003

7 1 0.704991526531902E+000 | 0.136090889E-005 0.2692132833E-005

8 | 0.704992887440799E+000 | 0.133694952E-005 0.1331223935E-005

9 1 0.704994224390319E+000 | 0.4677194E-008 0.5725584E-008

10 | 0.704994219713125E4-000 | 0.104309E-008 0.1048389E-008

11 | 0.704994218670037E4-000 | 0.239E-011 0.5302E-011

121 0.704994218672424E4-000 | 0.7721E-011 0.7689E-011

13 | 0.704994218664703E4-000 | 0.1E-013 0.32E-013

14 | 0.704994218664716E4-000 | 0.2E-013 0.19E-013

15 | 0.704994218664735E+000 | @.0 @.0

Table 4.4 (Chebyshev points)

It is concluded that, the optimal degree of interpolation polynomial is n = 15 with

approximate value p,(—0.9) = 1(p14(—0.9) + p15(—0.9)) = 0.704994218664.

Example 4.3.3. The hypothesis of |f;:z:)1()g) | < M in the theorem 4.2.1 is important.

In this example, the Runge’s function f(x) = m for =1 < x <1 is considered
[23]. For this function this hypothesis is not satisfied.
For this reason, the following lemma is used which is proved in Appendix 1.

Lemma 4.3.4. The nth derivative of the function f(x) = m is evaluated as
follows,

Oé‘l'n_%
i

(1 + 12x2)n+1—z‘ )

(4.3.1)

where, ag = (—1)"24"n! and oy, i = 1,...,[5], are integer numbers such that,
| (67} ’< 24™n!.
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According to lemma 4.3.4, since | x |[< 1, | f™(z) |< 24"nl([2] + 1). Hence,

frH D (@)

g

) (@)

= O(n), thus, the ratio of the derivative is not bounded. In this case, the La-

grange interpolation polynomial does not converge to f as n increases. This situation
18 more evident at the end-points. In the table 4.5, the point * = —0.9 is chosen to
show this problem.
One can observe the number of significant digits of the p,(T) decreases as n in-
creases. When n = 81 the value p,(—0.9) is an informatical zero. In this case, the
result 1s not reliable.

n | pa(T) [Pn(T) = P (T))| | Pn(T) — f(7) |

2 1 0.000000000000000E+000 | 0.252307692307692E+000 | 0.932835820895522E-001
3 1 0.252307692307692E+000 | 0.100219780219780E+000 | 0.159024110218140E4-000
4 | 0.152087912087912E+000 | 0.325964835164835E+000 | 0.588043299983598E-001
5 | -0.173876923076923E4-000 | 0.163481912681913E+000 | 0.267160505166475E4-000
6 | -0.10395010395010E-001 0.499571625779626E4-000 | 0.103678592484563E+000
75 | -0.89E+002 0.62E4002 0.89E4-002

76 | -0.3E+002 0.10E+-003 0.3E+002

77 | 0.76E4-002 0.6E+002 0.76E4-002

78 | 0.2E+002 0.7E+002 0.2E+002

79 | -0.5E+002 0.4E-+002 0.5E+002

80 | -0.8E+001 0.8E+001 0.8E+001

81 | @Q.0 @.0 @.0

Table 4.5 (equidistant points)

If the Chebyshev nodes are used for this function the convergence is guaranteed.

The table 4.6 shows the results.
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Pn(T)

’pn (E) — Pn+1 (fﬂ

| pn(@) — () |

© 0 1 O Gl R w NS

—_
S

110
111
112
113
114

0.000000000000000E4-000
0.279999999999998E-001
0.105806451612903E4-000
-0.6819672131149E-003
0.636259740259739E-001
0.173990362017804E+-000
0.110175158948686E4-000
0.658857030718230E-001
0.911202706346565E-001

0.932835820895558E-001
0.932835820895416E-001
0.932835820895497E-001
0.932835820895569E-001
0.932835820895528E-001

0.279999999999998E-001
0.778064516129034E-001
0.106488418826018E4-000
0.643079412390889E-001
0.110364387991830E4-000
0.638152030691183E-001
0.442894558768628E-001
0.25234567562833E-001
0.4094680090213E-002

0.14E-013
0.82E-014
0.72E-014
0.4E-014
@.0

0.932835820895522E-001
0.652835820895524E-001
0.12522869523351E-001

0.939655493026671E-001
0.296576080635782E-001
0.807067799282519E-001
0.168915768591337E-001
0.273978790177292E-001
0.21633114548957E-002

0.4E-014
0.11E-013
0.25E-014
0.5E-014
@.0

Table 4.6 (Chebyshev points)

It is concluded that, the optimal degree of interpolation polynomial is n = 114

with approximate value p,(—0.9) = %(pllg(—O.Q) + p114(—0.9)) = 0.9328358220895.




Conclusion and Comments

In this research, the valid methods are explained to implement the numerical algo-
rithms. It is shown that, the CESTAC method can estimate the accuracy of the
results. By using the stochastic arithmetic, one is able to validate the results and
obtain reliable values. Also, one conclude that, the CADNA library is a powerful tool
that helps to achieve validity and safety in scientific computations.

The following topics are explained:

1. The numerical solution of a definite integral I = fabf(x)dx where, f € C™|a, ]
and a, b € R; if it exists. By using the CESTAC method, based on the stochastic
arithmetic, one can use the Closed Newton-Cotes methods like the Trapezoidal,
Simpson or Boolean rule to approximate it. According to theorem 3.2.4 one can

find an optimal value N, for the number of the points in these rules.

2. The numerical solution of the integral I = f_ll \/%dx; one can use the Gauss-
Chebyshev rule in the stochastic arithmetic and approximate this integral with

a valid implementation and find the optimal step.

3. Finding divergence and instabilities of a definite integral; The methods of nu-
merical integration may show inaccurate or false results, because of a singular

point in the interval [a,b]. In this case, the floating-point arithmetic may not

81
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distinguish it. But, the stochastic arithmetic is able to find the instability and

show the invalidity of the result.

4. The numerical solution of an improper integral, I = faoo f(x)dx where a € R;
if it exists. By using the CESTAC method , one can use the Trapezoidal and
Simpson rules to approximate it with a definite integral such as I,,, = fam f(x)dx
where, m € N and I = I,, + O(5). It is shown in theorems 3.4.1 and 3.4.2,
one can find an optimal value m such that, I ~ I,,, ,,. Therefore, the stochastic
arithmetic is able to approximate a converge improper integral with a valid

implementation and obtain the optimal step.

5. Finding the value of interpolation polynomial with an optimal degree; in this
case, the error of interpolation polynomial is minimized. It is proved, in the
theorem 4.2.1, the accuracy of this polynomial depends on the nodes and the
ratio of the successive derivatives of the function f(z). For some function like the
Runge’s example, the choice of equidistant nodes, maybe decreases the number
of significant digits of the interpolation polynomial p,(z) at a given point x = 7.
But, the Chebyshev nodes are suitable for this purpose. One can observe that
the CADNA library is able to find the optimal number of data and a satisfactory
solution can be obtained for the value of the interpolation polynomial. In this
case, the numerical instabilities are detected, the accuracy of the solution is
estimated and the computer execution time is saved. Consequently, CADNA
library is an efficient tool for finding the value of the interpolation polynomial

of a given function with the number of optimal data.

So, these advantages guide us to use stochastic arithmetic to find the solution of
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the numerical methods and validate the results and algorithms.

For the present time, the researches about the different applications of the stochas-
tic arithmetic is continued. The scientific groups in the Lip6 laboratory [34] in France,
are working on the use of the CADNA library. Some open works which one can do

by using the CESTAC method and the stochastic arithmetic is as follows:

1. Finding the value of a definite integral by using the other integration methods
like Gauss and Romberg rules, also evaluating of the improper integrals gener-
ally. In this case, the aim is to find an optimal number which the integral is
computed with a definite integral. For this purpose, a suitable algorithm should
be considered for all kinds of the functions. The evaluating of integrals which

have some poles in the interval of integration,

2. The solving a linear or nonlinear system of equations, by using the iterative
methods, specially the sparse systems. About this topics, some works have

been done by using the CADNA library [28,29],
3. The solving of the linear integral equation, especially of the first kind,

4. Finding the optimal number of data by using the other interpolation polynomi-

als like splines,

5. Determining the optimal meshes, in the P.D.E. topics and the approxima-
tion methods such as finite-difference methods, also in the different subjects

in O.D.E.

In any case, the applying of the CESTAC method has some problems which should

be considered.
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e The method is based on the probabilistic approach and therefore, the theory of
the method is not accurate mathematically. Also, the validity of the CESTAC
method and the quality of the estimates should be considered. The assumptions
which are used in the theorems are very strong, so that the method is restricted.
The evaluation of the number of significant digits is highly dependent of Gaus-

sian behavior which apply for the linear computations.

So, the improvement of the method is suggested which is based on the mathe-

matical justifications.

e The choice N = 3 is not acceptable statistically. According to the central limit
theorem and the topics in probability theory [21], when N tends to infinity,
the distribution of the random variable is Normal. Hence, the number of the
samples must increase. For this purpose, it is suggested, the parallel computers
are used, in order to implement the CESTAC method. In this case, the computer
execution time does not increase and is economical from the point of view
numerical analysis. In [1], the parallel processing is used over the CADNA
library. Of course, if one use the parallel computers, this number can be chosen

a greater value.

e In the evaluating of the number ’C’, the number of the significant digits, the
mean of the random samples is a value which most of the time is not equal to
the exact result. Therefore, this number can not be used to say anything about
the exact result. Also, if the variance of the samples in the CESTAC method
is zero, which is happened when the value is too small, the formula of finding

"C’ may not able to show the expectation result. Also, the termination criteria
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may not satisfied. This is because of the nature of the method which perturbs
only the last mantissa bit. In this case, it is suggested, the method is developed

so that the previous bits can be changed like in the perturbation method.

Of course, if the other relation for estimating the number of the significant digits

is presented then, this problem may be solved.

The name ’stochastic zero’ does not mean a ’zero’ has been detected necessarily.
This name may mislead the one who wants to use the method. In some cases, a
very large number, is a stochastic or informatical zero. The aim of this name is
only to show that a numerical instability is detected. In this case, it is suggested
this name is changed. for example, It is called, ’instable mode’ or ’insignificant

value’.

The stochastic arithmetic is not the only way to validate and rely the algorithms
and their results. One can use the interval arithmetic or other schemes to

implement the code and know the validity of the results.
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Appendix 1

4.4 The Properties of the Notation 'O’
Definition Let f,, and g, be two sequences. One says that, f, is of order g, (or f,
is "big-oh’ of g,,), and writes f,, = O(g,) in case

dM >0, AN € N, Vn > N, | fu IS M | gn |,

where, M is a real constant value, independent from n. In this case, the order of f,
is less than or equal to the order of g, when n increases. The notation O has the

following properties which have been explained in [14,24]:
1. If f, is a sequence then, f,, = O(f,).
2. The sequence f, is bounded, if and only if f, = O(1).

3. The equalities f,, = O(g,) and O(g,) = f, are different. In other words, ' =’ in

this case, is not symmetric.

4. The sum of two bounded sequences is a bounded sequence, or O(1) + O(1) =

o(1).

5. If a,, = O(b,) and ¢, is a nonnegative sequence, from an index n then, a,c, =

O(bycy).
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10.

11.

12.

13.

14.

15.

16.

If « is a constant value and f,, is a sequence then, O(af,) = O(f,).

If @« >0 and f, = O(gy) then, | f, |*= O(| gn |*)-

(k)

91

If A\, Xa,..., \x, &k € N, are constant values, and fél),...,fék), g,(zl),...,gn , are

sequences such that, f\) = O(gy(f)), i=1,2,..., k, then,
k k k k
S NFT =001 g D) T =o( e
i=1 i=1 =1

i P
O(O(fn)) = O(fn)-
O(fn) + O(fa) = O(fn)-
O(fn)-O(gn) = O(fugn)-
If fn = O(gn) then, O(fn) + O(gn) = O(gn)-
If f, = O(gn) and f;, = O(gy,) then,

fo & fo=0(gn £ g,),

fo X fr = 0(gn X g,),

ful fro = 090/ 90), frr 90 # 0,

If | fo [< 1 then, 7 = 1F O(fn).

lOglO | fn +gn |: loglO | fn | +O(?f_:)7 fn 3& 0.

If o, = a+ O(f,,) such that, lim,_, f, = 0 and C'is a constant, then, Ca,

Ca + O(fn), if also 8, = B+ O(g,) such that g, = O(f,) then, a,, + 3,

a+B8+0(fn). anXfp=axB+0(f). an/By=0a/6+0(fn), B#0,i

this case, if &« = 8 = 0 then, .5, = O(f-gn)-
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4.5 The n-th derivative of the Runge’s function

Lemma The nth derivative of the function f(z) = Hlﬁ is evaluated as follows:

[

©l3

]

n—2i

™) (z) = it 45.1
P = 2 A ey (45.1)
=0
where, ag = (—1)"24"n! and a4, 7 = 1,...,[5], are integer numbers such that,
| a; |< 24™nl.
Proof. According to mathematical induction on n, if n = 1 then f'(z) = %.

Thus, ag = —24. So, for n = 1 the relation (4.5.1) is true. Now let the relation (4.5.1)
be true, it must be proved that,

+1
(%5~

f(n+1)($) _ Z ( CY;Z‘

P 1+12w2)n+2—i’

n+1—2¢

where, oy = (—1)"™24"" (n 4+ 1)! and o}, i = 1, ..., [®F], are integer numbers such
that | o} |< 24" (n + 1)!. In order to prove, let n be even. Thus, [2] = 2 and

2 2
["TH] = § then,

FU ) = (1 @) =
a;(n — 20)x" 21 (1 + 1222)" 1 — ™ 224x(n + 1 — 4) (1 + 1222
(1 + 12x2>2(n+1773)

0|3

i=0
B 2 a;(n — 20)(1 + 122%)2" 172 — 24, (n + 1 — )" 2+
= - (1 + 12x2)n—i+2
~ agna™! N —24ap(n + Dz"™ ag(n —2)a"3  —24ayna™? N
(14 1222)nH (1 + 1272)n+2 (1+1222)n (1 + 1222)+1
as(n —4)z"°  —24an(n — 1)z 3 A —24anz(g +1) B i agnti=2i
(1 + 1222)n-1 (14 1222)n 1+ 12%2)%-&-2 o pr (1+ 12m2)n+2—i7

where, ay = —24ap(n+1) and o = o1 (n — 20 +2) — 24as(n—i+1); i=1,2,..., 5.
According to induction hypothesis, af = (—1)""124" 1 (n + 1)!. Besides,

| o) |<| iy | n+24] ;| (g +1) < 24"nln + 24"+1n!(g +1) < 24" (n + 1)),

consequently, | o |< 24" (n+1)!. If n is odd, then, the similar proof is presented. [



Appendix 2

4.6 Computer Programs

13k >k >k skoskosk sk sk ok sk sk sk sk skokokoskosk sk sk sk sk sk sk skokoskoskoskosk sk sk sk sk koskokoskoskosk sk sk sk skoskoskokoskokoskok sk skosk sk skokoskokokoskoskosk sk

! The subroutine 'rand’ perturbs the last mantissa bit or previous
I' bits, if necessary, of the value aa and finds n=3 random samples
! for this value by using the perturbation method.
!*****************************************************************
subroutine rand(aa,al,eps)

integer,parameter:: n=3

real(8):: x1(n),x,eps

real(8):: aa,al(n)

integer:: e,d,pl

e=exponent(aa)

d=digits(aa)

if (eps.gt.2.d0**(-d)) then
pl=ceiling(abs(log10(eps)/log10(2.d0)))

d=pl

print *,” Perturbation in the” ,d,”th bit ”

endif
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do i=1,n

call random_number(x)

x1(i)=x

enddo

x1=-1.d0+2.d0*x1

if(aa==0.d0) then

al=-(2.d0**(e-d))*(x1)

else

al=aa-(abs(aa)/aa)*(2.d0**(e-d))*(x1)

endif

endsubroutine rand

Pkt sk ok ok ok ok stk sk ok ks okt Rk ok kR ok ok
The subroutine 'vari’ calculates the number of significant
digits for the mean value of the array w.

Dok kst Rk Rk Rk Rk Rk ok
subroutine vari(w,ave,cad,c)

integer,parameter:: n=3

real (8)::var,summ,suml,w(n),ave,c

character(5)::cad

summ=sum(w)

ave=summ /real(n)

suml=sum((w-ave)**2)

var=(1.d0/real(n-1))*suml

if(ave==0.d0) then
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2 9

print *”instability detected in the branching ”,”ave=",ave &
S 7 adjustr(cad),” =@0”

else

if (var==0.d0) then

print *,” warning-The variance is zero”

return

else

c=log10(abs(ave) /sqrt(var))-.39d0

endif

endif

if(c < = 0.d0) print *)”instability detected in the branching”,” ¢=",c &

;7 Jadjustr(cad),” =@0”

endsubroutine vari

kot stk stk stk ook okt ok kR kR sk ok
! Lagrange Interpolation

! data interpolation by using CADNA library

I for the function: f(x)=1./(1.412.*x**2)

I Chebyshev Polynomials

Pkt ok kR ok ok sk sk sk R kR ook ok
program interpol

use cadna

type (double_st) :: a,b,prod,erroptf,1(500),x(500),erroptn,pnx
type (double_st) :: fx(500),sum,xbar,fxbar,pnxbar

open (3,file="erinchc.res’)
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call cadna_init(0)
a=-1.d0

b=1.d0

n=1

sum=0.d0
prod=1.d0

13k >k >k sk okokokokok ok Kokokokokook ok sk ok kok kok ok

xbar
xbar=-0.9d0
fxbar=1.d0/(1.d0+12.d0*xbar**2)

1 n=n+1

do i=0,n
x(i+1)=cos((2.d0*i+1.d0)*4.d0*atan(1.d0)/(2.d0*(n+1)))
fx(i+1)=1.d0/(1.d0+12.d0*x(i+1)**2)

enddo

do i=0,n

do j=0,n

if (i==j) cycle

prod=prod*((xbar-x(j+1))/ (x(i+1)-x(+1)))

enddo

1(i+1)=prod

prod=1.d0

enddo

do i=0,n

sum=sum-+1(i+1)*fx(i+1)
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enddo

pnxbar=sum

sum=0.d0

erroptn=abs(pnx-pnxbar)

erroptf=abs(fxbar-pnx)

write(3,%) "n="n,"erroptn="str(erroptn),” erroptf="str(erroptf)
write(3,*) "xbar="str(xbar),” pnx="/str(pnx)

if(erroptn==0.) then

write(3,*) "optimal n="n-1,"erroptn="str(erroptn),” erroptf="str(erroptf)
write(3,*) "xbar="str(xbar),” pnx="str(pnx)

stop

endif

pnx=pnxbar

goto 1

end

PRk R |
The calculation of an improper integral in stochastic arithmetic

by using the Trapezoidal rule (f(x)=exp(-x**2))

Ptk kR kR Rk R R R R R R R R R R R
integer,parameter :: n=3

character(5) :: cad

real(8) :: ave2,a,um,umm(n),aa(n),hh(n),Thh(n),ssumm(n)&
,x(n),f(n),eps,c,cc,ave,fa(n),fm(n), Th(n),Thhl(n)

write (*,*) "please enter a and eps”



read (*,*) a,eps

call rand(a,aa,eps)
um=2.d0

1 um=um+2.d0

call rand(um,umm,eps)
Thh1=0.d0

do nl=1,int(um)/2
hh=(umm-aa)/2**n1
cad="hh"

call vari(hh,ave,cad,c)
ssumm=0.

do i=1,2%*n1-1
x=aa-+i*hh

| sskokokstokskok ok ok ok
f=exp(-x**2)

cad="1"

call vari(f,ave,cad,c)
ssumm=ssumm-+2*f
cad="ssumm”

call vari(ssumm,ave,cad,c)

if (¢ < =0.d0 .or. ave==0.d0) then

* %

write (*,*) ”The Integral has an instability ”,”ssum” ave,”c=",c,”mm=" umm

pause

endif
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enddo

okt stk sk ok ok kR
fa=exp(-aa**2)

cad="1fa”

call vari(fa,ave,cad,c)
Ptk R Rk R
fm=exp(-umm**2)

cad="1fm”

call vari(fm,ave,cad,c)
Dokt ko kR ok K
Thh=(hh/2.d0)*(fa+ssumm-fm)
cad="Thh”

call vari(Thh,ave,cad,c)
ave2=ave

ccThh=c

Th=Thh-Thh1

cad="Th”

call vari(Th,ave,cad,c)

cc=c

if (cc < = 0.d0 .or. ave==0.d0) then
write (*,*) ”The result is ”,” ccerror="cc,”m=" um,” Thh=" ave2,” cc=",cc,&
"n="nl — 1,”error="abs(ave),” ccThh=",ccThh

stop

else
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print *,” Thh=",ave2,” ccerror=",cc,”m=",um,’n="nl-1,&
7error=",abs(ave),”ccThh="ccThh

pause

Thh1=Thh

endif

nnl=nl

enddo

print *,” Thh=",ave2,” ccerror=",cc,”m=",um,’n="nnl-1,
&” ccThh=",ccThh,”error=",abs(ave)

DI % 7 FRAIAAAAA A AR A AR A A A
pause

goto 1

end

okttt ok stk ok ok ok sk ok stk sk ok sk ok ok stk ok ok

! The use of CESTAC method in order to calculate the improper integral of
I'a function by using Simpson rule (f(x)=exp(-x**2))

integer,parameter :: n=3

character(5) :: cad

integer :: nl,m,lir

real(8) :: ave2,a,aa(n),um,umm(n),hh(n),hh2(n),shh(n),ssumm(n)&
,eps,c,cc,ave,Sh(n),shhl(n),xx(n),yy(n)

write (*,*) "please enter a and eps”
read (*,*) a,eps

call rand(a,aa,eps)



pause

um=>6.d0

avel=0.d0

shh1=0.d0

1 um=um+2.d0

call rand(um,umm,eps)
ir=(int(um)/4)*4-int (um)
if (ir==0) then

l=um/4

else

l=int(um/4)+1

endif

do nl=1,1
hh=(umm-aa)/2**n1l
cad="hh"

call vari(hh,ave,cad,c)
m=(2**n1)/2-1
hh2=2*hh

cad="hh2”

call vari(hh2,ave,cad,c)
Pkt Rk R R R R KRR kR
ssumm=exp(-aa**2)+exp(-umm**2)
cad="ssumm”

call vari(ssumm,ave,cad,c)
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xx=aa-hh

cad="xx"

call vari(xx,ave,cad,c)

yy=aa

do i=1,m

xx=xxX+hh2

cad="xx"

call vari(xx,ave,cad,c)

yy=yy+hh2

cad="yy”

call vari(yy,ave,cad,c)

okttt okt kR ok ok ks ok kR ok ok
ssumm=ssumm-+4.d0* (exp(-xx**2))+2.d0* (exp(-yy**2))
cad="ssumm”

call vari(ssumm,ave,cad,c)

enddo

Ptk kR R R R R KRR
ssumm=ssumm-+4.d0* (exp(-(umm-hh)**2))
cad="ssumm”

call vari(ssumm,ave,cad,c)
shh=ssumm®*hh/3.d0

cad="shh”

call vari(shh,ave,cad,c)

if (¢ < =0.d0 .or. ave==0.d0) then
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write (*,*) ” The Integral has an instability ”,”shh” ave,” ¢c=",¢,”um=" ,um,”n="nl
pause

endif

ave2=ave

ce=c

Sh=shh-shh1

cad="Sh”

call vari(Sh,ave,cad,c)

if (¢ < =0.d0 .or. ave==0.d0) then

write (*,*) ”The result is”,”cc=",cc,”shh=" &

ave2,”um="um,”n” nl-1,”error="abs(Sh)

stop

else

write (*,*) ”Shh=" ave2,”cc=",cc,”um="um,”’n="nl-1,"error=",abs(Sh)
pause

shhl=shh

endif

nnl=nl

enddo

write (*,*) 7Shh="_ave2”cc=",cc,”um=",um,”’n="nnl-1,"error="ave
LNt 7 AR AR A A A AR AR A

pause

goto 1

end
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! Open Gauss-Chebychev integration rule by using the CADNA library
integer :: n

Type (double_st) :: x(100),In,Inn,sum,f

open(23,file="pgcheb.res’)

call cadna_init(0)

n=1

pi=4.d0*atan(1.d0)

Inn=0.d0

In=0.d0

do while (In==Inn)

n=2%

n
do i=1,n

x(i)=cos((2*i-1)*pi/real(2*n))

enddo

sum=0.d0

do i=1,n

sum=sum-+f(x(i))

enddo

In=(pi/n)*sum

write (23,%) ”The approximate value for the integral of the function in the &
& interval [-1,1] is In="str(In),”n="n

Inn=In

enddo



end

function f(x)

use cadna

type (double_st) :: x,f

f=(14x)**(1.5d0)

end

Pkt okl kR kR soksk ok ok ok ok Rk sk Rk ook
! The use of the stochastic arithmetic in order to calculate

I definite integral of a function by using Trapezoidal rule”
integer,parameter :: n=3

character(5) :: cad

integer :: n1,M

real(4) :: a,b,aa(n),bb(n),hh(n),Thh(n),Th(n),Thhl(n),ssumm(n),x(n)&
f(n),eps,c,ave

write (*,*) "please enter eps ”

read (*,*) eps

PR RO R RO | tho limits of integral
a=0.

b=1.

Pk ook ook ook kR kR koo

nl=0

Thh1=0.

call rand(a,aa,eps)

call rand(b,bb,eps)
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1 M=2**nl
hh=(bb-aa)/(M)
cad="hh"

call vari(hh,ave,cad,c)
ssumm=0.

do i=1,M-1
x=aa+i*hh

cad="x"

call vari(x,ave,cad,c)

| skkkokokokok kokokokokokok

introducing a function
f=exp(-x**2)

kot stk stk ook ook ook ok skok s kR ok
cad="1"

call vari(f,ave,cad,c)

ssumm=ssumm-2.*f

cad="ssumm”

call vari(ssumm,ave,cad,c)

enddo

13k >k >k >k kokook ok ok sk sk sk sk sk ok skokok ok ok sk sk sk sk sk ok skokokoskoskosk sk ok sk skok sk okoskokoskok sk

Thh=hh/2*(exp(-aa**2)+ssumm+exp(-bb**2))
cad="Thh”

call vari(Thh,ave,cad,c)

avel=ave

cl=c
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Ptk kR R Rk R R R R
print *,” Thh="ave,”c="c

if (c < =0 .or. ave==0.) then

write (*,*) "The Integral does not exit or the solution is not stable” &

J¢=",c,” Thh="ave

stop

else
Th=Thh1-Thh
cad="Th"

call vari(Th,ave,cad,c)

print *,”Th="ave,”n="nl

if (c < =0. .or. ave==0.) then

write (*,*) ”The approximate value for the integral of the function in the &
& interval [a,b] is=",avel ,”c=",c¢,”n="nl

else

Thh1=Thh

print *,”n="n1,”Thh1=",avel,”c=",¢,”c1=",cl,”**Th=In-1" ave
nl=nl+1

pause

goto 1

endif

endif

end

| 2K 3k sk sksk sk sk skok sk skok skokok skoskoskokoskokok skofokoskokokoskoskokokoskoRoskokoskokoskoskokokskokok



